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1 Fine-grained IFC enforcement (FG)

1.1 FG type system

Syntax, types, constraints:

Expressions e n= x| Ave | e e | (ee) | fst(e) | snd(e) | inl(e) | inr(e) |
case(e,z.e,z.€) |newe|le|e:=e|Ae|e]|ve|ce

Labels lipc == l|allul|ent

(Labeled) Types T = A

Unlabeled types A = b|TgT‘TXT|T—|—T‘ ref 7 | unit | Ya.(le, 7) | € L

Constraints c m= LT/l (c0)

Lemma 1.1 (FG: Reflexivity of subtyping). The following hold:
1. For oll X, 0, 7: ;0 7 <0 7
2. For all S, U,A: .U FA <: A

Proof. Proof by simultaneous induction on 7 and A.

Proof of statement (1)
Let 7 = A’ Then, we have:

—— TH(2) DIRR\ I A
YU EFA<A

S0 AL < Af

FGsub-label

Proof of statement (2)
We proceed by cases on A.

1. A=b:

——— FGsub-base
»;UkFb<:b

2. A =ref

FGsub-ref

oWk ref m<:ref 1

3. A=T7 X 1o:

—— IH(1) on 7y —— IH(l) on
YUk <im YUk <l
YUk X1 <:iT X Ty
4. A=711 + 1
—  IH(1) on 7y — IH(l) on 7
XUk <im YUk <imy

YU bEm4+rn<in+n



Type system: |X;U;'FH,ce:7

DIV I A Sy SR
FG-var - FG-lam

LWl e Thpex:T 50T by )\as.e:(Tlng)J‘

E;\P;Fl—pcelz(ﬁ%m)g WD bpeen:m S;W kT N\ 4 YUk pcUlC Y,
YUl Fpeer e2 11

FG-app

YUl Fpeer i LUl Fpe €211
0T Fpe (e1,e2) @ (11 X Tg)L

FG-prod

ST by e (11 X 12)° E;qwn\emft YU Fpe e
-1S
;W T e fste) -7y YT by inl(e) : (1 + 1)t

FG-inl

S U T Fpe e 0 (114 72)°
LUz i bpaseer i 7 Wy by ea: T DIV o N
YW T by case(e, z.e1,y.€2) 0 T

FG-case

E;\IJ;FI—pC/e:T/ YW F pe Copd U ET<iT
Uil kpee:t

FG-sub

Ui T kpeert Uk TN\ pc
YW T Fpe new e ¢ (ref )t

FG-ref

E;\IJ;I’I—pce:(refT)g Uk <i7 PIRVAEE N

;U Fpe le: 7 FG-deref

SUT bpeer: (ref )8 S W T hpeen:m B0 F7 N (pel)
XU e €1 1= €2 unit

FG-assign

Y, a;U: Ty e
— FG-unitI L FGFI
0T Fpe () 2 unit 0T by Ae: (Vo (le, 7))

ST Fpe e 0 (Vau(le,7))*
FV({/)C % SiUEpeUlT L0 /a] S0 F Tl o] \ !

FG-FE
ST bpee ][l /o]

W, e: 1
S50 T ke ve:(c L )t

FG-CI

E;\IJ;I’I—pCe:(céﬁT)Z ;U ke ;U pedl C 4L, Z;\III—T\EF
Wiy eonT

G-CE

Figure 1: Type system for FG



Ul U A< A

- FGsub-label ——— FGsub-base
Y0 F AL < A ;U kb<:b
Uk <7y Uk <
FGsub-ref ; ; FGsub-prod
oWk ref m<:ref 1 iU kT X1 <iT) X Ty

Uk <7y YW <7
SV b7 479 <7 + 75

FGsub-sum

Uk <im Uk <iTh S UL C Y,
FGsub-arrow

!

V4
E;‘I/Fﬁg7'2<:7'{47§

Yooy Uk <t S,a; 0 - C A
- — FGsub-unit i FGsub-forall
Y; Uk unit <: unit ;U F Vo (le, 1) <:Va.(le, T2)

YiUlbe — YW, o b <o YU T, )
FGsub-constraint

gl
Z;\Ill—01£$7'1<162:$7'2

Figure 2: FG subtyping

MswUWHAWEF FV() e &

7 FG-wit-label —— FG-wff-base
S UHEATWEF ;U b WF
YUk WF YUk WF FV(l) e X
- FG-wif-unit FG-wit-arrow
;U Funit WF E;\I’l_TlgTQWF
»Ubkm WF XUk WFE XUk WFE XUk WF
FG-wff-prod FG-wff-sum
XUk xm WFE XUk +m WE
FV(r)=10 Y,V 17 WF FV(l.) € LU {a}
FG-wit-ref FG-wit-forall
S, Uk (ref 1) WF U F (Va.(be,T)) WF

S0k WF  FV()eX FV({)eS
S F (e £ 1) WE

FG-wif-constraint

Figure 3: Well-formedness relation for FG



5. A:ﬁ%Tg:

—  THl)onn, ——— TH(2)onm
YUk <im YUk <im

YWkl C 4,

Z;\Ill—rlg7'2<:71g7'2

6. A = unit:

;U I unit <: unit

7. A=Va.7;:

IH(1) on 7;
YV ET <1

XU VYo <:Va.r;

8. A=c=;:

TH(1) on 7;
Y;UbkFe = ¢ Y;W.ckm <

YSiUbke=71<ic=> T

1.2 FG semantics

Judgement: (H,e) |; (H',v)
The semantics are described in Figure 4

1.3 Model for FG
W : ((Loc — Type) x (Loc — Type) x (Loc <> Loc))

Definition 1.2 (FG: 3 extends ;). 61 C 6 =
Va € 01.91(&) =T — (92(a) =T

Definition 1.3 (FG: Wy extends Wy). Wi T Wy =
1. Vi e {1,2}. Wl.ei C WQ.Hi

2. Vp e (Wi.B).p € (Wa.f)



(H,e1) 4; (H', \v.e;) (H' e3) Ui (H" v9) (H", e;[ve/x]) Vi (H", v3)

fg-a
(H,e1 e2) Viyjrni (H”, v3) Bapp

(H,er) i (H', 1)  (H',e2) 45 (H", w) (H,e) i (H', (v1, 1))
I fg-prod 7 fg-fst

(H,(e1,€2)) Yitjr1 (H", (v1,12)) (H,fst(e)) Vix1 (H', 01)

(Hve) ‘uz (Hla(vla'@)) fg—snd (Hae) ‘U”L (Hlvv) fg—inl

(H,snd(e)) Vit (H', v2) (H,inl(e)) Yi+1 (H',inl(v))
(H,e) I; (H',v) i (H,e) |; (H'inl v) (H' e1[v/z]) 4; (H", v1) S
(H,inr(e)) dix1 (H',inr(v)) & (H,case(e,z.€1,y.€2)) irjr1 (H", v1) &
(H,e) y; (H'jinrv)  (H',e2]v/a]) I; (H", vo)
i fg-case2
(H,case(e,z.e1,y.e2)) iyj+1 (H", 1)
(Ha 6) UZ (HlaA ei) (Hlvf’i) U]' (H//7 1}) fo-FE
(H’ 6[]) lli+j+1 (H ) U)
(H,e) Vi (H',v ;) (Hlv”ei) U (H",v) fo-CE
(H7 60) ‘U’iJerrl (H s U)
(Hae)ui (Hlvv) aédom(H)f f (Hve)uz (Hlaa) fo-d £
(H.new (¢)) bi1 (H'la > v],a) (H.1e) b1 (H' H(a)) *
(Ha 61) Ul (Hlv a) (Hlv 62) uj (H”a U) fg-assign ec {ZL’, Ay'_v A_7 l/_} fo-val
(H,e1:=e2) Yijr1 (H"[a > 0], () (H,e) Yo (H,e)

Figure 4: FG semantics



Definition 1.4 (FG:

[b]¢} =
[unit]{} =
[7‘1 XTQ—H;‘ =
[m+7lt =

-
i
\l/“N
o
p—
<
>

Binary value relation).
W.n,vi,v) | v = va A{vr, w2} € [b]}

n,(),0) 1 0 € [b]}

W, n,inl v,inl v") | (W, n,v,v") € (leé}u
W, n,inr v,inr o') | (W,n,v,0") € [Tﬂ\é}

{(
{(w
%E (’1)1,1}2) (vhvé)) | (W7n> vl?”i) € [Tl—l\é/\ (W7n7 ’UQaUé) € [7—216}
{(

{(W,n,\z.e1, \z.e2) |

VW' '3 W,j <n,uv,va.

(W', j,v,w) € [1]f = (W', j,e1[v/x], ea[va/x]) € [R]F)A

Vo, 3 W-elaja Ve-

(61,5, v) € [milv = (814, e1lve/a]) € [12]55)A

Vo, 3 W.0s, 7, v.

(61,5, v) € Im)v = (81,4, ealve/2]) € [72))}

Woz.(ﬁe,Tﬂ““} £ {(W,n,Aey, Aes) |
YW '3 W,n <n,t €L
(W0 e1,e2) € [T /]l )N
WO, 3 W61, € L.((61,j,e1) € [70"/a]) 5/
VO, 3 W.02,5,0" € L.(6,],e2) € |T["]cx ”g ol /a})}
[c iﬁ T]““} £ {(W,n,vey,vey) |
YW 3 W,n <n.
Llc = (W, e,e) € [T]AA
Vel | W917]£ ): c — (alaja 61) € LTJ%A
Vﬁl ; W@Q,jﬁ ): cC — (9l7j7 €2> € LTJ%}
[ref T—‘J‘;‘ £ {(W,TL, 01,0122‘
(al, ag) e W.BA W.Ql(al) = W.Qg(az) = T}
[AK"|A A {(Wana 'Ul,’UQ) ‘ (anv 1)1,’[)2) € ’VA‘lJ\;‘} v C A
v {(W,n,v,w) | Vie{l,2}.Vm.(W(n).0;,m,v) € |[Aly} (LA

Definition 1.5 (FG:

A 2

Definition 1.6 (F

[b]v
LunitJV

LTl X TQJV
|_7'1 —i—TQJV
|71 gTQJV

Q

(> 1> > > [

[Va.(le, T) |v
lc & 1)y
[ref 7|y

> 1> >

Binary expression relation).

{(W,n,e1,e2) |

VHy, Hy,j < n.(n, Hy, Hy) & WA

(Hy,er) U5 (H{,v)) A (Ho,e2) |} (Hy, vp) =

IW' 3 W.(n— j, HI, B & WA (W0 — j, 0, v}) € [7]{)

: Unary value relation).

{(0,m,v) | v e [b]}

{(8,m,v | v & [unit]}

{(0,m, (o1, ) | (0,m, v1) € [T1]v A (0,m, v2) € [T2]v}

{(8,m,inl v) | (0,m,v) € ||y} U{(d,m,inr v) | (0,m,v) € |T2]v}
{(0,m, z.€) | VO .0 C O ANVj <mNv.(0,7,v) € |n]y =

(0.5 elv/x)) € |72 5}

{(0,m, Ae) | V0.0 C 0 ¥m! <mNe € L.(0',me) € |7]¢'/a] [t/
{(0,m,ve) | VO .OC O Ym' <m.LEc = (0/,m,e) € |7]%}
{(0,m,a) | 6(a) =7}



Ay & [Aly

Definition 1.7 (FG: Unary expression relation).

7% £ {(0,n,e) | VH.(n,H) >0 AVj <n.(H,e) Vi (H' )W) =
OO ANn—75H)>0 AN, n—j,0)€|[T]vA
(Va.H(a) # H'(a) = 3.0(a) = AY A pc T )N
(Va € dom(0')\dom(6).0'(a) \ pc)}

Definition 1.8 (FG: Unary heap well formedness).
(n, H)>0 = dom(0) C dom(H) AVa € dom(0).(6,n —1,H(a)) € [0(a)]|v
Definition 1.9 (FG: Binary heap well formedness).
(n, Hi, H)) b W 2 dom(W.01) C dom(Hy) A dom(W .02) C dom(Ho)A
(W.B) C (dom(W.01) x dom(W.02))A
V(ar, ag) € (W.5).(W.01(a1) = W.02(ax)A\

(W,n—1,Hi(a), Hy(ag)) € [W.01(a1)]$HA
Vi € {1,2}.VmNa; € dom(W.0;).(W.0;,m, Hi(a;)) € | W.0;(a;)]v

Definition 1.10 (FG: Label substitution). ¢ : Lvar — Label

Definition 1.11 (FG: Value substitution to value pairs). v : Var — (Val, Val)
Definition 1.12 (FG: Value substitution to values). ¢ : Var — Val
(

Definition 1.13 (FG: Unary interpretation of I').

IT|y 2 {(0,n,8) | dom(T) C dom(5) AVx € dom(T).(,n,d(x)) € |T'(x)]|v}

Definition 1.14 (FG: Binary interpretation of I').

T3 £ {(W,n,9) | dom(T) C dom(y) AVa € dom(T).(W,n,m(y(x)), m2(y(2))) € [T(2)]{}}

1.4 Soundness proof for FG

Lemma 1.15 (FG: Binary value relation subsumes unary value relation). VW, vy, va, A, n.
The following holds:

1. VA.

(W,n,v,w) € [Al} = Vie{l1,2}. Vm. (W.0;,m,v) € [Alv
2. VT.

(W, n,v,wm) € [T]5 = Vie {1,2}. Ym. (W.0;,m,v) € |T]v

Proof. Proof by simultaneous induction on A and 7
Proof of statement (1)
We analyze the various cases of A in the last step:

1. Case b:
From Definition 1.6



2. Case 11 X To:
Given: (W,n, (v, vi2), (vj1,vj2)) € [11 X Tg]“é
To prove:
VYm. (W.01,m, (vi1,v2)) € |71 x 2]y (PO1)
and

Vm. (Wﬂg,m, (Ujl, Ujg)) S L’Tl X TQJV (POQ)

From Definition 1.4 we know that we are given

(W, n, v;1, Ujl) € [Tl-l'(/‘ VAN (W, n, v;2, UjQ) S ’VTQ—I'(/‘ (Pl)

IHla: Ymy. (W.01,m1,vi1) € [71]v and
TH1b: VYmy. (W.02,m1,v51) € |71y
IH2a: Vmy. (W.01,ma, vi2) € |T2]y and
TH2b: Vmg. (W .02, ma, vj2) € |72y

From (P01) we know that given some m we need to prove
(W.01,m, (vi1, vi2)) € [11 X T2]v
Similarly from (P02) we know that given some m we need to prove

(W.02,m, (vj1,vj2)) € |71 X T2V

We instantiate IHla and IH2a with the given m from (P01) to get
(W.01,m,vin) € |11 ]y and (W.01,m, vi2) € [T2]v

Then from Definition 1.6, we get

(W.01,m, (vi1, vi2)) € |11 X 2]y

Similarly we instantiate IH1b and IH2b with the given m from (P02) to get
(W.02,m,vj1) € |T1]v and (W.02,m,vj2) € [T2]v
Then from Definition 1.6, we get
(W.02,m, (vj1,v)2)) € |11 X T2]v
3. Case 11 + 79:

2 cases arise:

(a) V1 = inl(vﬂ) and Vg = in|(’l)j1)
Given: (W,n,inl(vi),inl(vj1)) € [11 + 72]{
To prove:
VYm. (W.01,m,inl(v;1)) € |71 + 72y (SO1)
and
Vm. (W.02,m,inl(vi2)) € |11+ 2]y (S02)

From Definition 1.4 we know that we are given
(W,n,v1,v1) € [m]gh (S0)
IH1: Vmy. (W.61,m1,v1) € |71y and

10



TH2: Ymso. (Wﬂg,mg,vjl) S £T1JV

From (S01) we know that given some m and we are required to prove:
(W.01,m,inl(vi1)) € |71 + 2]y

Also from (S02) we know that given some m and we are required to prove:
(W.02,m,inl(vi2)) € |11 + T2]v

We instantiate IH1 with m from (S01) to get
(W.01,m,vpn) € |11]v
Therefore from Definition 1.6, we get
(W.01,m,inl(vi1)) € |11 + 2]y
We instantiate IH2 with m from (S02) to get
(W.02,m,vj1) € |11]v
Therefore from Definition 1.6, we get
(W.02,m,inl(vj1)) € |11 + 2]V

(b) vi =inr(v2) and vy = inr(vj2)
Symmetric case as (a)

4. Case 1y g To:
Given: (W,n,Az.e1, \x.e2) € [11 L 4
This means from Definition 1.4 we know that

VW' 3 W, 5 <n,o, v (W, j,u,w) € [nll = (W, j,elv/], e2lva/2]) € [12]7)
A VO, D W.01,i,v..((0,4,v.) € |11y = (01,1,e1]v./x]) € LTQJ%)
A YO D W0,k ve. (01, k,02) € [T1)y = (01, k, e2[uc/2]) € |2)%) (LO)

To prove:

(a) Vm. (W.01,m,\z.e1) € |11 Ly T2y
This means from Definition 1.6 we need to prove:
VO W.0, C 0 AV <mNu.(0,j,v) € ]y = (¢,],e1]v/z]) € |12
This further means that we have some €', j and v s.t
w.0,C¢ ANj<mA (Hl,j, 1)) € L7'1JV
And we need to prove: (¢',j,e1[v/z]) € I_TQJ%
Instantiating 6;, 2 and v. in the second conjunct of LO with #’, j and v respectively
and since we know that W.0; C ¢" and (¢',4,v) € |71 |v
Therefore we get (6,7, e1[v/z]) € |24
(b) Vm. (W.02,m,\x.e2) € [T L To |y
Similar reasoning with ey
5. Case Va.(le, T):
Given: (W,n, Aeq, Aes) € [Va.(le, 7)1

This means from Definition 1.4 we know that

11



VW, 3 W,ny <n, l' € LWy, np,€e1,€2) € [T W/Oéﬂﬁ)
A VO D W.01,0,0" € L.((01,,e1) € | [E”/a” e[t"/ely
A VO D W 0,0, 8" € L.((601,1,e5) € [7[" /o |51/

To prove:

(FO)

(a) Ym. (W.01,m,Aey) € |Va.(be, T)]|v:
This means from Definition 1.6 we need to prove:
VO W .0y T 0 m! < mNL, € L.(0,m, e1) € [7]lu)a]| /]
This further means that we are given some ', m’ and ¢, s.t W.0; C 6, m' < m and
b, €L
And we need to prove: (6',m/ e;) € LT[EU/QU%M”/C@

Instantiating 6;, 7 and ¢” in the second conjunct of FO with 6’, m’ and £, respectively
and since we know that W.0; C ¢ and ¢, € L

Therefore we get (0',m',e1) € {T[ﬁu/a”%w“/a]
(b) Vm. (W.02,m, Aes) € |Va.(le, T) ]y

Symmetric reasoning for e

6. Case ¢ % T:
Given: (W,n,vey,ves) € [c L ks
This means from Definition 1.4 we know that

YW, D W0/ <nLEc = (Wyne1e)€ [T]H
A0 D W01, J.LEc = (B1,4.e1) € |7)%)
AVO, 3 W.ba,jLEEc = (6,],e) € |T]%) (C0)

To prove:

(a) Vm. (W.01,m,ve;) € |c L Ty
This means from Definition 1.6 we need to prove:
VO.W.0, CONm <m.LlEc = (0,m, e) e |7]%
This further means that we are given some ¢’ and m’ st W.0; C 6/, m’ < m and
LEc

And we need to prove: (¢,m’,e1) € |7

Instantiating 6;, j in the second conjunct of CO with 6, m’ respectively and since we
know that W.0; C 6 and L | ¢

Therefore we get (6, m’,e1) € |7]%
(b) ¥m. (W.0s,m,ves) € lc & 7]y

Symmetric reasoning for e

7. Case ref 7:

From Definition 1.4 and 1.6

Proof of statement (2)
Let 7 = A°
2 cases arise:

12



1. /C A:
From IH (statement(1))

2. 0L A:
Directly from Definition 1.4

Lemma 1.16 (FG: Monotonicity Unary). The following holds:
V0,0, v,m,m'.

1. VA. (O,m,v) e [Aly Am/'<m ANOC O = (¢/,m',v) € |A]y
2.V7. O,m,v) €|ty Am'<mANOCO = (0/,m v)e|T]v

Proof. Proof by simultaneous induction on A and 7
Proof of statement (1)
We analyze the various cases of A in the last step:

1. case b:

Directly from Definition 1.6

2. case 11 X Ty:
Given: (6, m, (v, 1)) € |11 X 72]v
To prove: (6/,m/, (vi,n)) € |11 X T2]v
This means from Definition 1.6 we know that

0,m,v1) € |11]v A (O, m, ) € |12]v

TH1 : (Hl,m’, 1}1) S \_TIJV
TH2 : (9',m', 1)2) S LTQJV

We get the desired from IH1, IH2 and Definition 1.6

3. case 11 + To:

2 cases arise:

(a) v =inl(vy):

Given: (8, m, (inl v1)) € |71+ 2]y

To prove: (6/,m/,inl v) € |11 + 72|y

This means from Definition 1.6 we know that

0,m,v1) € |11]v

H: (0',m n)e|nlv

Therefore from IH and Definition 1.6 we get the desired
(b) v =inr(v2)

Symmetric case

13



4. case 1| L To:
m: (07m7 ()\.7361)) S |_7'1 g TQJV

M: (Hlvmlv ()\l’@l)) € LTI & 7-2JV

This means from Definition 1.6 we know that

VO".0 T 0" AYj <mNv.(0",4,v) € |mily = (0”4, e1[v/a]) € |m2)% (1)
Similarly from Definition 1.6 we know that we are required to prove
VO .0 T 0" AVE < m/ No.(0 k,v) € |1y = (0", k,ei[v/z]) € [1a]%
This means that given some 6",k and v such that & T 0" ANk <m/ A (0", k,v1) € |11]v
And we are required to prove (0", k,e1[v1/z]) € [2)%

Instantiating Equation 75 with 6",k and v; and since we know that ¢’ C 0" and 6 C ¢’
therefore we have 0 C 0", Also, we know that k < m/ < m and (0", k,v1) € |11 ]|v

Therefore we get (6", k,eq1[v1/x]) € LTQJ%

5. case ref T:

From Definition 1.6 and Definition 1.2

6. case Va.(le,T):
Given: (0, m, (Aey)) € [Va.(le,T)|v
To prove: (6/,m/, (Aey)) € [Va.(le,T)]v

This means from Definition 1.6 we know that
V0”0 C 0" AYG < mNe € L0, e1) € [7]li)a] ) b/ (2)
Similarly from Definition 1.6 we know that we are required to prove
V0”6 C 0" Ak < m! Yt € L.0", k,e1) € |r[t;/a]) 5
This means that given some ",k and ¢; such that ' T 6" ANk <m/ ANl € L

And we are required to prove (6", k,e1) € LT[Ej/a]JEEij/a]

Instantiating Equation 2 with 6",k and ¢; and since we know that ¢’ T 6" and 6 C ¢’
therefore we have 6 C . Also, we know that k < m/ <m and {; € L

Therefore we get (0", k,eq) € LT[gj/aH%[fj/a]

l
7. case ¢ = T:

Given: (0, m, (ve1)) € |c L Ty

To prove: (6/,m/, (ve1)) € |c L Ty

This means from Definition 1.6 we know that
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VO 0T 0" AV <m.LEc = (0" j,e1)€ |T|% (3)
Similarly from Definition 1.6 we know that we are required to prove
V0.0 T O AVE<m/ .LEc = (0" ke)e |T)%
This means that given some 6",k and ¢; such that ' C 0" Nk <m/ Alj € L

And we are required to prove (0", k,e1) € | 7%

Instantiating Equation 3 with #”, k and since we know that ' C 0" and 6 C ' therefore
we have 0 C §”. Also, we know that k < m/ <m and L |= ¢

Therefore we get (0", k,e1) € [7]%

Proof of statement (2)

Let 7 = A

Since |Af]y = |A]y, therefore from IH (statement 1) O

Lemma 1.17 (FG: Monotonicity binary). The following holds:
YW, W' v, v, A n,n.

1. YA, (Won,v,v) €ATF An' <n A WE W = (W, n' v,w)c [Al}
2.7 (W,yn,u,m) € [Tl AR <n A WEW = (W, n' v,wn) € 1]

Proof. Proof by simultaneous induction on A and 7
Proof of statement (1)
We analyze the different cases of A in the last step:

1. Case b:
From Definition 1.4

2. Case 11 X T9:

Given: (W,n, ('l)z‘l, T)ig), ('Ujl, 'Ujg)) € ’—Tl X TQ-I'é

To prove: (W', ', (v, vi2), (071, vj2)) € [11 % 7]}
From Definition 1.4 we know that we are given
(W, n, v, ’Ujl) S [71]"4} A (W, n, v;2, 'Uj2) € [7—2]{/\
IHL : (W0, v, v51) € [11]5}
IH2 : (W' 1, vi2, vj2) € [m2]5}
From IH1, TH2 and Definition 1.4 we get the desired.
3. Case 11 + T9:

2 cases arise:
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(a) v1 =inl v;; and v = inl v;a:
Given: (W, n,(inl v;1,inl v;2)) € [11 +Tﬂ“‘§
To prove: (W', n/,(inl v;1,inl vi2)) € [ —1—721(}
From Definition 1.4 we know that we are given
(W,n, Vi1, 'Ui2) S [7’11“{}
IH : (W/,TL/, Vi1, ’UZ'Q) S f’]’{l(}
Therefore from Definition 1.4 we get
(W' n/ inl vj1,inl vi2) € [ +72]“‘§

(b) v =inr(vi2) and vy = inr(vee):

Symmetric case
4. Case 1y % To:
Given: (W,n, (Az.e1), (Az.e2)) € [11 Ly 4

To prove: (6/,n',(Ax.e1), (Az.e1)) € [ L ¢
This means from Definition 1.4 we know that the following holds

VW/ g W7j < n, Ula”Q'((Wla.ja Ul,’l)Q) € [Tl—‘é — (lejvel[vl/x]yeQ[UQ/x]) S |7T2—‘/E4)
(BM-A0)

V0, 3 W01, 5, ve-((01, 4, ve) € |11 lv = (81, ], er[ve/2]) € |72)%) (BM-A1)
VO, 3 W.0a, 4, v..((01,5,vc) € |mi]lv = (01,7, ealve/x]) € LTQJ%) (BM-A2)

Similarly from Definition 1.4 we know that we are required to prove

(a) YW" 3 W'k < n', v, vy.(W" kv, v}) € [T]r = (W k,e1[v]/x],e2]vh/x]) €

[m2]%):
This means that we are given some W” J W', k < n’ and v], v} s.t
(W" k], v5) € [1]{F

nd we a required to prove: e1]v] /x], ea[vs/x]) € [T
And quired b (W//7k7 1[ {/ ]7 2[ é/ ]) [2—“&‘
Instantiating BM-AO with W” k and v, v, we get
(W, k,er[v] /], e2lvp/2]) € [72]7;

(b) YO, 3 W01, k, oL.((8), k,v) € |11 ]y = (8], k,ex1[v)/z]) € |m2]%):
This means that we are given some §; 3 W'.0;, k and v, s.t
(67, k, ) € [mulv
And we a required to prove: (6], k, e1[v)/z]) € |72)%

Instantiating BM-A1 with 6/, k and v, we get
(01K er[v]/2]) € |75

(c) VO, 2 Wb, k, 0l.((6. k,0l) € [mi]v = (6], K, ealvl/a]) € [72)55):
This means that we are given some §; 3 W'.0;, k and v, s.t
(67, k,v2) € [milv
And we a required to prove: (6], k, es[v)/x]) € |72)%

Instantiating BM-A1 with 6/, k and v we get
(0, ks e2[vt/a]) € 2]
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5. Case ref T:
From Definition 1.4 and Definition 1.3

6. Case Va.(le,T):
Given: (W,n, (Ae1), (Ae2)) € [Va.(le, 7)1}
To prove: (6,7, (Ae1), (Aer)) € [Va.(le, T)]
This means from Definition 1.4 we know that the following holds
VW' 3 W,n' <n, 0 € LW n' e, e) € [T[l'/a]]3) (BM-F0)
V0, 3 W.01,5,0 € L.((0,],e1) € |7[0/a]) 57y (BM-F1)
VO, 3 W.0a,5,0' € L.((61,4,e2) € |7[€/a]) 7y (BM-F2)

Similarly from Definition 1.4 we know that we are required to prove

(a) YW" 23 W', n" <n' 0" € L.AW",n" e1,e3) € [T[l"/a]]):
This means that we are given some W” 3 W', n” <n’ and ¢" € L

And we a required to prove: ((W”,n",e1,es) € [T[¢"/a]]7)

Instantiating BM-FO with W”,n” and ¢”. And since W’ 3 W' and W O3 W
therefore W"” 3 W. Also since n” < n’ and n’ < n therefore n” < n. And finally
since ¢" € L therefore we get

(W",n" e1,e2) € [T[0"/]]F)
(b) V0! 3 W01,k 0" € L.((0), k,e1) € |7[¢"/a] |t/
This means that we are given some 0 3 W'.6,, k and ¢’ € L
And we a required to prove: ((0],k,e;1) € LT[E”/O{]J%W/Q})
Instantiating BM-F1 with 6], k and ¢”. And since ; 3 W’.6; and W' 3 W therefore
07 3 W.0;. And since ¢” € L therefore we get
(6] ks er) € [r1e"/a] 51/
(c) VO, 3 W.09,5,0" € L.((0),k,e2) € |r[¢" /o] |1/
This means that we are given some §; 3 W'.0, k and ¢ € L
And we a required to prove: ((0],k,e2) € LT[E“/O(]JZEEW/O‘])
Instantiating BM-F1 with 6], k and ¢”. And since §; 3 W’.6, and W' 3 W therefore
0, 3 W.0,. And since ¢" € L therefore we get
(6], k, e2) € [7[¢" a3/

7. Case ¢ % 1
Given: (W, n, (ve1), (ve2)) € [c L ¢
To prove: (6,7, (vey), (vey)) € [c L T]“‘j‘
This means from Definition 1.4 we know that the following holds
VW' I W,n'<nllEc = (W ,neye) € [rT]H (BM-CD0)
V0, 3 W.h1,5.L=c = (0,j,e1) €|7]%  (BM-Cl)
VO, 3 W.h,j.L=c = (0,j,e2) € |7]%  (BM-C2)

Similarly from Definition 1.4 we know that we are required to prove
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(2) VW'D W' n" <nLlc = (W' n" e,e) € [T]p:
This means that we are given some W” J W' n” <n’ and L ¢

And we a required to prove: (W”,n" e1,e2) € [T]5

Instantiating BM-CO with W”,n”. And since W” 3 W' and W' 3 W therefore
W"” 3 W. And since L [ ¢ therefore we get

(W" 0" e1,e) € [T]A
(b) VO, 3 W01, kLE=c = (0, k)€ |7]%:
This means that we are given some ¢; 3 W'.6;, k and L |= ¢
And we a required to prove: (6], k,e1) € [7]%
Instantiating BM-F1 with 6],k. And since #; 3 W'.0; and W' 3 W therefore
07 3 W.0;. And since L = ¢ therefore we get
1
(927 k, 61) € LTJZE‘3
(c) V8, 3 W'y, kL =c = (O, k,e2) € |7]%:
This means that we are given some 6] I W'.65, k and L |= ¢

And we a required to prove: (6;,k,e2) € LTJ%

Instantiating BM-F1 with 6,k. And since §; J W'.0y and W' J W therefore
¢, 3 W.6;. And since L = c therefore we get
(6], k,e2) € [7]%

Proof of statement (2)
Let 7 = A!
2 cases arise:

1. /C A
From IH (statement 1)

2. LI A:
From Lemma 1.16 and Definition 1.4

Lemma 1.18 (FG: Unary monotonicity for I'). V0,6, T, n,n’.
O,n,0)e Ty Anf<nAOCH = (§/,n,0) €[]y

Proof. Given: (0,n,0) € [T]y An'<nANOCE
To prove: (6,n,0) € [Ty

From Definition 1.13 it is given that
dom(I") C dom(6) AVx € dom(I").(0,n,d(x)) € |I'(x)]v

And again from Definition 1.13 we are required to prove that
dom(T) C dom(0) AVx € dom(T).(¢/,n,d(x)) € |[I'(x)]v

e dom(I") C dom(0):

Given
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e Vx € dom(T).(¢',n/,0(x)) € |T'(z)]v:
Since we know that Vo € dom(I").(0,n,d(x)) € [I'(x)]v (given)
Therefore from Lemma 1.16 we get

Ve € dom(D).(0',n,6(z)) € |(x)]|v

Lemma 1.19 (FG: Binary monotonicity for T'). VW, W' 6,T,n,n’.
(Won,y)e|lly Anf<nA WEC W = (W, n,y)e|l|y

Proof. Given: (W,n,y) € [T']y An'<nA WC W
To prove: (W',n',v) € [T']v

From Definition 1.14 it is given that
dom(T') C dom(y) AVz € dom(T).(W,n,m1(v(2)), ma2(y(x))) € [T(z)]{

And again from Definition 1.13 we are required to prove that

dom(T") C dom(v) AVz € dom(D).(W',n',mi(v(x)), m2(v(2))) € [T(2)]3}

e dom(T") C dom(~):
Given

o Va € dom(D).(W',n',m1(v(2)), ma(7(x))) € [T(2)]i*
Since we know that Vo € dom(I).(W,n, w1 (y(z)), m2(v(z))) € [T'(z)]{ (given)
Therefore from Lemma 1.17 we get

Var € dom(D).(W', !, 1 (1(2)), ma(v(x))) € [D(a)]i

Lemma 1.20 (FG: Unary monotonicity for H). V0, H,n,n’.
(n,H)pO An'<n = (n/,H)>60

Proof. Given: (n,H)>0 An' <n
To prove: (n’, H)1>60

From Definition 1.8 it is given that
dom(0) C dom(H) AVa € dom(6).(0,n —1,H(a)) € |0(a)]v

And again from Definition 1.13 we are required to prove that
dom(0) C dom(H) AVa € dom(0).(0,n' —1,H(a)) € |6 (a)]v
e dom(0) C dom(H):
Given
e Va € dom(0).(0,n' —1,H(a)) € |0 (a)]v:
Since we know that Va € dom(6).(0,n — 1, H(a)) € |6(a)]yv (given)
Therefore from Lemma 1.16 we get
Va € dom(0).(0,n' —1,H(a)) € |0'(a)]v
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Lemma 1.21 (FG: Binary monotonicity for heaps). VW, Hy, Hy,n,n'.
(n, Hl,Hg) >WARN<n = (n/,Hl,Hg) > W

Proof. Given: (n,Hy, Ho)> W An <n AN WLC W
To prove: (n', Hy, Hy)> W

From Definition 1.9 it is given that

dom(W.01) C dom(Hy) A dom(W.02) C dom(Ha)A

(W.B) C (dom(W.01) x dom(W .02))A

V(al, ag) € (WB)(WQl(al) = Wﬂg(az)/\

(W,n -1, Hl(al), HQ(O,Q)) € fWHl(alﬂé)/\

Vi € {1,2}.VmNa; € dom(W.0;).(W.0;,m, Hi(a;)) € | W.0;(a;)]|v

And again from Definition 1.9 we are required to prove:

o dom(W.01) C dom(Hy) A dom(W .62) C dom(Hs):

Given

o (W.3) C (dom(W.01) x dom(W .05)):

Given
° V(al, ag) € (W A).(Wﬂl(al) = W.Qg(ag) and (W,n’—l, Hl(al), Hg(ag)) € [Wﬁl(alﬂf})
V(al, ag) S (WB)

- (W.Hl(al) = W.@Q(ag)l Given
— (W,?”L/ — 1, Hl(a1>, Hg(ag)) c (Wﬁl(alﬂ‘“j‘)
Given and from Lemma 1.17
e Vie {1,2}.YmNa; € dom(W.0;).(W.0;,m, Hy(a;)) € | W.0;(a;)]v:

Given

Theorem 1.22 (FG: Fundamental theorem unary). VX, ¥, T', pc, 0, L, e, T,0,9,n.
LUl bpee:m A
LETYoA
@,n,0)e|loly =
(0,n,ed) e ||l

Proof. Proof by induction on F'G typing derivation

1. FG-var:

FG-var

SWile:irmhpex T

To prove: (0,n,z d) € |7 o

This means that from Definition 1.7 we need to prove
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VH.(n,H) >0 AVj <n.(H,e)|; (H,v) =
00O A(m—j, H)s0 A @ n—j,0) € 7]y A
(Va.H(a) # H'(a) = 3.0(a) = A" Apc T ) A
(Va € dom(0")\dom(6).0'(a) \ pc)

This means that given some heap H and j <ns.t (n,H)>0 A (H,z 6) |; (H',0")
It suffices to prove

WOCTONn—G,H)>0 N0 ,n—j,0) € |T]v A
(Va.H(a) # H'(a) = 3'.0(a) = A" Apc T ) A
(Va € dom(8')\dom(0).0'(a) “\ pc) (FU-VO0)

In order to prove FU-V0 we instantiate " with 6. From reduction relation we know that
H =H,v =4(z)and j =1

We need to prove the following:

(@) 0COAN(n—1,H)>OA(0,n—1,0") € |1 o]y:
e O C 0: From Definition 1.2
e (n—1,H)>0: From Lemma 1.20
e (0,n—1,v")€ |1 o]y:
Since we are given that (0,n,6) € |[I" o]y and v' = §(x)
Therefore (6,n,v") € |I'(x) o]y, where I'(z) = 7
And finally from Lemma 1.16 we get (6,n —1,v") € |7 o]y
(b) (Va.H(a)# H'(a) = 3'.0.0(a) = A" Apc C 1'):
Since H' = H, so we are done
(¢) (Va € dom(6')\dom(0).0(a) \ pc):
Since 0’ = 0, so we are done

. FG-lam:

S5UiT a1 by, €507
ST bpe Az ¢ (11 55 7o)t

To prove: (8, \x.e; 0) € [((1 L m)t) o b

This means that from Definition 1.7 we need to prove
VH.(n,H) >0 AVj <n.(H,(Ax.e;) §) I (H',v') =
WOTOAN—G H)>0 A, n—7,0) € (S m)talvA
(Va.H(a) # H'(a) = 3'.0(a) = A" Apc T ) A

(Va € dom(6")\dom(6).0'(a) \ pc)

This means that given some heap H and j <ns.t (n, H)>0 A (H, (Az.€;) 6) §; (H',v')

It suffices to prove

WOCTHOAN—GH)0 A0, n—75,0) € [(115 )L alyA
(Va.H(a) # H'(a) = 30.0(a) = A" Apc T ) A
(Va € dom(6')\dom(0).0'(a) \ pc) (FU-LO)

IHI:
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V0;, vz, n. (0;,m,e; SU{x — v,}) € |72 JJ% 7,8t (0i,n,v,) € |11 o)y

In order to prove FU-LO we instantiate 6/ with . From reduction relation we know that
H =H,j=0and v = \z.¢; 6

@) 0T OA (n, H) o0 A (0,n,0") € (1 55 72)L) o)
e O C 0: From Definition 1.2
e (n,H)>0: Given

o (0,0, (Az.e))6) € [((11 5 m)L) o)y

From Definition 1.6 it suffices to prove that
VO".0 C 0" AYj < nNVu.(0",4,0) € |1 o)y = (0", j.ei[v/a]) € |12 o)l ©
This means given some 6", j and v such that § C 6", j < nand (8”,j,v) € |11 0|v
It suffices to prove that (8", 7, e;[v/z] §) € |72 o) ©
Since (0,n,0) € |I' o]y and j < n therefore from Lemma 1.18 we have
(ijad) S LF O—JV
So we can apply IH1 instantiated with 6”7, v and j we get
(0" j,eilv/a] 8) € [m2 o) 7

(b) (Va.H(a) # H'(a) = 30.0.0(a) = AY A pc T 0):

Since H' = H so we are done
(¢) (Va € dom(6')\dom(0).0(a) \ pc):

Since #' = 6 so we are done

3. FG-app:

ST hpeer: (n S5 m)! SiWiThpeer:n  SiUknN\ 0l  SUkpeUlC L,
YU T Fpeer e 1m0

To prove: (0,n,(e1 e2) ) € |12 o)l

This means that from Definition 1.7 we need to prove

VH.(n, H)>0 AVn' <n.(H,(e1 e2) 0) by (H', V') =
WOCTHOANn—n'H)>O AN, n—n'v) € |2 0]yA

(Va.H(a) # H'(a) = 30'.0(a) = A" Apc o ) A

(Va € dom(6')\dom(0).0'(a) \ pc o)

This means that given some heap H s.t (n, H)>0 A (H, (e1 e2) ) v (H',v")
It suffices to prove

WOCTOANn—n'H)>O NGO ,n—n'v) € |r20]yA

(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o T ) A

(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-PO)

IH1:
Vm,Hl.(m,Hl) >OAVI< m.(Hl, (61) (S) U4 (Hll, 1}{) -
3000 T O A (ny — i, H) > 0, A (0}, m1 — i,0]) € (11 55 )¢ o)v A
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(Va.Hy(a) # H{(a) = 3'.0(a) = A" Apc o T 0) A
(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating TH1 with n, H and since we know that (n, H)>0 A (H, (e1 e2) ) s (H',v")
therefore we have

3010 S0 A (n— i, H) o 0 A (0,0 — i, v]) € [(1 =5 ) o)y A

(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \ pc o) (FU-P1)

From evaluation rule we know that v; = Az.e;. Since from FU-P1 we know that
(0h,n — i Aveq) € [(1 5 ) oy

This means from Definition 1.6 we have
VO".0, C 0" AV < (n—i)Nu.(0",4,v) € [ o)y = (0", ],eilv/z]) € o)™ (4)

1H2:

Vng, VHs.(ng, Ho) > 9’1 AVEk < ngy.(Ha, (€2) 9) Uk (HQ/, Ué) -
30591 C 9/2 VAN (T‘LQ —k, HQI) > 9/2 A (95,712 —k, 'Ué) € L(Tl) O'JV A
(Va.Hy(a) # Hy(a) = 3.0, (a) =AY Apc o T ) A

(Va € dom(65)\dom(60}).05(a) \, pc o)

Instantiating IH2 with n— i, H{ and since we know that (n—1i, H])>60, A (H, (e1 e2) )
(H',v") therefore we have

206, £ 0 A (0 — i — b 1)) 0 84 A\ (6,11~ i — k,03) € () oy

(Ya.Ho(a) # Hiy(a) = 3.0 (a) =AY Apc a T ) A

(Va € dom(05)\dom(07).05(a) \ pc o) (FU-P2)

Instantiating 6”, j and v in Equation 4 with 65, n —i — k and v} from FU-P2 respectively,
we get

( /27n_i_ k:,ez[vé/x]) € LTQ O—JZEe 7

This means from Definition 1.7 we have

\VIH3(TL —i—k, H3) > 9/2 AV < (TL —i— k)(H37 el[’l)é/fl?]) hi (H?iv ’U?/)) =

3050, CONAN(n—i—k—1),H) >0, N0, (n—i—k—1),v}) € |2 0]y A

(Va.Hs(a) # Hi(a) = 3.0(a) = A" Nle 0 E L) A

(Va € dom(65)\dom(65).05(a) \ e 0)

Instantiating Hs with Hj from FU-P2 and since we know that ((n — i — k), Hy) > 6}, and
since the reduction happens therefore we have

5.0, CON(n—i—k—1),H) >0, N0, (n—i—k—1),v}) € |2 0]y A

(Va.Hs(a) # Hi(a) = 3.0(a) = A" Nle 0 E L) A

(Va € dom(65)\dom(64).05(a) \ e 0) (FU-P3)

In order to prove FU-PO we choose 6 as 65 from FU-P3. Also we know that H' = Hj,
v = v} and n' =i+ k4 1. Now we are required to show
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(@) 0COSA(n—i—k—1),H) >0, AN (05, (n—i—k—1),v}) € |12 0]y

e I Qé:
Since 6 C ¢ from FU-P1, 6] C 0} from FU-P2 and 65 C 64 from FU-P3 therefore
from Definition 1.2 we get 6 C 05

o (n—i—Fk—1),H) >0,
From FU-P3 we get (n—i—k —1), Hj) > 04

o (05, (n—i—k—1),v) € |moly:
From FU-P3 we get (65, (n—i—k —1),v}) € |72 0]y

(b) (Va € dom(H).H(a) # Hj(a) = 3'.0(a) = A" Apc o C )

Since pc g C £, o therefore we get the desired from FU-P1, FU-P2 and FU-P3
(¢) (Va € dom(65)\dom(0).05(a) \, pc o)

Since pc o C £, o therefore we get the desired from FU-P1, FU-P2 and FU-P3

4. FG-prod:

YUl Fpeer i YU T Fpe €2 i 1o
YW T Fpe (e1,€2) 1 (11 % TQ)J_

To prove: (0, m, (e1,e2) 8) € | (11 x 72) o |Fy

This means that from Definition 1.7 we need to prove

VH.(n, H)>0 AV <n.(H,(e1,e2) 6) b (H',v') =
FO0CTOANMm—n',H)o0 N0 ,n—n"v") € [(11 x2)" |y A
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o T ) A

(Va € dom(6")\dom(6).0'(a) \ pc o)

This means that given some heap H s.t H>0 A (H, (e1,e2) §) I (H', ")
It suffices to prove

FOCTHO AN —n',H)s0 A0, n—n'v") € |[(1 x 1)y A
(Va.H(a) # H'(a) = 3.0(a) =A" Apc o TO)A

(Va € dom(6')\dom(0).0'(a) \ pc o) (FU-PAO)

IH1:

VHl,nl.(nl, Hl) POAVI< ’I’L].(Hl, (61) 5) U4 (Hll, ’U{) —
39’19 C 9/1 A (m — ’L,Hll) l>9/1 A (0’1,n1 - 7, ’U{) € LTI UJV A
(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \ pc o)

We instantiate IH1 with H and n. And since we know that (n, H)>0 A (H, (e1,e2) 0) Jn
(H',v") therefore we have

0T N (n—i, H)> Oy A (0),n—1i,v) €T o|ly A
(Va.Hy(a) # H{(a) = 30'.0(a) =A" Apca T V) A
(Va € dom(6})\dom(0).01(a) \ pc o) (FU-PA1)

1H2:
VHQ,ng.(ng, HQ) [>¢9/1 AV < ng.(HQ, (62) 5) Ur (Hé, ’Ué) —
305.61 £ 05 A\ (n2 — j, Hy) > 05 A (0,12 — j, 03) € [(72) o]y A
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(Va.Ha(a) # Hy(a) = 3.0, (a) = A" Apc o CU)A
(Va € dom(65)\dom(07).05(a) \ pc o)

We instantiate TH2 with H{ and n — 4. And since we know that (n — i, H{) > 6] A
(H,(e1,e2) d) U (H',v") therefore we have

36,.0, C 0 A
(Va.Hy(a) #

(n_i_ijQ)DHQ (9577}—i—j,vﬁ)€L(T2) UJVA
Hi(a) = 38’9’( Y=AYApcoa TU)A

(Va € dom(05)\dom(07).05(a) \ pc o) (FU-PA2)

In order to prove FU-PAQ we choose 0" as 6, from FU-PA2. Also we know from the
evaluation rule, that let v’ = (v{,v}), H' = Hj and n’ =i+ j + 1. Now we are required to

show

(a) 6 C05A

(n—i—j—1H)o0,A(On—i—3j—1,0)€[(r x )|y

e I 95:
Since 6 C 6] from FU-PA1 and 6] C 6/, from FU-PA2 therefore from Definition 1.2
we get 0 C 0

o (n—i—j—1,H}) >0
From FU-PA2 we get (n — i — j, Hy) > 6, therefore from Lemma 1.20 we get
(n—i—j—1,H)) >0,

(] ( é,n—i—j, ’l)/) S L(Tl X TQ)J_ ij:
From Definition 1.6 it suffices to show

i (On—i—j—1,0]) € [(m) o)v

Since from FU-PA1 we know that (6},n—1,v;) € [(11) o|v and since 6] C 05
(from FU-PA2) therefore from Lemma 1.16 we get
(03,n —i—j—1,v)€[(n) o]y

. (Bh,n—i—j—1,9) € () o]v:

From FU-PA2 we know that (65,n —i — j,v)) € [(2) o]y therefore from
Lemma 1.16 we get (05, n —i—j —1,v}) € [(12) o]v

(b) (Ya € dom(H).H(a) # H'(a) = 3'.0(a) =AY Apc o C 1)
From FU-PA1 and FU-PA2

(¢) (Va € dom(6,)\dom(0).05(a) \ pc o)
From FU-PA1 and FU-PA2

5. FG-fst:

E;\I/;Fl—pcei:(nxm)é S50 F 1 N\ 4
W by fst(eg) 1 7

To prove: (0,n,fst(e;) 6) € |11 o)y 7

This means that from Definition 1.7 we need to prove
VH.(n, H) >0 AR < n.(H,fst(e;) ) b (H',v') =

30'.06C 6 A

(n

DHYS>O AN n—n'0") € [m o]y A

(Va.H(a) # H'(a) = 3.0(a) =A" Apc o TO)A
(Va € dom(0')\dom(6).0'(a) \ pc o)
This means that given some heap H s.t (n, H) >0 A (H,fst(e;) 6) {v (H',0')
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It suffices to prove

WOCHANn—nH)>O N ,n—n'v)e|m o]y A
(Va.H(a) # H'(a) = 3 .0(a) =AY Apc o TO) A
(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-F0)

IH1:

VHl,nl.(nl, Hl) >DOAVI< nl.(Hl, (62) (5) Ui (Hll, ’U{) —

30,.0 C O A (ny —i, H) >0, A (0,n1 —i,0]) € [(11 x ™) o]y A
(Va.Hy(a) # H{(a) = 3.0(a) = A" Apc o C0) A

(Va € dom(67)\dom(0).01(a) \, pc o)

Instantiating TH1 with H and n. Since we know that H >0 A (H,fst(e;) 6) |} (H',v')
therefore we have

301.0C O A (n—i, H)> 07 A (0),n — 2 v]) € (11 x )t oy A

(Ya.Hy(a) # Hl(a) = 30'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \, pc o) (FU-F1)

From evaluation rule we know that v{ = (v{, v)

In order to prove FU-FO we choose 0 as ¢] from FU-P1. Also we know that H' = H] and
v" = v{. Now we are required to show

(@) 0C O AN(n—i—1,H)>0, AN O,n—i—1,0]) € |1 o]y:
e I 9’1:
From FU-F1
e (n—i—1,H)>0}:
From FU-F1 we know (n — i, H{) > 6] therefore from Lemma 1.20 we get (n —i —
1, H)) > 6}
o (01,n—i,v) € |m oly:
Since from FU-F1 we know that (0],n — i, (v{,v))) € |(11 X 72) o]v
Therefore from Definition 1.6 we know that (67,n —4,v]) € |11 o|v
From Lemma 1.16 we get (#],n —i—1,v/) € |11 o]y
(b) (Va € dom(H).H(a) # H/(a) = 30'.0(a) = A" Apc o C 1)
From FU-F1
(¢) (Va € dom(6;)\dom(0).01(a) \, pc o)
From FU-F1

6. FG-snd:
Symmetric case to FG-fst
7. FG-inl:

YU T Fpe e i
ST e inl(e;) : (11 4+ 72) 7+

pc o

To prove: (0,n,inl(e;) §) € | (11 + 7)o %

This means that from Definition 1.7 we need to prove

26



VH,n.(n, H)>0 AVn' < n.(H,inl(e;) 0) Y (H',v') =

OO AN —n',H)o0 N0 ,n—n',v") € (11 +7) v A

(Va.H(a) # H'(a) = 3W.0(a) =A" Apc o T ) A

(Va € dom(0")\dom(6).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>0 A (H,inl(e;) 6) {,v (H',v)
It suffices to prove

FOCOAN(n—n',H)>0 ANO,n—n/,0") €| (11 +7)" v A
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o T ) A
(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-LEO)

IHI:

VHl,nl.(m,Hl) >OAVI< m.(Hl, (62) (5) ; (Hl/v 'U{) -
301.0 C 05 A (ny —i, H) > 0] A (07,71 — i, v]) € [T o]y A
(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating TH1 with H and n. Since we know that (n, H)>0 A (H,inl(e;) ) v (H',v")
therefore we have

301.0 T 01N (n—i, H) >0 A (07,0 — 2 v) € |11 o]y A

(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(6})\dom(0).01(a) \ pc o) (FU-LE1)

In order to prove FU-LEO we choose 6" as 6] from FU-LE1l. Also we know from the
evaluation rule, that let v' = inl(v{), H' = H{ and n’ = i+ 1. Now we are required to show

(@) OCOA(n—i—1,H)>O A (O),n—i—1,0) € [(1+72)]v:
e 0L 0]:
From FU-LE1
e (n—i—1,H")>06):
From FU-LE1 we know that (n — 4, H') > 6] therefore from Lemma 1.20 we get
(n—i—1,H")>0]
e Ml,n—i—1,0")€e[(rnn+m)olv:
Since v = inl(vf) and from FU-LE1 we know that (6],n —i,v]) € |11 o]v
Therefore from Definition 1.6 we get (0,n —1i,v") € [(11 +72) o]y
From Lemma 1.16 we get (0],n —i—1,v") € |[(11 +12) o]y
(b) (Va € dom(H).H(a) # H'(a) = 3'.0(a) = A" Apc o C )
From FU-LE1
(c) (Ya € dom(0})\dom(0).0}(a) \ pc o)
From FU-LE1

8. FG-inr:

Symmetric case to FG-inl

9. FG-case:
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S W T Fpe et (114 1)
YUl oo bpeper T YUy mobpapex: T XUk T N/
;0T by case(e, z.eq,y.€2) 0 T

To prove: (0,n, (case e, z.e1,y.€2) ) € |7 o]

This means that from Definition 1.7 we need to prove
VH,n.(n, H)>0 AVn' < n.(H, (case e, x.€1,y.€2) ) | (H'
OCTHOANn—n',H)>0 AN(O,n—n',v) € |[To|yvA
(Va.H(a) # H'(a) = 3W.0(a) =A" Apc o TO)A

(Va € dom(0')\dom(6).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H) >0 A (H, (case e, z.e1,y.€2) 6) Jn
(H',v")

It suffices to prove

'OCTONn—n',H)>0 N0 ,n—n',0) e |[To|lvA

(Va.H(a) # H'(a) = 3 .0(a) =AY Apc o TO) A

(Va € dom(6')\dom(0).0'(a) \ pc o) (FU-C0)

) =

IH1:

VHl,nl.(nl, Hl) >DOAVI < nl.(Hl, (BC) (5) s (Hll, 'Ué) —

39’19 C 9/1 A (n1 — ’L,Hll) l>9/1 A ( ’1,n1 — 1, ’U(/:) € L(Tl —{—7‘2)5 UJV AN
(Va.Hy(a) # H/(a) = 30'.0(a) =A" Apca CTU) A

(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating IH1 with H and n. Since we know that H>0 A (H, (case €., x.e1,y.e2) 0)
(H',v") therefore we have

30,0 T O A (n—i, H) >0, A (0),n —i,0.) € (11 +7)f o]y A
(Va.Hy(a) # H{(a) = 3'.0(a) =A" Apc o T V) A
(Va € dom(67)\dom(0).01(a) \, pc o) (FU-C1)

2 cases arise:

(a) vl =inl(ve):
IH2:
VHQ,TLQ.(TLQ,HQ) l>9/1 AV < nQ.(HQ, (61) ouU {1‘ — 'Uci}) Uj (HQ/, vé) -
305.01 T 045 A (ng — j, H)) > 05 A (85,2 — j,v5) € [(T) o]y A
(Va.Ha(a) # Hy(a) = 3.0 (a) = A" A(pcUl) 0 T ) A
(Va € dom(6,)\dom(0}).05(a) N\, (pcU¥) o)

Instantiating TH2 with H{ and n—i since we know that H{>0)A(H, (case e, x.e1,y.e2) ) |

(H',v") therefore we have

200, C 05 A (i — j, H3) b 05 A (B — i — 1) € () o)y A
(Ya.Ho(a) # Hiy(a) = 0.0 (a) =AY A(pcUl) o T A

(Va € dom(05)\dom(0}).05(a) N\, (pcU¥) o) (FU-C2)

In order to prove FU-CO we choose 0’ as 6/ from FU-C2. Also we know that H' = Hj,
v = vy and n’ =i+ j+ 1. Now we are required to show
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LOCOAN(n—i—j—1,H)>OONOyn—i—j—1,0) €T o]v:
e (9/2:
Since 0 C 0] from FU-C1 and 0] C 6 from FU-C2 therefore from Defini-
tion 1.2 we get 6 C ¢,
e (n—i—j—1,H) 05
From FU-C2 we know that (n —1i — j, Hj) > 6, therefore from Lemma 1.20 we
get (n—i—j—1,Hy) >0,
e (Ohn—i—j—1,v) € |ro]y:
From FU-C2 we know that (65, n—i—j, v}) € |7 o]y therefore from Lemma 1.16
we get (0, n—i—j—1,v) € |Toly
ii. (Ya € dom(H).H(a) # Hy(a) = 30'.0(a) =AY Apc o C 0):
Since from FU-C2 we know that
(Va.H[(a) # Hy(a) = 30'.0,(a) =AY A(pclil) o C 1)
therefore we also have
(Va.H](a) # Hy(a) = 3.0} (a) = A" A (pc) o0 £ 0)
and from FU-C1 we know that
(Va.H(a) # H{(a) = 30'.0(a) =AY A (pc) o C 1)
Combining the two we get
(Va € dom(H).H(a) # Hy(a) = 30'.0(a) = A" Apc o C 1)
iii. (Va € dom(05)\dom(0).05(a) \, pc o):
Since from FU-C2 we know that
(Va € dom(65)\dom(6}).05(a) \ (pcU ) o)
therefore we also have
(Va € dom(0)\dom(#}).04(a) . (p¢) )
and from FU-C1 we know that
(Va € dom(67)\dom(6).0](a) \ (pc U {) o)

Combining the two we get
(Va € dom(6,)\dom(0).05(a) \, pc o)

(b) v, =inr(vs):

Symmetric case as v, = inl(ve)
10. FG-ref:

YUl Fpeet T XU TN\ pe
YT Fpe new e; : (ref 1)+

To prove: (6,m,new (e;) §) € [(ref 7)* )b
This means that from Definition 1.7 we need to prove

VH,n.(n, H)>0 AVn' < n.(H,new (¢;) 0) {y (H', V') =
FO0CTOANMm—n',H)>0 A0 ,n—n'v") € [(ref )]y A

(Va.H(a) # H'(a) = 30 .0(a) =AY Apc o TO) A

(Va € dom(6')\dom(6).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>6 A (H,new (e;) 0) I,y (H',v')

It suffices to prove

29



FO0CTOANMm—n',H)>0 N0 ,n—n'v") € [(ref )]y A
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o T ) A
(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-RO)

IH1:

VHl,nl.(nl, Hl) DOAVI< ’I’Ll.(Hl, (61) (S) | (Hll, ’U{) —
39’19 C 9/1 A (ng — 1, Hll) > 9/1 A (0’1,n1 — 1, ’U{) S LT JJV A\
(Va.Hy(a) # H{(a) = 30'.0(a) =A" Apca CTU) A
(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating IH1 with H and n. Since we know that (n, H)>0A(H, new (e;) §) {0 (H',v")
therefore we have

3070 T O A (n—i, H)> 0] A( ’l,n—/i,vi) elrolvA

(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \, pc o) (FU-R1)

From the evaluation rule we know that H' = H{[a — v{] where a &€ dom(H{), v' = a and
n’ =i+ 1. In order to prove FU-R0O we choose 0" as 0, = (0] U {a — 7 0}). Now we are
required to show

(a) 0COA(n—i—1,H)>0,A(0hyn—i—1,0") ¢ |(ref T)F o]y
e HC 0
From FU-R1 we know that 6 C 6] therefore from Definition 1.2 § C 65
e (n—i—1,H)>0):
From FU-R1 we know that (n — ¢, H{) > ¢7. Therefore from Lemma 1.20 we get
(n—1i—1,H{)>0].
We also know that (0], n—i,v{) € |7 o]y (from FU-R1) therefore from Lemma 1.16
we get (0,n—1i—1,v]) € |7 oy
Since H' = H{[a — v{] and 0, = (0} U{a — 7 o}) therefore from Definition 1.8
we get (n—i—1,H") >0,
o (0h,n—i—1,a)€ [(ref T)" o]y:
Since #4(a) = 7 o therefore from Definition 1.6 we get (5,n —i — 1,a) €
|(ref ) o]y
(b) (Ya € dom(H).H(a) # H'(a) = 3'.0(a) =AY Apc o T 1)
From FU-R1
(¢) (Va € dom(6,)\dom(0).05(a) \, pc o):
We get this from FU-R1 and 7 o \ pc o (given)

11. FG-deref:

Z;\Il;Fl—pcei:(refT)g U ET <7 0N/
ST by leg o 7

To prove: (0,n,(le;) 6) € |7/ oy
This means that from Definition 1.7 we need to prove

VH,n.(n,H)>0 AVn' <n.(H,(le;) ) s (H', V') =
WOCTHOANn—n'H)>O NGO ,n—n'v)e |7 o]y A
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(Va.H(a) # H'(a) = 30'.0(a) = A" Apc T ) A

(Va € dom(6")\dom(6).0'(a) \ pc)

This means that given some heap H and n s.t (n, H)>0 A (H,(le;) 6) |y (H',v)
It suffices to prove

WOCTHOANn—n'H)>O AN ,n—n'v)e |7 o]y A

(Va.H(a) # H'(a) = 30'.0(a) = A" Apc T ) A

(Va € dom(6')\dom(0).0'(a) \ pc) (FU-DO)

IH1:

VHl,nl.(m,Hl) >OAVI< m.(Hl, (62) (5) ;i (Hl/v 'U{) -

30,.0 T 0) A (ny — i, H) >0 A (0], m1 . v]) € [((ref 7)) o]y A
(Ya.Hy(a) # H{(a) = 3¢.0(a) = A" Apc C£') A

(Va € dom(6;)\dom(0).07(a) \ pc)

Instantiating TH1 with H and n. Since we know that (n, H) >0 A (H,!(e;) 0) {n (H',v")
therefore we have

3010 C O A (n—i, H)> 607 A (0),n — 2 v]) € [((ref 7)) o]y A

(VYa.Hy(a) # H{(a) = 3'.0(a) = A" Apc T ') A

(Va € dom(6;)\dom(0).07(a) \ pc) (FU-D1)

In order to prove FU-DO we choose ¢’ as ¢} from FU-D1. Also we know from the evaluation
rule, that H' = H{, v' = H{(a), v; = a and n’ =i+ 1. Now we are required to show

(@) 0COA(n—i—1,H)pO,ANO,n—i—1,0)€ |7 o|y:
e HC0O1:
From FU-D1
e (n—i—1,H)>0,:
From FU-D1 we know that (n — i, H') > 0] therefore from Lemma 1.20 we get
(n—i—1,H)>0]
o (1,n—i—1,v)¢e |7 o]y:
Since from FU-D1 we know that (n — i, H{) > 6] therefore from the Definition 1.8
we get (0],n —1i,H{(a)) € |7 o]y
From Lemma 1.16 we get (0},n —i— 1, H{(a)) € |7 ov
Since 7 o <: 7’ o therefore from Lemma 1.24 we get (67, n—i—1, H{(a)) € |7/ o|v
(b) (Ya € dom(H).H(a) # H'(a) = 3'.0(a) = A" Apc T 1)
From FU-D1
(¢) (Va € dom(67)\dom(0).01(a)  pc)
From FU-D1

12. FG-assign:

Z;\I’;Fl—pcelz(refT)z ;Ui T kpeea: T ;U1\ (peld)
;0T e €1 := ez : unit

To prove: (0,n, (e1 :=e2) §) € |unit o]f;

This means that from Definition 1.7 we need to prove
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VH,n.(n, H)>0 AVn' < n.(H,(e1 :=e2) 0) s (H', V') =
WOCTHANn—n'H)> 0 N0 ,n—n'v) € [unit]y A

(Va.H(a) # H'(a) = 3.0(a) =A" Apc T ) A

(Va € dom(0")\dom(6).0'(a) \ pc)

This means that given some heap H and n s.t (n, H)>0 A (H, (e1 :=ea) ) I (H',v")
It suffices to prove

OO Nn—n',H)>0 A, n—n',0) e |unit]y A

(Va.H(a) # H'(a) = 30'.0(a) = A" Apc T ) A

(Va € dom(6')\dom(6).0'(a) \, pc) (FU-A0)

IH1:

VHl,nl.(nhHl) >O AV < nl.(Hl, (61) 5) U4 (Hll, U{) -

30,.0 C 0y A (ny — i, H)) >0 A (0),n1 —i,v])) € [((ref 7)) o]y A
(Va.Hy(a) # H{(a) = 3 .0(a) = A" Apc C0') A

(Va € dom(6;)\dom(0).07(a) \, pc)

Instantiating IH1 with H and n. Since we know that (n, H) >0 A (H,(e1 :=e2) §) Jn
(H',v") therefore we have

301.0 C 0L A (n—i, H)> 07 A (0),n — 2 v]) € [((ref 7)) o]y A

(Ya.Hy(a) # Hl(a) = 3¢.0(a) = A" Apc T ') A

(Va € dom(0))\dom(0).07(a) \ pc) (FU-A1)

1H2:

VHQ,TLQ.(TLQ, HQ) I>(9/1 AV < nQ.(HQ, (62) (5) Uj (HQI, Ué) S
305.01 T (n2 — 4,05) A Hy> 05 A (05,2 — j,v5) € |[(T) o]y A
(Va.Hy(a) # Hy(a) = 300, (a) = A" Apc T ) A

(Va € dom(05)\dom(07).05(a) \ pc)

Instantiating TH2 with H{ and since we know that H{ > 6] A (H, (e1 :=e2) §) | (H',v")
therefore we have

305.01 E (n— 1 —j,05) A Hy o 05 A (0y,n — i — j, vp) € [(7) o]y A

(Va.Hy(a) # Hi(a) = 30'.0,(a) =AY Apc C ') A

(Va € dom(6)\dom(07).05(a) \ pc) (FU-A2)

In order to prove FU-AQ we choose 6’ as 6} from FU-A2. Also we know from the evaluation
rule, assign, that let v] = a1, H' = Hy[a; — v], v' = () and ' =i + j + 1. Now we are
required to show

(@) 0COLAN(n—i—j—1H)>ON(Oyn—i—j5—1,() € [unit]y:
e I Oé:
Since 0 C 0] from FU-A1 and 6] C 60} from FU-A2 therefore from Definition 1.2
we get 0 C 0
o (n—i—j—1,H)>0)
From Definition 1.8 it suffices to prove that
i. dom(0y) C dom(H'): From FU-A2
ii. Va € dom(605).(05,n—i—j—1,H'(a)) € |05(a)]v:
Va € dom(6)).
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— a4 = ap:
From FU-A2 (since we know that (05,n —i— j,v}) € |(7) o]v)
Therefore from Lemma 1.16 we get (65,n —i—j — 1,0)) € [(7) o]v
— a# a:
From FU-A2 (since we know that (n—i—j, H3)>04 therefore from Lemma 1.20
we get (n—i—j—1,H))>0))

o (0h,n—i—j—1,() € [unit]y:
From Definition 1.6

(b) (Va € dom(H).H(a) # H'(a) = 30'.0(a) = A" Apc C 1)
Va € dom(H).

e 0= a:
Since we know that H(a;) # H'(a1) and 6(a1) = 7 = A% (given)
It is given that 7 o \ pc o therefore pc 0 C {; o

® aF a:
From FU-A2

(¢) (Va € dom(6,)\dom(0).05(a) \ pc)
From FU-A2

13. FG-FI:

Yoa; Uiy €07
50T Fpe Aey (Voz.(ﬁe,T))L

To prove: (0,n,(Ae;) 6) € | (Va.(le, 7))t o |B

This means that from Definition 1.7 we need to prove
VH,n.(n, H) >0 AV < n.(H,(Ae;) 0) Vb (H', V') =
FOCHOAN—n,H)>0 AN, n—n",v") € |(Va.(l, 7)) o]y A
(Va.H(a) # H'(a) = 3W.0(a) =A" Apc o V) A

(Va € dom(0')\dom(6).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>0 A (H, (Ae;) ) | (H',v)
It suffices to prove

FOCONn—n',H)>0 A0 ,n—n",0") € |(Va.(b,7))* o]y A
(Va.H(a) # H'(a) = 3.0(a) =A" Apc o T ) A

(Va € dom(6')\dom(6).0'(a) \ pc o) (FU-FI10)

THI:
Vg, 0;,0 € L. (8;,m1,¢; 6) € |7 o U {a s £} oU{amt"}

In order to prove FU-FIO we choose ¢’ as 6. Also we know from the evaluation rule, that
H' = H and n’ = 0. Now we are required to show

(a) 0COA(n, H)>0A (0,n,9") € |(Va.(be, 7)) |y o
e O LC 0: From Definition 1.2
e (n,H)>0: Given
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o (0,n,(Ae;)d) € | (Va.(be, 7))ty o
From Definition 1.6 it suffices to prove that
V0.0 C 0" AV < nNly € L = (0",],¢) € |r[la/a] o)t/
This means given some 6", j and ¢4 such that 6 C 6", j <n and ¢4 € L
It suffices to prove that (6”,j,€;) € |7[lq/q] UJ%[Z‘i/a] 7

Instantiating TH1 with j, 6” and ¢4 we get (0;, j,e; 0) € |7 oU{ax —~ Ed}Jif oU{orta)

(b) (Va.H(a) # H'(a) = 30'.0.0(a) = A" A pc T 0):
Since H' = H so we are done

(¢) (Va € dom(8')\dom(0).0(a) \ pc):
Since 0’ = 0 so we are done

14. FG-FE:

ST Fpe e s (Yo (be, 7)) £ €FV(E) B0 F pelUl T L0 a)
U kTl o] \ 4
S;UT bpe e [ 7] /0]

To prove: (0,n,(e;]]) 6) € [7[¢"/a] o]by

This means that from Definition 1.7 we need to prove

VH,n.(n, H)>0 AVn' < n.(H,(e[]) 6) I (H',v') =
'OCTONn—n',H)>0 N0 ,n—n',0) e |[7[l"/a] o]y A

(Va.H(a) # H'(a) = I .0(a) =AY Apc o TO) A

(Va € dom(0')\dom(0).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>0 A (H, (e;]]) 6) by (H', ")
It suffices to prove

WOCTOANn—n'H)>O N ,n—n'v)e|7[l"a o]y A

(Va.H(a) # H'(a) = 3'.0(a) = A" Apc o TO) A

(Va € dom(6')\dom(0).0'(a) \ pc o) (FU-FEO)

1H:

VHl,nl.(nl, Hl) DOAVI < nl.(Hl, (61) (5) Ui (Hll, ’U{) —

30,.0 C Oy A (ny —i, H) >0, A (0),n1 —i,0]) € [(Vo.(le, 7)) o]y A
(Va.Hy(a) # H/(a) = 30'.0(a) =A" Apca CTU) A

(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating IH with H and n. Since we know that (n, H) >0 A (H, (e;[]) 0) 4 (H', V')
therefore we have

300.0 C O, A (n—i, H) >0, A (0], —i,0]) € [(Va.(be, 7)) o]y A
(Va.Hy(a) # H/(a) = 30'.0(a) =A" Apca T U) A
(Va € dom(67)\dom(0).01(a) \ pc o) (FU-FE1)

From evaluation rule we know that v; = Ae;1. Since from FU-FE1 we know that
(01,n —i,Aej1) € |(Va.(be, 7)) oy

This means from Definition 1.6 we have
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15.

V8.0 O A <n— iVl e L = (0" j.en) € [T[ly/a] o7 (5)
Instantiating Equation 5 with 6}, n —i — 1 and ¢ we get
0,n—i—1,¢e:) € |T[l"/a] JJ%V”/Q} 7

This means from Definition 1.7 we have

\V/Hg(’rl —1—1, Hg) > 9/1 AVE<n—i-— 1.(H3, €i1) Uk (.[{é7 ’Ué) —

5.0, COAN(n—i—1—k H)> 04 A0, n—i—1—Fk,vy) e [7[l"/a] o]y A
(Va.Hs(a) # Hi(a) = 30.0)(a) = A" Nle 0 T O) A

(Va € dom(65)\dom(6}).05(a) \ e 0)

Instantiating Hz with H| from FU-FEI and since we know that (n — ¢ — 1, H{) > 6]
(Lemma 1.20)and since we know that e;[] v |1 reduces in n’ steps where n’ =i+ k+1 and
since n’ < n therefore we have k <n —i—1s.t (H{,e;1) {x (Hs, v}). Therefore we get
305.0, CO5AN(n—i—1—k,H)>05N(05,n—i—1—Fkv) e |[T[("/a] o]y A

(Va.Hs(a) # Hi(a) = 3.0)(a) = A" Nle 0 E0) A

(Va € dom(65)\dom(6}).05(a) \ e 0) (FU-FE2)

In order to prove FU-FEO we choose 0 as 64 from FU-FE2. Also we know that H' = Hj,
v = v; and n’ =i+ k+ 1. Now we are required to show

(@) 0COA(n—i—k—1,H)>O, N (Os,n—i—k—1,0) € [7[¢"/a] o]v:
e 0L 05
Since 0 C 0] from FU-FE1 and 0} C 6 from FU-FE2 therefore from Definition 1.2
we get 6 C 05
° (n—i—k—l,Hé)Deg:
From FU-FE2 we know that (n —i—k — 1, Hj) > 64
o (Ohn—i—k—1,0v5) € [7[¢"/a] o]v:
From FU-FE2 we know that (65,n —i—k—1,v3) € |[7[¢"/a] o|v
(b) (Va € dom(H).H(a) # Hj(a) = 3'.0(a) = A" Apc o 1)
Since pc o C .[¢" /a] o therefore we get the desired from FU-FE1 and FU-FE2
(c) (Ya € dom(05)\dom(0).05(a) \ pc o)
Since pc o C £ [¢" /a] o therefore we get the desired from FU-FE1 and FU-FE2

FG-CI:

DRGSR o T
0T e ve:(c L )+

To prove: (0,n,(ve;) 6) € |(c L )t o

This means that from Definition 1.7 we need to prove
VH,n.(n, H) >0 AV <n.(H,(ve;) d) I (H',0') =
WOTOA(—n', H)o O AO n—nv) € |(c 2 7)olyA
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o TO)A

(Va € dom(6')\dom(0).0'(a) \ pc o)

35



This means that given some heap H and n s.t (n, H)>0 A (H, (ve;) 6) | (H',v')

It suffices to prove

OO ANn—n',H)>0 N0 ,n—n',v) € |(c L )t oly A
(Va.H(a) # H'(a) = 3'.0(a) =A" Apc o TO)A

(Va € dom(6")\dom(0).0'(a) \, pc o) (FU-CI0)

IHI:

V0;,ny. (0;,n1,e; 6) € |1 UJ% 7 such that L |=c o

In order to prove FU-FIO we choose ¢’ as . Also we know from the evaluation rule, that
H =H,v =ve; §d and n =0. Now we are required to show

() 0T OA(n, H)s0A (0,0, 0) € [(c & 7Ly o
e O L 0: From Definition 1.2
e (n,H)>0: Given

e (0,n,(ve;)d) € |(c L )ty o
From Definition 1.6 it suffices to prove that
VO".OC " AVj<nLlEco = (0",j,e;0) € |7 UJ% 7

This means given some 6" such that 0 C 6", j <n and L ¢
It suffices to prove that (8", j,¢; §) € |7 o % °

Instantiating TH1 with 6” and j we get (0", j,¢; 8) € |7 o]k 7
(b) (Va.H(a) # H'(a) = 30.0.0(a) = A Apc C 1'):
Since H' = H so we are done

(c) (Ya € dom(0")\dom(0).0(a) \ pc):

Since ' = 6 so we are done

16. FG-CE:

E;W;Fl—pcei:(céﬂe PRV XUk pcUlC L, S50 TN/
Ui T Fpeoe; 0071

To prove: (0,n,(e;®) d) € [T o)l

This means that from Definition 1.7 we need to prove

VH,n.(n,H)>0 AVn' < n.(H,(e;®) 0) §py (H, V') =
WOCTOANn—n'H)>O AN ,n—n'v)e|[To|lyA

(Va.H(a) # H'(a) = 30'.0(a) = A" Apc o CTO) A

(Va € dom(6')\dom(0).0'(a) \ pc o)

This means that given some heap H and n s.t (n, H)>0 A (H, (e;®) ) v (H',v")
It suffices to prove

'OCTOANn—n',H)>0 N0 ,n—n',v) € |[To|yvA

(Va.H(a) # H'(a) = 3W.0(a) =A" Apc o T ) A

(Va € dom(6")\dom(0).0'(a) \ pc o) (FU-CEO0)

IH:
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VHl,nl.(nl,Hl) >OAVI < nl.(Hl, (62) 5) ;i (Hl/v 'U{) -

3010 € 07 A (n1 — i, HY) > 0 A (01,m1 — i, v]) € |(c L olyna
(Ya.Hy(a) # H{(a) = 3¢'.0(a) = A" Apc o C ')A

(Va € dom(67)\dom(0).01(a) \ pc o)

Instantiating IH with H and n. And since we know that (n, H)>0A(H, (e;[]) 0) {4 (H',v")
therefore we have

010 £ 01 A (n—i, H) > 0 A (0,n— i, v]) € [(c L oy A

(Ya.Hi(a) # H{(a) = 3W'.0(a)=A" Apc c T V') A

(Va € dom(67)\dom(0).01(a) \, pc o) (FU-CE1)

From evaluation rule we know that v{ = ve;;. Since from FU-CE1 we know that
0, n —iven) € [(c & 7)oy

This means from Definition 1.6 we have

V"0, CO AV <n—iLllEco = (0" j,en)€|T ol (6)

Instantiating Equation 6 with ¢ and n — i — 1 since we know that £ |= ¢ o therefore we
get

@,n—i—1leq)€|Talls”

This means from Definition 1.7 we have

VHs.(n—i—1, H3) > 9’1 AVEk <n—i—1.(Hs,ei1) Vi (Hé, ’Ué) =

305.07 C Gg/\('ln—i—l—k:,Hé)b@é/\(ﬁg,n—i—l—k, vy) € |7 o|vA(Va.Hs(a) # Hi(a) =
3.0 (a) = A" Nl 0 T ) A (Ya € dom(65)\dom(0)).05(a) \ Le o)

Instantiating Hz with H{ from FU-CE1l and since we know that (n — ¢ — 1, H{) > 6]
(Lemma 1.20) and since we know that e; ® ~ |1 reduces in n’ steps where n’ =i+ k+1
and since n’ < n therefore we have k <n—i—1s.t (H{,e;) Jx (H3, v5). Therefore we get
365.0, T Gé/\(,n—i—l—k, H)>OSN (05, n—i—1—k,v5) € |7 o]y A(Va.H3(a) # Hi(a) =
30.01(a) = A" Ao 0 T ) A (Ya € dom(65)\dom(0]).05(a) \ Le o) (FU-CE2)

In order to prove FU-CEQ we choose 6" as 64 from FU-CE2. Also we know that H' = Hj,
v = v; and n' =i+ k+ 1. Now we are required to show

(a) 0CO5A(n—i—k—1,Hy)>O05N(05,n—i—k—1,0v5) € [T[("/a] o]v:

e 0L 05
Since 6 C 0] from FU-CE1 and 0] C 05 from FU-CE2 therefore from Defini-
tion 1.2 we get 6 C 05

° (n—i—k—l,Hé)Deg:
From FU-CE3 we know that (n —i —k — 1, Hy) > 64
o (Ohn—i—k—1,0v5) € [7[¢"/a] o]v:
From FU-CE3 we know that (05,n —i—k —1,0%) € [7[¢"/a] o|v
(b) (Va € dom(H).H(a) # Hj(a) = 3'.0(a) = A" Apc o C )
Since pc o C £, o therefore we get the desired from FU-CE1 and FU-CE2
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(c) (Ya € dom(05)\dom(0).05(a) \ pc o)
Since pc o C £, o therefore we get the desired from FU-CE1 and FU-CE2

Lemma 1.23 (FG: Expression subtyping with closed labels and types). Vpc, pc’, 7.
LEpeCpd = [7]f C 7]

Proof. Given: L = pc C pc’
To prove: [(7)| € [(7)]%
This means we need to prove that

V(0 n.e) € [()]E - (0:n.e) € [(T)]F

This means given V(6,n,e) € L(T)J%Cl
It suffices to prove that (6,n,e) € |(7)]%

From Definition 1.7 for the chosen 6,n,e we are given:
VH.(n,H)>0 AVj <n.(H, e)ljj (H',v) =
WOCHOANn—75,H)S0 AN, n—7,0)€[T]vA
(Va.H(a) # H'(a) = 3'.0(a ) AU A pe T YA

(Va € dom(®')\dom(0).0'(a)  pc (A)

And we need prove that

VHy.(n, Hy) >0 AVE < n.(Hy,e) g (H{,v') =

00T O AN (n—k,H)>0y A (0,n—Fkv)e|T|]vA

(Va.Hy(a) # H{(a) = 30'.0(a) = A" A pc T ')A

(Va € dom(67)\dom(6).0(a) \ pc)

This means that we are given some H and k such that (n, H1)>0, k < nand (Hy,e) |y (H{,v")
It suffices to prove:

301.0 T O N (n—k, H) >0y A(01,n—k,0v) € [T]vA

(Va.Hy(a) # H{(a) = 30'.0(a) = A" A pc T ')A

(Va € dom(67)\dom(0).0](a) \ pc)

Instantiate H in (A) with H; and then we choose 0] as ¢’

e OO ANMn—Fk H)>O N0 n—Fk)e|[T]v:
Given

o (Va.Hi(a) # H/(a) = 30'.0(a) =A" Apc C1'):
Since pc C pc’ and we are given
(Va.Hy(a) # H{(a) = 3.0(a) =A" Apd C 1)
Therefore

(Va.Hy(a) # H{(a) = 3¢'.0(a) =AY Apc C 1)
e (Ya € dom(0")\dom(0).0'(a) \, pc):

We are given

(Va € dom(6')\dom(6).0'(a) \, pc’)
and since pc C pc’ Therefore

(Va € dom(6')\dom(0).0'(a) \ pc)
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Lemma 1.24 (FG: Subtyping unary). The following holds:
VY, U, 0.

1. VA A
(a) SUFA<ANALET o = [(Ao)|y C (A o]y
2. v, 7.
(0)) SUFT<TALETU G = |(70)]v C (7 o)y
(b) Vpe. U7 <P ALET o = |(r0)|% C (' o)

Proof. Proof by simultaneous induction on A <: A’ and 7 <: 7/
Proof of statement 1(a)
We analyse the different cases of A <: A’ in the last step:

1. FGsub-arrow:

Given:
Uk <im Uk <7 UL T,

FGsub-arrow

E;\I/l—Tlng <:T{g7'§
To prove: |((m fq ) 0)|v C (1] =% 7) o)|v

IH1: [(7]{ 0)]v € | (71 0)]v (Statement 2(a))

IH2: Vpe. (72 0)|% C (75 0)]% (Statement 2(b))

It suffices to prove: V(6,n, \x.e;) € [((11 L ) o) |v. (0,n,Az.e;) € [((1] L 75) o) lv

This means that given some 0, n and Az.e; s.t (6,n, Az.e;) € [((T1 L T2) 0)]|v

Therefore from Definition 1.6 we are given:

V01.0 C 01 AYi < nNv.(01,i,0) € |1 oy = (01,4, ei[v/x]) € |12 0] @

l

And it suffices to prove: (6,n,\x.¢;) € [((7] it 7)) 0)]v

Again from Definition 1.6, it suffices to prove:

V02.0 C 02 AV < n¥v.(09,5,0) € |7 oly => (02, ei[v/z]) € |7 o)’ °

This means that given some 62, j < n,v s.t 6 C 6 and (02, j,v) € |7 o|v

And we are required to prove: (6s,7j,e;[v/x]) € |74 UJ% 7

Since (62,7, v) € |71 o]y therefore from TH1 we know that (02, j,v) € |11 o|v

As a result from Equation 7 we know that
(927j7 el[v/x]) € |_7—2 O-JKEG 7
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From TH2, we know that
(62,5, eilv/a]) € |5 o5 ©

Since L = ¢, o C /. o therefore from Lemma 1.23 we know that

. U o
(02,7, es[v/x]) € |5 035
. FGsub-prod:
Given:

Z;\Il|—71<:7'{ E;\I’I—TQ<:T£

YUk X o <:T] X Th

FGsub-prod

To prove: |[((11 x 12) o)]yv C [((7{ x 75) o) ]v

H1: [(11 0)] | (71 o)]v (Statement 2(a))
IH2: (72 0)] | (75 o) |v (Statement 2(a))
It suffices to prove: V(6,n, (vi, v2)) € [((11 X 72) 0)]v. (0,n,(vi,12)) € | ((7] X 75) o) ]|v

v €
v €

This means that given some 6, n and (v, v2 (0, (v, 12)) € [((11 X 72) 0)]v

Therefore from Definition 1.6 we are given:

(H,n, 1)1) S LTl O'JV A (9,71, 112) S LTQ O'JV (8)

And it suffices to prove: (0, (vi, ) € [((1] X 73) 0)]v

Again from Definition 1.6, it suffices to prove:

(G,n, 'U1) S LT{ UJV A (0,?’1, ,UQ) € LTé UJV

Since from Equation 8 we know that (0,n,v) € |71 o]y therefore from IH1 we have
(9,')1, 1)1) S {T{ UJV

Similarly since (0, n, v2) € |72 0|y from Equation 8 therefore from IH2 we have (6, n, wn) €
73 olv

. FGsub-sum:

Given:
E;\ll|—7'1<:T{ E;\Il|—7'2<:7'é

; ; FGsub-sum
S5O bFEm <+

To prove: [((11 +72) o)lv € [((11 +73) o) v

IH1: [(11 0)]v C | (7] 0)]v (Statement 2(a))
IH2: (12 0)|v C [(75 0)]v (Statement 2(a)
It suffices to prove: V(6,n,vs) € [((11 +72) 0)]v. (0,vs) € |[((7] +73) 0)]v

This means that given: (6,n,vs) € [((11 + 72) 0)]v
o

) v

And it suffices to prove: (6,n,vs) € [((1{ + 75)
2 cases arise
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(a) vs =inl v;:

From Definition 1.6 we are given:

(0,n,v) € |m oy
And we are required to prove that:
O,n,v) € |1 olv
From Equation 9 and TH1 we know that
O,n,v) € |1 olv
(b) vs =inr v;:

From Definition 1.6 we are given:

(0,n,v;) € |12 0]y
And we are required to prove that:
(Q,n, Uz’) € LTé UJV
From Equation 10 and ITH2 we know that
(Q,n, Uz’) S LTé UJV

4. FGsub-forall:

Given:
Y,V k7 <imo S,a;0 -0 C 4

FGsub-forall
35U FVa.(le, 1) <: Va.(l, 1) subTo

To prove: [((Va.(le,71)) 0)]v C [(Va.(lL,72)) v

IH1: Vpe. [(11 0)]% C [(12 0)|% (Statement 2(b))
It suffices to prove: V(0,n, Ae;) €

This means that given: (6,n,Ae;) € [((Va.(be,71)) 0)]|v
Therefore from Definition 1.6 we are given:

V01O Oy AVi <Vl € L = (01,1,e) € |71 (00U [ £]) ] (70D
And it suffices to prove: (6,n,Ae;) € [((Va.(lL, 7)) o)]v

Again from Definition 1.6, it suffices to prove:

V2.0 C 0o AVj <Vl € L = (02,],¢5) € |72 (0 U [a = £]) ) (@Hle=tD

This means that given some 6,7 < n,¢ € L s.t § C 6

And we are required to prove: (62, j,€;) € |72 (0 U [a +— E’])J% (oUfa€])

Since we are given 6 C 0 A j < n Al € L therefore from Equation 11 we have
(62,4, €:) € |11 (00U [a s £]) [t (lotD

From TH1, we know that
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(927j, 67;> S |_7-2 (0‘ U [Oé — El])JfEe (ocU[a—£"])

Since L =0, (o U [a— ¢']) C le (0 U o+ £]) therefore from Lemma 1.23 we know that

(62,7, ¢€5) € |72 (0 U [a s £])) 5 @lo=tD

. FGsub-constraint:
Given:

XUk = ¢ YU kR <im Z;\Ill—ﬁ’egﬁe

FGsub-constraint

gl
E;\Ill—61£371<:62:$72

To prove: |((c1 5 1) o) ]y C (2 5 1)) oy

IH1: Vpe. (11 0)|% C (12 0)]% (Statement 2(b))
It suffices to prove: Y(0,n,ve;) € [((c1 L 1) 0)]v. (8,n,ve;) € | ((e2 i/"} ) o)y
This means that given: (0,n,ve;) € |((c1 L ) o)|v

Therefore from Definition 1.6 we are given:

VOLOC O AYi <nLl=cio = (01,i,e) € |1 (0)]% 7

!

And it suffices to prove: (0,n,ve;) € [((c2 = m2) 0)|v

Again from Definition 1.6, it suffices to prove:

0o

V05.0 C 0 ANVj < n.L ): Co 0 — (QQ,j, 61') € LTQ (U)JES

This means that given some 62,j st 0 C O3 ANj<nAL|Eca 0

And we are required to prove: (62,j,€;) € |72 (U)J% 7

Since we are given 0 C 0 A j < n A L | ¢y o therefore from Equation 12 we have
(927j7 ei) € LTI (J) ZE'E 7
From IH1, we know that
(927j7 ei) € I_T2 (U) ZES 7
Since L |= ¢, o C £, o therefore from Lemma 1.23 we know that
. £
(927376i) € LTQ (O-)JE'8 7
. FGsub-ref:

Given:

FGsub-ref
iU kref 7 <:ref 7

To prove: |((ref 7) o) |y C [((ref ) o) |y

It suffices to prove: V(0,n,a) € |((ref 7) o) |v. (6,n,a) € [((ref T) 0)|v
Trivial
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7. FGsub-base:

Given:
—— FGsub-base
Y;kFb<:b
To prove: [((b) o)]v C [((b) o)|v
Directly from Definition 1.6
8. FGsub-unit:
Given:
FGsub-unit

3 Uk unit <: unit

To prove: [((unit) o)]y C |((unit) o) v

Directly from Definition 1.6

Proof of statement 2(a)
Given:

SRl YU EA< A
S0 AL < A
To prove: [((AY) o)|y C [(A")) o]y

From Definition 1.6 it suffices to prove: |[((A) o)]v C [((A)) o]v
This we get directly from IH (Statement 1(a))

FGsub-label

Proof of statement 2(b)

Given: ;U 7 <:7"ANLEV o

To prove: |(1 o)|% C (7' o)

This means we need to prove that
V(0,n,e) € (1T o). (0,n,e) e (7o)

This means given (6,n,¢) € | (7 o) |

It suffices to prove that (0,n,¢e) € [(7/ o) |

From Definition 1.7 we know we are given:
VH.(n,H)>0 AVi<n.(H,e)|; (H ) =
WOCTHOANn—i, H)>O A0, n—i,0) €T o]y
(Va.H(a) # H'(a) = 3¢'.0(a) = AY A pc CO)A

(Va € dom(6')\dom(0).0'(a) \ pc) (A)

And we need prove that

VHl.(’I’L, Hl) >OAVY] < n.(Hl,e) u]’ (Hll, ’UI) —
301.0C 0 A (n—j, H)>0, A (07,1 — s ') e T olyA
(Ya.Hy(a) # Hl(a) = 3¢.0(a) = A" A pc T £)A

(Va € dom(67)\dom(6).0](a) \ pc)

This means that we are given some H; and j < n s.t (n, Hi) >0 A (Hi,e) | (H{,v')
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It suffices to prove:

301.0C 0 A (n—j, H)>0, A (0,1 — s o'y e | o]y
(Ya.Hy(a) # H{(a) = 3¢.0(a) = A" A pc C ')A

(Va € dom(6;)\dom(0).01(a) \ pc)

Instantiate H in (A) with H; and ¢ with j then we choose 6] as 6’
Also we have IH1 as |7 o]y C |7/ o]y (Statement 2(a))

e OO ANn—34,H)0 N ,n—j2)e|r olv:
We are given 3.0 C0' A (n— 4, H)>0' N (6/,n— j,v") € |7 o]y
From IH1 we know that |7 o]y C |7/ o]y
Therefore, 30'.0 T 0' A (n— 4, H)>0' A (6/,n—j,v") € |7 o|v

o (Va.Hy(a) # H{(a) = 3¢'.0(a) =AY Apc C 1'):

Given

o (Va € dom(0")\dom(0).0'(a) \ pc):

Given
O

Lemma 1.25 (FG: Binary interpretation of I' implies Unary interpretation of I'). VW, ~, T, n.
(W,n,v) € [Ty = Vie{1,2}. Ym. (W.0;,m,v ;) € [Ty

Proof. Given: (W,n,~) € [T}
To prove: Vi € {1,2}. Vm. (W.0;,m,v ;) € ||y

From Definition 1.14 we know that we are given:

dom(T') C dom(y) AVx € dom(T).(W,n,m1(y(2)), m2(y(2))) € [T(z)]{
And we are required to prove:

Vi € {1,2}. Vm.

dom(T) C dom(vy |;) AVx € dom(T).(W.0;,m,~v |; (x)) € [T'(x)]|v

Casei =1
Given some m we need to show:
e dom(T) C dom(y |):
dom(y) = dom(y 1)
Therefore, dom(I") C (dom(vy) = dom(~y };)) (Given)
o Vz € dom(T).(W.0;,m,~v | (x)) € |[I'(z)]v:
We are given: Vx € dom(D).(W,n,m (v(x)), m2(v(z))) € [T(2)]{
Therefore from Lemma 1.15 we know that
vm/ (W.0;,m',v | (z)) € |I'(z)|v
Instantiating m’ with m we get

(W.0;,m,v li (z)) € |[I'(z)]v
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Case 1 =2
Symmetric case as i = 1

Theorem 1.26 (FG: Fundamental theorem binary). V3, ¥, T', pc, W, A, L, e, T,0,7,n.
ST kpee:TALEY o A(W,n,y) € [T =
(W,n,e (fy \Ll)ve (7 \L2)) € [T O:Ié

Proof. Proof by induction on the typing derivation

1. FG-var:

FG-var

Uil rirhpex: T
To prove: (W,n,z (v ),z (v42) € [7 015
Say e; =z (v 1) and ea = x (77 |2)
From Definition of [7]% it suffices to prove that

VH, Hy.(n, Hy, H) & W AYG < n.(Hy,er) U (H, vl) A (Haye2) b (HS, v)) =
W'D W.(n — j, H, Hy) & WA (W0 — j,v],u) € [r]{

This means given some H;, H and j s.t (n, Hi, Ha) 2w A (Hi,e1) 45 (H{,v) A (Ha,e2) 4
(Hj, v3)

. A .
We are required to prove: 3W’ J W.(n — 4, H{, H)) > W/ A (W' n — j, 0], v}) € [7]{

Here

- H = Hy and Hy = H
e =] = (@) b
Cer =) =(x) I
-j=1

We choose W/ = W.

e W C W: From Definition 1.3

o (n—1,H,H)b W:
Since we know that (n, Hy, Ha) £ W therefore from Lemma 1.21 we get
(n—1,H, H) b W

o (W.n—19() l1,7(2) J2) € [7]%
We are given that (W, n,v) € [T']{} therefore from Lemma 1.19 we get
(W7n_ 1a7) € (F-I.\’L/1
which means from Definition 1.14 we have
(W,n—1,7(z) l1,7(2) l2) € [7]§
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2. FG-lam:

S5UiT a1 by, €50
ST bpe Az ¢ (11 55 7o)t

14
To prove: (W,n,A\z.e (v 1), \z.e (7 12)) € [(1 =5 ™) o] f
Say e; = Az.e (7 1) and ea = Az.e (v J2)
From Definition of [(7 5 )+ o4 it suffices to prove that
. A
VH, Hy, 5 < n.(n, Hy, Hg) > W A (Hl, 61) Uj (Hl/a ’U{) A\ (Hg, 62) (3 (HQI, Ué) >
IW' 3 W.(n— j, HY, HY) & W A (W'on—j.of,0g) € [(n % )t ol

This means that given Hy, Hy and j s.t (n, Hy, Ho) & W A (Hy,e1) 4; (HL,v)) A (Ha,e2) |
(Hy, v3)

It suffices to prove:

IW' 3 W.(n— g, H B & WA (W0 —j,ul,0)) € [(r %5 m)* 0]t (FB-LO)

IH1:

YW,n. (W,n,e (v U{z = u}),e (v U{z = w})) € [ olh
s.t

(W,n, (v, 1)) € [11 U—H}

We know from the evaluation rules that H{ = Hy, Hy = Hs, v{ = e1 = Az.e (v |1),
vy = ey = Az.e (v J2) and j = 0. In order to prove FB-L0O we choose W' = W and we
need to prove the following:

e W C W: From Definition 1.3
o (n, Hl,HQ)é W: Given

o (W.nze (v 1), Mae (7 12) € [(n 55 m)* o]}
From Definition 1.4 it suffices to prove that:
YW" 3 W,k <n, v, vo.
(W kv, ) € [11 013 = (W k,e (v h)[n/a] e (7 2)[v2/2]) € [12 0]5) A
Vo, 3 W.01,k,v..
(6, 0e) € 1 olv = (B, ke (v W)[ve/a]) € (72 0 %) A
Vo, 3 W.0s,, v
(01, k,w) € [ o)y = (01, ke (v do)[ve/a]) € |2 075 7)

This means that we need to prove the following:
- VYW _ W,k <n,v, 'UQ.((W//,k', U1, 1}2) S (7’1 O'—“"L} —
(W ke (v h)[u/a],e (v do)[va/a]) € [12 o15):

This means given W” 3 W,k < n, v, ve st (W”, k,v1, ) € [11 o5}
We nced to prove: (W7, k. (v 1i)n/z)e (3 12)[wm/a]) € [z o]
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We instantiate IH1 with W” and k
And since (W”, k,v1,v2) € [11 o] therefore we get
(W//7 k,e (’Y \[,1)[’01/3?], € (7 \LQ)[U?/'%']) € [77 U—‘é
— VO, 3 W.01,k,ve.((01,k,ve) € |11 o]y =
(61, ke (v ba)lu/a]) € [m2 o5 %)
This means that we are given 0;, k and v, s.t
0; 3 W.0; and (Gl,k, UC) S LTl UJV
And we are required to prove:
(O, ke (v 11)[ve/a]) € 2 05 ©

It is given to us that
Vor, v, (W,n,vy € [T

Therefore from Lemma 1.25 we know that
Vm. (W.Ql, m, ('Y \lrl) S LFJV

Therefore, we can apply Theorem 1.22 to obtain
VYm. (W.01,m,\x.e v l1) € [( LY )t oy

From Definition 1.6 it means that we have
Vm. VO'.W.01 C 0 AVj <mNv.(0,j,v) € | o]y =
(O, j,elv/zly L) € [m2 o) °
We instantiate m with some [ > k, 6/ with 6;, j with k and v with v, to get
W-el C 0[ Nk <IN (elvka UC) € I_Tl O—JV = (el,k,e[’l)c/x]’}/ \l/l) € \_7_2 O—JZE‘S 7
Since we thow that W.01 C O, Ak <IA (6;,k,v.) € |11 o]y therefore we get
(01, k, e[ve/a)y h) € |72 o)fs ©

= VO, 3 W.0a,,v.((01, k,v) € |11 o]y =

(61, ke (v L2)[ve/2]) € |72 0] °):
Symmetric case as above

3. FG-app:

E;\IJ;I‘I—pCel:(ﬁng)e Uil Fpeea YU N\ /4 YUk pcUlC X,
YU T Fpeer e

To prove: (W,n,(e1 e2) (v41),(e1 €2) (v 42)) € [(12) ‘ﬂé

This means from Definition 1.5 we need to prove:

A
VHy, Hy,n' < n.(n, Hy, Hy) > W A (Hi, (e1 e2)(y 1)) U (H{,v1) A (Hz, (e1 e2)(y 12)) |
(HZI’Ué) =
Iw’ 3 W.(n—n’,H{,HQ’)é W' A (W' n—n' v, v) € [(r) ot}
This further means that given Hy, Hy,n' < n s.t
A
(n, Hy, Hy) > WA (Hy, (61 e2) (v d1)) Yo (H, v1) A (Ha, (e1 e2) (7 12)) 4 (H, v3)

It suffices to prove
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Iw' 3 W.(n-— n’,Hl',I-IQ')é1 W' A (W' n—n' v, v) € [(r) ot (FB-A0)

IHL (W,n, (e1) (v ) (er) (vd2)) € [(r1 5 )t o]

This means from Definition 1.5 we get

. A
VHi1, Hia, i < n.(n, Hn, Hig)> WA(Hp,ex (v 1)) Ui (H, v))A(Hiz, e1 (7 42)) I (Hs, v)) =
W] 3 W.(n— i, H], H) S WA (Win—i 0l ) € [(r1 55 m)¢ o]t

Instantiating H;; with Hy and H;o with Hy in TH1 and since the (e; e2) reduces to value with
v 1 in n’ < n steps. Therefore 3 < n’ < n st (Hi,er (v 1)) $i (H{,v]). (Hiz,e1 (7 J2
)) 4 (Hy, v}) is known because (e; ez) reduces to value with v Jo. Hence we get

Iw] 3 W.(n—i,H{,HQ’)é WA (Wi,n— i, 0], 05) € [(r1 %5 m)’ o]t (13)

IH2: (W{,n —1i,(e2) (v h)s (e2) (v 2)) € [(1) 0%

This means from Definition 1.5 we get

. . . A
VHj1, Hjs,j < (n—1).(n—i, Hj1, Hj2) > Wi A (Hy, ez (v 1)) U5 (Hjy, vjp) A (Hay e (v 12)) &

. . A . .
(Hly,vjp) = IWy I Wi.(n—i—j, Hly, Hjs) > Wy A (W, — i — 4,0}, ) € [(T1) ol

Instantiating H;; with H{ and Hjp with Hj in TH2. Since the (e; e2) reduces to value
with v 1 in n’ < n steps. Also, e; reduces to value v |1 in ¢ < n/ steps. Therefore
Jj<n'—i<n—ist (Hyex (v41)) I (Hjy,vj). (Hiz,e2 (v12)  (Hfy, vjp) is known
because (e1 e2) reduces to value with v 2. Hence we get

. A .
EIW2, - Wll'(n_l_]vl—]j{lv 3/2) > W2//\ (Wé’n_z—]v vjl'lvvj,'Q) € [(Tl) U—|J\4/‘ (14)

We case analyze on (W{,n —i,v{,v5) € [(11 L 72)¢ o]} from Equation 13

e Case o C A:
From Definition 1.4 we know that this would mean that
(Wl n—i, v, 0) € [(11 25 ) o]4A
This means
(W{,n—i,v,v5) € [(11 0 te g 5 0){
Let v{ = Az.epy and v = Az.epo

Again from Definition 1.4 it means that

VWi, 3 Wi, g1 < (n—1i),v,v.

(Why, 1, v, 02) € [ 01{h = (W, 1, ent[vn/al, enzlva/a]) € [2 015) A
Vo 3 W{.Hl,ml, Ue-

A (O, mi,wm) € |n oy = (W] .01, epifv/z]) € |72 UJ% ) A

\v/ell - W{.GQ,ml’ Ve

A Oymi ) € 1ol = (W)y0s, enalvn/a]) € |72 o) 7)
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We instantiate W}, with W; obtained from Equation 14. Similarly we also instantiate
v1 and ve with Ujl-l and vj’-Q respectively from Equation 14, and j; with n —7 —j. And
we get

(W3,n —i— j.em[vj1 /2], enalvjp/2]) € [72 0]
From Definition 1.5 we get
A

VHy, Hy,ke < (n—i—j).(n—1i—j,H, Hy) > Wzl A\
(Hi,ep[vjy/2]) bk, (Hpp,vp1) A (Ho, enalvis/z]) 4 (Hpy, vp2) =

A
AW' 2 Wy.(n —i—j — ke, Hpy, Hig) > WA (W' — i — j — ke, vf1,072) € [12 013
Instantiating Hy with Hj; and Hy with Hj, obtained from Equation 14. And since
we know that e; es reduces with v |1 in n’ < n steps. And es reduces to value
vd1inj <n —1 < n—1isteps. Therefore ke = n' —i —j < n—1i—j st

(Hi,ep[vjy/]) Vi, (Hpy,vp1). (Ha,enzlvjo/x]) I (Hpg, vp2) is known because (e e2)
reduces to value with v |2. Hence we get

W' 3 Wy ((n—i—j —ke), Hiy, Hjo) & W AW, (n—i—j— k), vp1, v52) € [72 018
(15)
This concludes the proof in this case.

Case L o [ A:

From FB-AO we know that we need to prove
Iw’ 3 W.(n—n’,H{,HQ’)é W' A (W' n—n' v, v}) € [(r) ot}

In this case since we know that ¢ 0 Z A. Let 79 0 = A% and since 7, 0 \, £ o
therefore ¢; Z A

Therefore from Definition 1.4 it will suffice to prove

SW' D W.(n—n/, B, B)S W Amy. (W00, m1, 0]) € [(r2) 0)v) A (Vma. (W' 01, ma, ) €
L(72) o]v)

This means it suffices to prove

(Vmy, ma.3W' 2 W.(n—n/, B, B)E W AW 91, m1,0}) € (1) 0 ]v') A (W61, ma, v}) €
[(12) o]v)

This means given m; and mo it suffices to prove:

(El W/ - W'(n_n/7 Hlla Hé)éw//\( W/'917 my, IU{) € L(TQ) UJV)/\( W/'el’ ma, /Ué) € L(TQ) O-JV)

(16)

In this case from Definition 1.6 we know that
Ym. (W01, m,  a.ent) € (11 0 S 7 o)y (17)
Vm.(W{.02, m, A\x.eps) € [ (11 o tey To 0)]v (18)
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Applying Definition 1.6 on Equation 17 we get

Vm. V0.0 T 6’ AVj1 < mNv.(0/,41,0) € |11 o]y = (0,1, en[v/2]) € |72 0] 7
where 0 = W/.6;

We instantiate m with mq+2-4t1 where t; is the number of steps in which e reduces
Vo' W1/91 cCéo AV < (m1 + 14 tl).V’U.(Q’,jl, ’U) € \_7‘1 O’JV —

(0,41, emlv/z]) € |7 o) ®  (FB-ACI)

Since from Equation 14 we have

(WQ/a n—1i—j Ujl'la U]/'2) € [(7-1) O--I.é

Therefore from Lemma 1.15 we get

vm. (W2’.91,m, Ujl»l) S {7'1 O’JV

Instantiating m with m; + 1 4+ t; we get
(W2’.91,m1 + 1+t ’U],-l) c {Tl O'JV

Instantiating 6’ with W;.01, j1 with m; + ¢; and v with v]’~1 from Equation 14.
Therefore we get (W3.01,m1 + 1+ t1,ep[vj;/2]) € [72 ol

From Definition 1.7, we get

VH.(ml + 1+ tl,H) > Wé@l AVEk. < (m1 + 1+ t1>.(H,€h1[U]{1/m]) Ukc (Hll, 1){) -
301 W5.00 TOLA((m1+ 1+t —ke), H) > O] A (07, (m1+ 14+t —ke),v) € |12 0]y A
(Va.H(a) # H{(a) = 3 .W}.01(a) = A" A (L, 0) T V) A

(Va € dom(67)\dom(W3.01).01(a) \ (e 0))

Since from Equation 14 we have (n —i — j, H;, H};) > W;
Therefore from Lemma 1.27 we get Vm.(m, Hj;) > Wy.01

Instantiating m with mq + 1 + ¢; we get (mq + 1 + ¢, Hj’l) > W5.0

Now instantiating H with H;l from Equation 14 and k. with ¢; we get
39’1 W2/91 C 9’1 A ((m1 + 1), Hll) D9/1 AN ( 11, (ml + 1), U{) € LTQ UJV VAN
(Va.Hj,(a) # H{(a) = 3. W3.01(a) = AN (e o) T A

(Va € dom(67)\dom(W3.01).01(a) \ (e 7)) (R1)

Similarly we can apply Definition 1.6 on Equation 18 to get

Vm. V@é(m, W{gg) C 95 AV7jo < m.Vv.(&’z,jg, 1)) € {7’1 O’Jv -

(0, 2, enalv/al) € |72 o35 7

We instantiate m with mo+24to where to is the number of steps in which ejo reduces
Vo' W1/02 C 0 AV < (m2 + 24+ tQ).VU.(Q/,jl, 1}) S {Tl UJV == 0

(0, j1,enzlv/z]) € |72 0% 7 (FB-AC2)

Since from Equation 14 we have

(Wa,n —i— j,vjy,vj) € [(11) ol

Therefore from Lemma 1.15 we get

Vm. (W3.09,m,v}y) € [11 o]y

Instantiating m with mo + 1 + t2 we get
(W3.00,ma + 1+ t2,v)5) € 11 0]y
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Instantiating 6" with W3.02, j1 with mg + 1 4 t2 and v with ’U]/-Q from Equation 14 in
FB-AC2 we get

(W3.02,mz + 1+ ta, epalv]y/a]) € |72 035 7

From Definition 1.7, we get

VH.(mQ + 14 29, H) > W2/92 AVEk. < (m2 + 1+ tQ).(H, €h2[’UJ/-1/$]) Ukc (HQI, Ué) -
395. W2/.92 C 9/2 A ((mg + 14ty — kc), HQ/) l>9/2 A (95, (mz + 141t — kc)vé) S LTQ UJV A
(Va.H(a) # Hj(a) = 3 .W3.05(a) = A" A (L, o) T ) A

(Va € dom(6))/dom(Wy.02).05(a) N\ (e o))

Since from Equation 14 we have (n —i — j, Hj;, H};) > Wy

Therefore from Lemma 1.27 we get VYm.(m, H}y) > W3.0
Instantiating m with mg + 1 + t2 we get (mg + 1 + to, H]’2) > W3.02

Now Instantiating H with H;Q from Equation 14 and and k. with £s.
395 W2/92 C 9’2 N (TTLQ +1, HQI) Deé A (95, (me + 1), Ué) € {7‘2 O’JV A
(Va.Hly(a) # Hj(a) = 3. W3.05(a) = A" A (Le o) 2 ) A

(Va € dom(6,)\dom(W3.02).05(a) \, (e o)) (R2)

In order to prove FB-AO we choose W’ to be (61,65, W5.5). Now we need to show
two things:

(a) (n—n', H{,H) > W"
From Definition 1.9 it suffices to show that

— dom(W'.01) C dom(H{) N dom(W .03) C dom(H,):
From R1 we know that (m; +1, H) >0}, therefore from Definition 1.8 we get
dom(W'.601) C dom(H])
Similarly, from R2 we know that (me+1, Hj)>0), therefore from Definition 1.8
we get dom(W'.03) C dom(HJ)

— (W'.B) C (dom(W'.61) x dom(W'.0;)):

Since from Equation 14 we know tlArlat (n—i—j, Hjy, Hjy)> Wy therefore from

Definition 1.9 we know that (W3.5) C (dom(Wy.01) x dom(Wy.02))
From R1 and R2 we know that Wy.0; T 0] and W;.02 C 6, therefore

(W3.5) C (dom(6y) x dom(63))
— V(al, ag) € (W’ﬂ).W’ﬂl(al) = W/.eg(ag) VAN
(W' ,n—n'—1,H(a1), Hy(az)) € [W'.01(a1)]{:

4 cases arise for each (a1, a2) € Wy.53
L Hjj(ar) = H{(ar) A Hjy(az) = Hy(az):
* W’.Gl(al) = W/.92<a2):

We know from Equation 14 that (n — i — j, H!

/ /
]1’Hj2) > W,

Therefore from Definition 1.9 we have

V(al, az) € (Wéﬁ)WéGl(al) = W2’.92(a2)
Since W'.3 = WJ.3 by construction therefore

V(al, az) € (W’.B).Wé.&l(al) = W2’.¢92(a2)

From R1 and R2 we know that Wj.0; C 6} and W;.05 C 6, respectively.
Therefore from Definition 1.2

V(al, a2) S (W’B)G’l(al) = 9/2(0,2)
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x« (W' n—n'—1,H/(a), Hy(az)) € [W.01(a1)]3:

From Equation 14 we know that (n —i — j, HJ(I,
This means from Definition 1.9 that

V(ai1, ai2) € (Wéﬁ)Wé&l(al) = W2’.92(a2)/\(W2/,n—i—j—1,Hfl(al),HJ{Q(ag)) €
[W;3.01(a1)T5}

Instantiating with a; and az and since Wy C W and n —n' — 1 <
n—i—7j—1 (since n’ =i+ j+ t; where t; is the number of steps taken
by ep1, ¢ is the number of steps taken by e; v |1 to reduce and j is the
number of steps taken by es v |1 to reduce) therefore from Lemma 1.17
we get
(W' n—n' =1, Hj (@), Hy(az)) € [W'.01(a1)]5}

. Hj(a1) # Hi(a1) V Hjy(a2) # Hy(az):

* W’.Ql(al) = W’.@Q(ag)
Same reasoning as in the previous case
x« (W' n—n'—1,H/(a1), Hy(az)) € [W.01(a1)]3:
From R1 and R2 we know that
(Ya.H!,(a) # H{(a) = 3 .W}.01(a) = A" A (L o) T 1)
(Ya.H/y(a) # Hj(a) = 3. W3.05(a) = A" A (L o) E L)
This means we have
3. W3.01(a1) =AY A (L, o) E £ and
30 W.02(az) =AY A (b o) E X

Since pc o ULl o0 C 4, o (given) and ¢ o £ A. Therefore, ¢, 0 Z A. And
thus, ¢/ Z A

Also from R1 and R2, (m; + 1, H{)> 6] and (mg + 1, Hy) > 6. Therefore
from Definition 1.8 we have

(01, m1, H{(a1)) € |0}(a1)]v and

(05, ma, Hy(ar)) € [05(az)]v

Since m1 and me are arbitrary indices therefore from Definition 1.4 we
get
(W'n —n' =1, H{(a), Hy(az)) € [0} (a)]3}

iii. ijl(al) = H{(a1) V H;Q(ag) # Hy(ag):

* W’.Gl(al) = W/.92<a2)
Same reasoning as in the previous case

x (W .on—n'—1,H](a1), Hy(az)) € [W'.01(a1)]{:
From R2 we know that
(Ya.H/y(a) # Hy(a) = 3. Wy.02(a) = A" A (Lo o) T 1)
This means that ay was protected at ¢, o in the world before the modifi-
cation. Since pc ol o C ¢ o (given) and ¢ o £ A. Therefore, ¢, o [Z A.
And thus, ¢/ Z A

A
H;Q) > Wy

Since from Equation 14 we know that (n —i — j, Hjy, H},) S W3 that
means from Definition 1.9 that (W3,n —i —j — 1, Hf;(a1), Hl3(a2)) €
[W3.01(a1)]5}. Since (€. o) C ¢ therefore from Definition 1.4 we know

that H;(a1) must also be protected at some label £ A

Therefore
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Vm. (W2’.61,m, Hfl(al)) S Wé.@l((h) (F)
and

Vm. (Wé.gg,m, H](2(a2)) S Wé.@g(aq) (S)

Instantiating the (F) with m; and using Lemma 1.16 we get
(9/17m17 I_[g(l(al)) € ell(al)
Since from R2 we know that (mo+1, Hy)>04 therefore from Definition 1.8
we know that (05, ma, Hi(a2)) € 05(az)
Therefore from Definition 1.4 we get
(W' n—n'—1, H{(a), Hy(a2)) € [07(a)]3;
iv. ijl(al) # H{(a1) V H](Q(ag) = Hy(ag):
Symmetric case as above
— Vie{l,2}.Vm.Na; € dom(W'.0;).(W'.0;,m, H (a;)) € | W.0;(a;)]v:

=1

This means that given some m we need to prove

Va; € dom(W'.0;).(W'.0;,m, H(a;)) € | W.0;(a)]v

Like before we instantiate Equation 17 and Equation 18 with m + 2 +¢; and
m + 2 + t9 respectively. This will give us
301 W5.00 T 0] A ((m1+ 1), HY) > 0] A (6], (7/n1 +1),v) € 2oy A
(Va.H;(a) # H{(a) = 3. Wy.01(a) = ACA (b, o) T A
(Va € dom(6})\dom(W3.01).01(a) \, (Le o))
and
360, Wy.02 T 05 A (mo + 1, H)) > 04 A (05, (m; +1),v) € |2 o]y A
(Va.Hjy(a) # Hy(a) = . Wy.02(a) = AN (e o) T A
(Va € dom(65)\dom(W3.02).05(a) \ (Le 0))
Since we have (m+1, H{)>0] and (m+1, Hy) >0, therefore we get the desired
from Definition 1.8
i=2
Symmetric to i = 1
(b) (W',n—n'—1,v],v) € [ ¢k
Let 79 = A% Since 75 o \, £ ¢ and since £ o Z A therefore ¢; 0 Z A

From R1 and R2 we and Definition 1.4 we get the desired.

4. FG-prod:

YUl Fpeer i YU Fpe €2 i1
YW T bpe (e1,€2) : (11 % TQ)J_

To prove: (W,m, (e1,€e2) (v 41), (e1,€2) (v {2)) € [(1 x 72)* 014

Say e1 = (e1,e2) (v 1) and ez = (e1,€2) (v 2)

From Definition of [(1; x 72)* o7 it suffices to prove that

VH,, Hy.(n, Hi, H>) & W AR < n.(Hy,e1) Yo (HL,0)) A (Hayen) U (HY, o) —>
IW W T WA (n—nl, B HY) S WA (W — o], 0) € [(r1 x 7o) - o]
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This means that given some Hy, Hy and n’ < n s.t

A
(n, Hi, Hy) > W A (Hy, er) o (H{,v]) A (Ho,e2) I (Hy, v3)

We are required to prove:

<=
=
N

IW' W WA (n—n',H], H)) 2w A (W' n—n/ 0], v) € [(11 x 72)T o]

IH1 (W,n, (e1) (v 1), (e1) (v 12)) € [11 014

This means from Definition 1.5 we get

VHyi, Hyro.(n, Byt Hppz) B W AYE < n.(Hpuren (v 1) b (Hp115 vp11) A (Hpaz, e (v J2
N (Hpio, vpro) =

WD W0 — i, HYyy Hoo) b WA (Win— i, o, vs) € [71 o

Instantiating H,1; with H; and Hype with Hp in IH1 and since the (eq, e2) reduces to value

with v |1 in n’ < n steps therefore we know that 3i < n’ < n st (Hpi,e1 (v 1)) i

(Hp115vp11)- Similarly since we know that (e1,e2) reduces to value with v ]2 therefore we

know that (Hpi2,e1 (v d2)) U (Hppa, Uy15). Hence we get

A
IW] 3 W.(n—i, Hyyy, Hlyo) > WA (W,n— 14,0011, v)15) € [11 0]F (20)

IH2 (W,n — i, (e2) (v 1), (e2) (7 42)) € [12 07
This means from Definition 1.5 we get

. A . .
V Hyo1, Hpoa-(n—i, Hpo1, Hpoo)> WiAVG < n—i.(Hyo1, e2 (7 1)) U5 (Hpar, vior )A(Hp22, €2 (7 L2
N (Hpog, vpoo) =

. . A . .
AWy 3 Wi(n—i— j, Hypy, Hypo) > Wy A(Wyon — i — j, up91, Upg) € [T2 ol
Instantiating Hpo; with H;gn and Hpo with H;gm and in IH2. Since (e, e2) reduces to
value with v |1 in n’ < n steps and e; has reduced with i < n’ steps. Therefore we know
that 3j <n' —i <n—ist (Hpi,e2 (v41)) i (Hpap,vyy1)- Similarly since we know that

(e1, e2) reduces to value with v |5 therefore we know that (Hpo, e (v 12)) 4 (HI;QQ’ %22).
Hence we get

since the (e, es) reduces to value with both v |1 and + |a therefore we know that
(Hpo1,e2 (v 1)) ¥ (Hémv ”;21) A (Hpaz,e1 (v d2)) ¥ (H;i22v ”;/)22)~ Hence we get

A
AWy 3 Wi.(n—i—j, Hiyy, Hipy) B Wy A (Wa,m— i — j, v}y, 0g0) € [12 015 (21)

In order to prove Equation 19 we instantiate W' in Equation 19 with W; we are required
to show the following:

e WL Wy
Since W C W/ from Equation 20 and W{ C W from Equation 21
Therefore, W T Wy from Definition 1.3
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A
e (n—n',H{,H)> W"
Heren' =i+ j+1
From evaluation rule of products we know that H = Hjy; and Hy = Hjy,

. . A
From Equation 21 we know that (n —i — j, Hpyy, Hypo) > W,

A

Therefore from Lemma 1.21 we get (n —i —j — 1, Hyyy, Hjoo) > W,

o (W n—i—j—1,v,v)€[(n xm)t ot
From evaluation rule of products we know that v{ = (v1, vj91) and v3 = (v,19, Vjoo)

We are required to show

5. FG-fst:

(Wa,n—i—j— 1771;’31177),;12) €[n UWéA(Wéa”—i—j - 1>”;’321>U;322) €[m 01“&‘:
From Equation 20 and Equation 21 we know that

(Wévn_i_j’ U;/ﬂlvU;/;lQ) € [7_1 O-—IJ\‘}/\ (W2/>n_i_j7 UI;21,UI/)22) € [7—2 O'—|
Therefore from Lemma 1.17 we get

(Wayn—i—j =101, vp1) € [11 013 A (Wa,n— i — j — 1, upp1, upp0) € [12 015

A
\%4

E;\I/;FI_Z,CGZ'Z(T1XT2)£ DIV o S RN/
W T e fSt(GZ') 1T

To prove: (W,n, (fst(e;)) (v 1), (fst(es)) (v 12)) € [ 015

Say e} =

(fst(e:)) (v 11) and ez = (fst(e;)) (v l2)

From Definition 1.5 it suffices to prove that

A
VHy, HQ.(n, Hy, HQ) > W AVR < n.(Hy,eq) dns (Hll, ’U{) A (HQ,@Q) [} (HQ/, vé) —
IW'. W WA (n— o, Hl, H) S WA (W ,n—n, 0], 4) € [y o5

This means that given

VHy, Ho.(n, Hy, Hy) b W AR < n.(Hyyer) o (L, 0)) A (Hoyez) I (HJ, ob)

We are required to prove:

IH1

AW W E W' A(n— n',H{,HQ')é W AW n—n' v, 0) €[ o5 (22)

(W, (&) (v41). (ei) (v 12) € [(11 x 72)¢ o]4

This means from Definition 1.5 we get

A .
VH;1, Hip.(n, Hyy, Hio) > W AV < n.(Ha,ep (v 1)) i (Hfy, o) A (Hizyes (v 12) |
(Hjp, vjp) = p
IW] 3 W.(n—i, Hy, Hjy) > W{ A (W{,n — 14,01, 05) € [(11 % )" ‘ﬂ“\é
Instantiating H;; with Hy and H;e with He in IH1 and since the fst(e;) reduces to value
reduces to value with v |1 in n’ < n steps therefore we know that 3 < n’ < n s.t

(Hit,e; (v 1)) Vi (H}j,v}). Similarly since we know that fst(e;) reduces to value with v |2
therefore we know that (Hjo,e; (v l2)) | (H};, v)5). Hence we get
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WD W.(n—i, HYy, Hy) b WA (Win— i, v, ) € [(m x m)l old (23)

We case analyze on (W{,n —i,v/;,vly) € [(11 X 72)* o]{} from Equation 23

e Case f o C A:
From Definition 1.4 we know that this would mean that
(Wi,n —i,v)y,v)) € [(11 X 1) o7}
This means
(Wllv n—i, Ui/h ’1)1{2) € ((7—1 0 X T2 U)—l\é
Let v}y = (vi1, vi2) and v}y = (vj1, vj2)

Again from Definition 1.4 it means that
(Wl’,n — i, Vi1, 1}]'1) c [Tl (ﬂ"’é} N (Wl’,n — i, Vi2, Ujg) S fTQ U—‘é (Fl)

Inroder to prove Equation 22 we choose W' as W/ and from the evaluation rule of
fst we know that H{ = H/, and Hy = H/,. Also, from reduction rules we know that
n’ =i+ 1. And then we need to show:
- WEC WI’:
Directly from Equation 23
A
— (n—n/,H{, H)) > W{:
. A
Since from Equation 23 we know that (n — i, H{, Hy) > W/
A
Therefore from Lemma 1.21 we get (n —i — 1, H{, Hy) > W/
— (W{,n—n',v],v)) € [T o]
From the evaluation rule we know that v; = v;; and vj = vj
From F1 we know that (W{,n — i, v1,vj1) € [11 o]{
Therefore from Lemma 1.17 we get (W{,n —i —1,v;1,v1) € [11 0]
e Case (o[£ A:

In this case from Definition 1.6 we know that

A
14

(a) Ym. (W].01,m,v}y) € [(11 0 x 2 0)|y and
(b) Vm. (W{.02,m,v)y) € |(11 0 X 13 0)]v
where
vy = (vin, vi2) and vjy = (vj1, vj2)
Inroder to prove Equation 22 we choose W' as W/ and from the evaluation rule of
fst we know that H{ = H/, and Hy = H),. And then we need to show:
- WC W
Directly from Equation 23
— (n—n', H], H)) & W
A
From Equation 23 we know that (n — i, H{, Hy) > W/
Therefore from Lemma 1.21 we get

(n—i— 1,01, H) % W
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— (W,n—n',v],v)) € [T o3
From the evaluation rule we know that v{ = v;; and v) = vj1
Let 71 = A% Since 71 ¢ \, £ and since ¢ o Z A therefore ¢; 0 Z A

Therefore from Definition 1.4 it suffices to prove that
le. (W{.Ql, mi, 'Uil) S LTI UJV

and

Vmg. (WII.QQ, ma, ’Ujl) S |_7‘1 O‘JV

This means given m and it suffices to prove:

(W{~017m1a Uil) € LTl UJV (24)

Similarly given meo, it suffices to prove:

(W1.02,ma,v1) € |11 oy (25)
Instantiating (a) with my
(W{.01,m1,vi1) € |11 o]y A(W].01,m1,v2) € |12 oy (26)
Instantiating (b) with mso
(W1.02,ma,vj1) € |11 o]y A (W].02,ma,vj2) € |12 0]y (27)

From Equation 26 and Equation 27 we get
(W{.Ql,ml, ’Uﬂ) S LTI O'JV and (W{.OQ,mQ, Ujl) c I_T1 O‘JV

6. FG-snd:
Symmetric case as FG-fst
7. FG-inl:

XUl Fpe € i
S0 T by inl(e;) : (11 + 1)t

To prove: (W,n, (inl (¢)) (v 1), (inl (:)) (v d2)) € [(m1 + 1) " 014

Say e; = (inl (e;)) (v 41) and ea = (inl (&;)) (v 2)

From Definition of [(71 + 72)* o7 it suffices to prove that

VHy, Hy.(n, Hy, Hy) & W AR < n.(Hy,er) b (HL0)) A (Hoyez) I (HY, o) —
IW. WL WA (n—n’,Hl’,HQ’)T;l W' A (W' n—n' v, v5) € [(11 + 1)t olf

This means that given

VH,, Hy.(n, Hy, Hy) & W AR < n.(Hy,e1) Yo (HL,0)) A (Ha,en) U (HJ, b)

We are required to prove:

IW.WE W A(n—n, BB S W AW, n—n 0], d) € [(n+m)t o]d (28
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IHL (W, (&) (v 41), (&) (v 12)) € [11 017
This means from Definition 1.5 we get
A .
VH1, Hip.(n, Hiy, Hig) > W AV < n.(Ha,ep (v 1)) 4 (Hy, o) A (Hizyes (v 12) |
(Hjp, vjp) = N
IW] 3 W.(n—i, Hly, Hy) > W] A (W], —i, vy, v)) € [11 0]{
Instantiating H;; with Hy and H;e with Hy in TH1 and since the inl(e;) reduces to value with
v 41 in n' < n steps therefore we know that 3i < n’ < n st (Hi,e; (v 1)) i (Hf,v))-

Similarly since we know that inl(e;) reduces to value with v |5 therefore we know that
(Hiz,e; (v 12)) I (Hf, v)5). Hence we get

A
ElWl/ - W'(n_i7 iII’I{z’/2) > Wl//\ (Wllvn_i’vi/17vi/2) € (7—1 O:hé (29)

Instantiating W’ in Equation 28 with W{. Also from reduction relation we know that
n’ =i+ 1 we are required to show the following:

e WL W:
Directly from Equation 29
A
e (n—n',H{,H))> W:
. A
From Equation 29 we know that (n — i, H{, Hy) > W/
Therefore from Lemma 1.21 we get
A
(n - TLI, Hlla HZI) > Wll
o (Wl,n—n' v],v)) € [(11 +m2)* olth
From evaluation rule of inl we know that v = inl(v};) and v5 = inl(v,)
We are required to show
= (Win =/ vy, v)) € [y o
From Equation 29 we know that (W{,n — i, v/, v)y) € [11 0]
Therefore from Lemma 1.17 we get
(Wi,n—i—1,v/,v)) € [11 U—H‘/l

A
\%4

8. FG-inr:

Symmetric case to FG-inl.
9. FG-case:
YU bpe e (11 + TQ)E
LUl oo bpep i o T LUy imobpa et T XU/

50T by case(es, z.€i1,y.-€2) 1 T

To prove: (W, (case(e;, x.€i1,y-€i2)) (v 1), (case(e;, z.€;1,y.€2)) (v d2)) € [(T) O'—|“[f;l

Say e1 = (case(e;, 7.€;1,y-€;2)) (v 41) and ez = (case(e;, v.e;1,y.€:2)) (v 12)

This means from Definition 1.5 we need to prove:
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VH, Hy.(n, Hi, Hy) & W AR < n.(Hy,e1) Yo (HL,0)) A (Hayen) U (HY, vh) =
Iw’ 3 W.(n—n’,H{,HQ’)é W' A (W' n—n' v, v) € [(1) o]

This further means that given

VH,, Hy.(n, Hi, Hy) & W AR < n.(Hy,e1) Yo (HL,0)) A (Hayen) U (HJ, b)

It suffices to prove

IW' 3 W.(n—n, HH) S WA (W0 — a0l ) € [(r) o] (30)

IHL (W, (i) (v h), (e0) (7 d2)) € [(m1 + m2)" o1%

This means from Definition 1.5 we get

A X
VH;1, Hio.(n, Hip, Hig)b> WAV < n.(Hjp,e; (v 41)) 4i (H{, v))A(Hiz, i (v 12)) I (Hy, v5) =

IW] 3 W.(n— i, B, H) S WA (W —i, vy, vly) € [(11+ 1)t o

Instantiating H;; with H; and Hjy with Hy in IH1 and since the (case(e;,z.€;1,y.€:2))
reduces to value with both v |; and 7 |9 therefore we know that (H;,e; (v 41))
(H{,v]) A (Hi2,€; (v12)) I (Hj, v5). Hence we get

Jwy 3 W.(n—i,H{,HQ’)é Wi A (W,n—i, v, vl) € [(1 -l-TQ)E JW} (31)

IH2:
(W,n—1i,(en) (v 4 Uz = va}), (en) (v J2 U{z = vi2})) € [(7) 014

This means from Definition 1.5 we get
. A . .
VHj1, Hjp.(n — i, Hj1, Hjg) > W{ AVj < n—i.(Hi,en (v 4 U{z — vii})) U (H;l, ’U]/~1) A
(Hy, e (v d2 Uz = vi2})) I (Hjy, vjy) =
A
Wy 3 Wi(n —i—j, Hjy, Hip) & Wy A (Wa,m —i— j, v}y, vj5) € [(7) ol¢
Instantiating Hj; with H{ and Hjs with Hj in TH2. Also instantiating W with W]. Since

the (case(e;, z.€;1,y.€;2)) reduces to value in both runs therefore we know that (Hy, e;1 (77 41
)4 (Hj{p Ujl'l) A (Hzein (v 12)) 4 (H](27 Ugl'z)- Hence we get

. A .
ElW2/ = Wll'(n_l_]’]{j(lvflj{2) > WQ//\ (W2/7n_l_]7v.](17v.]{2) S [(7—) U—|J\4/‘ (32)

1H3:

(Wi, — i, (ei) (v b1 U{y = win}), (eia) (v d2 Ufy = wi2})) € [(7) o7
This means from Definition 1.5 we get
. A .
VHyy, Hyo.(n — i, Hgy, Hio) > Wll AVE <n—i.(Hpeq (v 41 U{y — ’Uﬂ})) Jr (Hél, Ullcl) A
(Ha, €iz (v b2 U{y = vig})) I (Hyy, vpn) =
WL D Wi(n—i— k, H L) o WA (Whn—i— kol uly) € [(r) o4
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Instantiating Hyy with H{ and Hye with Hj in IH2. Also instantiating W with W{. Since
the (case(e;, z.€2,y.€;2)) reduces to value in both runs therefore we know that (H, e;2 (77 41
N4 (Hlélv Ullﬂ) A (Ha, e (7 42)) 4 (Hl;% Ullc2)- Hence we get

W3 W (n—i— b, HYy Hp) © WA (Win—i— kv, vf) € [(7) 01 (33)

We case analyze (W{,n —i,v],v}) € [(11 + 72)* o]{} from Equation 31

e Case o C A:
From Definition 1.4 2 further cases arise:

— v =inl(v;1) and v) = inl(v;2):
In this case from Definition 1.4 we know that (W,n — i, v, vi2) € [11 0]{

Inroder to prove Equation 30 we choose W' as W3 from Equation 32 and from
the first evaluation rule of case we know that Hj = Hj; and Hj = Hj,. Also we
know from the evaluation rule that n’ =i+ 7 + 1. And then we need to show:
« WEC Wy
Since W C W{ from Equation 31 and W C Wy from Equation 32
Therefore, W C W3 from Definition 1.3

* (n—n/, HJ'I,HJ(Q)é Wy

A
From Equation 32 we know that (n —i — j, Hy, Hjy) > Wy
Therefore from Lemma 1.21 we get

(n—i—j—1,Hy, Hj )D w3

x (Wa,m —n',v], ) € [T ol
From the evalaution rule we know that vj = vj; and v; = v},
From Equation 32 we know that (Wy,n —i — j, v}y, vjy) € [T ol
Therefore from Lemma 1.17 we get
<W2/7 —i—J - LU]I’ ]2)6 [T 0~|\f/‘

— v = inr(v;1) and v} = inr(v;2):
A

In this case from Definition 1.4 we know that (W, vi1, vi2) € [12 0|7

Inorder to prove Equation 30 we choose W' as W3 from Equation 33 and from
the second evaluation rule of case we know that H{ = H), and Hy = H/,. Also
we know from the evaluation rule that n’ =i+ k+1. And then we need to show:
x WEC Wy
Since W C W{ from Equation 31 and W C Wy from Equation 33
Therefore, W C W4 from Definition 1.3

A
* (n—n', H{, Hy) > Ws:
A
From Equation 33 we know that (n —i — k, H; |, H],) > W3
Therefore from Lemma 1.21 we get
A
(n—i—k—1,H,, H,) > W;
* (Wé?n - nlv ’U{a Ué) € [T 0—-‘{}:
From the evalaution rule we know that v; = v, and vy = v},
From Equation 33 we know that (W4, n —i — k, v, v,) € [T o¢}
Therefore from Lemma 1.17 we get
(Wi,n—i—Fk—1,v,,v,) € [T o]{}
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e Case Lo IL A:

The following cases arise:

(a)

(b)

Reduction of e; happens via Casel and Reduction of e happens via Casel :
Exactly the same reasoning as in the v{ = inl(v;;1) and v) = inl(v;2) subscase of
the ¢ o [Z A case before.

Reduction of e; happens via Case2 and Reduction of es happens via Case2 :
Exactly the same reasoning as in the v{ = inr(v;;1) and v} = inr(v;2) subscase of
the ¢ o [Z A case before.

Reduction of e; happens via Casel and Reduction of e happens via Case2 :
From Equation 30 we know that we need to prove

A
IW' I W.(n—n',H], H)) > W AW ,n—n' v, v}) € [(1) o]{

In this case since we know that ¢ ¢ Z A. Let 7 0 = A% and since 7 0 \, £ o
therefore ¢; Z A

This means inorder to prove 3W' J W.(n—n', H], Hé)é W/ ANW' n—n',v],v}) €

() o]

From Definition 1.4 it will suffice to prove

IW' 3 W.(n—n', B, B)S W ANm1. (W01, my, o)) € [(7) o ]v) A (Vma.(W'.01,ma, o) €
L(7) alv)

This means it suffices to prove

(Vmy, ma 3W' 3 W.(n—n', H, H)b W AW’ 91, m1,0]) € (1) o |v) A (W01, ma, o) €
L(7) alv)

This means given my and ms it suffices to prove:

@AW 3 W.(n—n', B}, B)6 W AW’ .01, m1,0]) € [(7) o Jv)A(W'.01,ma, 05) € [(7) o]v)
(34)

Since we know that (W,n,v) € [T} (given) therefore from Lemma 1.25 we
know that Vi € {1,2}. Ym. (W.0;,m,~v ]:) € |[T']v

Therefore by instantiating it at m1 + 1 + j we know that

(W-917m1+1+j7’7\l/1) € LFJV (35)

Next we apply Theorem 1.22 on e;1 v |1. Here j is the number of steps in which
ei1 v 41 reduces. We use v |1 U{x — v/} as the unary substitution to get
(W.01,m1+1+j,en v Uz o})el(r) o)l

This means from Definition 1.7 we get

VHCQ.(m1+1+j, Hcl)‘> W1.01 AV < (m1+1+j).(Hcg, (eil) v 11 U{l‘ — ’Ué}) Ukc
(He,v) =

W10 TN+ 14—, Hy) >0 A0, mi+1+5—1c,0)) € [(7) o]y A
(Va.Hea(a) # Hly(a) = 3. W1.01(a) = AY A (peUl) o £ ) A

(Va € dom(67)\dom(W1.01).01(a) N\, (pcU L) o)

Since from Equaiton 31 we know that (n—i, H, Hy)> W/ therefore from Lemma 1.27
we get Vm.(m, H{) > W/.0,
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Instantiating m with mq + 1+ j we get (m1 + 1+ 7, H{) > W{.0;

Instantiating Hee with H{ from Equation 31 and [, with j we get

39’1 Wi1.01 C 9/1 VAN (m1 + l,HCIQ) >0’1 A ( ’1,m1,+ 1, ’Ué) € L(T) JJV VAN
(Ya.He(a) # Hly(a) = 30 . W1.61(a) = A" A (pcUd) o T ) A

(Va € dom(67)\dom(0}).01(a) \, (pcU¥) o) (CC1)

Similarly we apply Theorem 1.22 on e;2 v Jo. Here jo is the number of steps in
which e;o v 2 reduces. We use v Lo U{y > vly} as the unary substitution to get
(Wi.02,ma + 1+ ja,ein v b1 U{y = v}) € (1) ol

This means from Definition 1.7 we get

VHeo.(mo+ 1+ jo, Hep)> Wi.03 AVl < mo+ 1+ jo.(Hea, (€i1) v 41 U{z — ’Ué}) (5
(Hig,1f) —

3045 W1.02 T 05N (ma+1+4jo— 1, H) >0y A (05, ma+14jo—1c,0)) € |[(T) o]y A
(Va.He(a) # Hly(a) = 3. W1.02(a) = AY A (peil) o £ ) A

(Va € dom(6,)\dom(0}).01(a) \, (pcU¥) o)

Since from Equaiton 31 we know that (n—i, Hy, Hy)> W/ therefore from Lemma 1.27
we get VYm.(m, Hy) > W.0;
Instantiating m with mg + 1+ j2 we get (ma + 1+ jo, Hy) > W{.02

Instantiating Heo with Hy (from Equation 31)and [, with ja to get
Eleé W1.05 C 0/2 VAN (m2 +1, H&) > 95 VAN (G/Z,MQ/—F 1, ’Ué) € L(’T) O'JV VAN
(Va.He(a) # Hly(a) = 30 . Wi.02(a) = A" A (pcUl) o C ) A
(Va € dom(6,)\dom(0}).01(a) N\, (pcU¥) o) (CC2)

We choose

Wh.01 =0} (from CC1)

W02 = 0} (from CC2)

W3 = Wl’ﬁ (from Equation 31)

In order to prove Equation 30 we choose W' as W,
i. (n—n',H{,Hy)> W'

From Definition 1.9 it suffices to show that

— dom(W'.01) C dom(H{) A dom(W.03) C dom(Hs,):
From (CC1) we know that (my + 1, H{) >0}, therefore from Definition 1.8
we get dom(W'.01) C dom(H{)
Similarly, from (CC2) we know that (mg + 1, Hy) > 6%, therefore from Def-
inition 1.8 we get dom(W'.02) C dom(H,)

— (W.3) C (dom(W'.0;) x dom(W'.60,)):
Since from Equation 31 we have (n — 4, H{, Hj) > W] therefore from Defi-
nition 1.9 we get (W/.3) C (dom(W/.61) x dom(W].0))
From (CC1) and (CC2) we know that W/.0; C 0] and W/.0; C ¢, therefore
(WL.5) C (dom(8) x dom(8}))

— V(al, ag) € (W’B) W’.Ql(al) = W/.QQ(CLQ) VAN
(W' ,n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]:

4 cases arise for each a; and as
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A. Hjj(a1) = H{(a1) N Hjy(a2) = Hy(az):
W'.01(a1) = W'.0(ap):
We know from Equation 31 that (n — i, Hl’7 HQ/) > Wll

Therefore from Definition 1.9 we have

V(al, (12) € (Wl’ﬁ)Wl’Gl(al) = W{.GQ(GQ)
Since W'.3 = W{.3 by construction therefore

A

V(al, a2> S (W’B)W{Hl(al) = W{.Hg(ag)

From (CC1) and (CC2) we know that W].6, C 6] and W/.02 C 6,
respectively.
Therefore from Definition 1.2

V(ai, az) € (W'.3).01(a1) = 65 (a2)
(W' ,n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]3:

A
From Equation 31 we know that (n — 4, H{, Hj) > W]
This means from Definition 1.9 that

V(air, ai2) € (W].08). Wi.01(a1) = W{.02(ax)N(W{,n—i—1, H{(a1), Hy(a2)) €
[W].01(a1)]3}
Instantiating with a; and ag and since W{ C W/ andn—n'—1 <n—i—1
(since n’ = i+t; +1 where ¢; is the number of steps taken by e;1, 7 is the
number of steps taken by e; v |1 to reduce) therefore from Lemma 1.17
we get
(W',n—n'—1,H{(a), Hy(a)) € (W’.Hl(alﬂ““}
B. Hl\(a1) # H{(a) V Hjy(az) # Hj(az):
W'.01(a1) = W'.02(az):
Same as before
(W',n—n'—1,H/(a1), Hy(a2)) € (W’.Hl(alﬂf}:
From (CC1) and (CC2) we know that
(Va.H|(a) # H,(a) = 3. W|.0:(a) = A" A ((pcU L) o) T 1)
(Va.Hy(a) # Hy(a) = 30.W/.02(a) = A" A ((pcU L) o) T 1)
This means we have
30 W/.01(a1) =AY A ((pc U €) o) C £ and
3. W .09(az) =AY A ((peil) o) T O
Since £ o IZ A. Therefore, (pcU¥) o £ A. And thus, ¢/ Z A
Also from (CC1) and (CC2), (m1 + 1, H;) >0} and (mg + 1, H)y) > 65,
Therefore from Definition 1.8 we have
(01, m1, Hy (1)) € [0 (a1)]v and
(05, ma, Hiy(ar)) € [05(a2)]v
Since m1 and mo are arbitrary indices therefore from Definition 1.4 we
get (here H{ = H/; and H, = H/,)
(Won — o — 1, Hi(ar), HY(an)) < [0 (ar)]
C. Hjy(a) = H{(a1) V Hjy(az) # Hj(az):
W’.Ol(al) = W’.@Q(ag):
Same as before

(W',n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]{:
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From (CC2) we know that

(Va.Hj(a) # Hy(a) = 3. W|.02(a) =AY A ((pcU L) o) C 1)

This means that ap was protected at (pc L ¢) o in the world before the
modification. Since ¢ o [Z A. Therefore, (pc U¥f) o Z A. And thus,
'z A

Since from Equation 31 we know that (n — i, H{, Hy) S W] that means
from Definition 1.9 that (W{,n —i — 1, H{(a1), Hy(a2)) € [ W{.01(a1)]5-
Since ((pcU¥) o) C ¢’ therefore from Definition 1.4 we know that H{(a;)
must also be protected at some label Z A

Therefore

VYm. (Wl’ﬂl,m, Hl’(al)) S Wl’ﬂl(al) (F)
and

VYm. (W{.Hg,m, HQI((IQ)) S W{.@g(al) (S)

Instantiating the (F) with m; and using Lemma 1.16 we get
(61, m1, H(a1)) € 01 (a1)

Since from (CC2) we know that (mg + 1, H)y) > 6}, therefore from Defini-
tion 1.8 we know that (05, ma, Hl5(a2)) € 05(az)
Therefore from Definition 1.4 we get
(Wn—n' =1, Hy (@), Ha(a)) € [61(a1)]5}
D. Hji(a1) # H{(a1) V Hjy(a2) = Hy(az):
Symmetric case as above

— Vie{l1,2}.Ym.Na; € dom(W'.0;).(W'.0;,m, H (a;)) € | W.0;(a;)]v:

1=1
This means that given some m we need to prove
Va; € dom(W'.0;).(W'.0;,m, H/(a;)) € | W.0;(a;)]v

Like before we apply Theorem 1.22 on e;1 71 and e;o 2 but this time using
m+ 144 and m + 1+ 7 where 7 and j are the number of steps in which
e;1 vl and e;o y2 reduces respectively. This will give us

30, W1.00 C O, A (m+1,Hy) o0, A0, m+1,00) € [(T) o]y A
(Va.Hp(a) # Hy(a) = 3. W1.01(a) = A" A (pelil) o £ ) A
(Va € dom(0})\dom(0]).01(a) \ (pcU?) o)
and
305, W10 T 05 A (m+ 1, HYy) > 05 A (0, m +1,00) € [(T) o]v A
(Va.Hp(a) # Hly(a) = 3. Wy.02(a) = AY A (pelil) o £ ) A
(Va € dom(65)\dom(60}).01(a) \ (pcU?) o)
Since we have (m + 1, H/;) > 0] and (m + 1, H,) > ¢/, therefore we get the
desired from Definition 1.8
1=2
Symmetric to i = 1
ii. (W' n—n'—1,v],v) € [m otk
Let 5 = A% Since 7 o \, ¢ ¢ and since £ ¢ Z A therefore ¢; 0 Z A
From CC1 and CC2 we and Definition 1.4 we get the desired.

(d) Reduction of e; happens via Case2 and Reduction of e happens via Casel :
Symmetric case as before
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10. FG-ref:

YUl bpeet T XU E TN\ pe
YW T by new e : (ref 1)+

To prove: (W, (new (e;)) (v 41), (new (e:)) (7 J2)) € [(ref 7)* 017

Say e1 = (new (e;)) (v 1) and ez = (new (e;)) (v J2)

From Definition of [(ref 7)* o7 it suffices to prove that

VHy, Hy.(n, Hy, Ho) & W AYR < n.(Hy,ex) Yo (L vl) A (Haye0) I (HY, v)) =
IW'.WE WA (n—n’,H{,Hé}é W' A (W' n—n' v, v5) € [(ref )+ o]

This means that given

A
VHy, Hy.(n, H, Hy) > W AVR' < n.(Hy,e1) o (H{,v]) A (Ha,e2) { (Hy,v5)

We are required to prove:

AW'.W E W' A (n—n/, H], H)) 2w A (W',n—n' v}, v) € [(ref 7)F o] (36)

HL (W,n,(e;) (v h), (&) (v d2)) € [T ol7
This means from Definition 1.5 we get
A .
VHj1, Hig.(n, Hiy, Hig) > W AV < n.(Hpye; (v 1) 4 (Hjy,v)) A (Higsei (v 12) 4
(Hjp, vjp) = N
IW] 3 W.(n—i, HYy, Hy) > Wi A (W0 —i, v}y, v)) € [T ol
Instantiating H;; with Hy and H;, with Hy in IH1 and since the ref(e;) reduces to value
with v |1 in n’ < n steps therefore 3i < n' < n.s.t (Hyu,e; (v 1)) 4 (H}j,v}). Similarly

(]

since ref(e;) reduces with vy |2 therefore we know that (H2,e; (v l2)) I (H), vly). Hence
we get

E”/Vll g W-(n_iv i/17 i/2)é Wll/\ (Wllvn_iavz‘/bvi,Q) € (T J—hé/l (37)

From the evaluation rule of ref we know that H| = H/,U{a,1 — vi1} and Hy = H,U{an2 —
viz}

Inorder to prove Equation 36 we instantiate W' with W,, where W,, is

Wp.01 = W{.01 U{an — 7}

W02 = W{.02 U {an2 — 7}

W3 = W{.BU{(an1, an2)}

Also we know that n' =i+ 1

We are now required to prove
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o WL Wy,:
From Equation 37 we know that W C Wl’ and Wl’ C W, by construction.
Therefore from Definition 1.3, W C W,

e (n—n',H{, H)) S Wi
From Definition 1.9 it suffices to show that
— dom(W,.61) C dom(H{) A dom(W.02) C dom(H,):
From Equation 37 and by construction of W,
— (W) C (dom(Wy.01) x dom(W,.01)):
From Equation 37 and by construction of W,
— V(al, ag) € (Wn,@) Wnﬂl(al) = Wn.gg(ag)/\( W, n—n’, Hll(a1>, HQ/(ag)) € [anl(alﬂf}
x V(a1 a2) € (Wy.8). Wp.01(a1) = W,.02(az):
From Equation 37 and by construction of W,
x Y(a1, ag) € (Wy.B).(Wy,n —n' — 1, H{(a1), Hy(ag)) € [ Wy.01(a1)]5:
From Equation 37 since we know that (n — i, Hj}, H,) S W/ that means
V(a1 az) € (W{.0).(Wi,n — i — 1, H{(a), Hj(az)) € [W{.01(a1)]i}

Therefore from Lemma 1.17 we get (n —i —2=n—n'— 1, since n’ =i+ 1)

Y(a1, a2) € (W.B).(W{,n—i—2,H(a1), Hy(az)) € [W{.01(a1)]{}
Since W,.3 = Wl’B U {(an1, an2)} and from Equation 37 we know that
(Wi,n —i,vfy, 0) € [T o]¢}
Therefore combir}ing the two we get
Y(a1, a2) € (Wy.B).(Whyn —n' — 1, H{(a1), Hy(az)) € [Wy,.01(a1)]i
— Vi e {1,2}Va; € dom(W,.0;).Ym.(W,,m, Hi(a;)) € | W.0;(a)]|v:
From Equation 37 we have (n — ¢, H};, H);) S W/ that means from Definition 1.9
we have

Vi e {1,2}Va; € dom(W1.0;).Nm.(Wy, m, Hi(a;)) € | W.0;(a;)]v
Also from Equation 37 we know that (W{,n — i, v}y, vl) € [T o5}
Therefore from Lemma 1.15 and Lemma 1.16 we get
Vm.(W{.01,m,v},) € |T oy
and
Vm.(W].02,m,vly) € |1 olv
Combining the two we get
Vi € {1,2}Va; € dom(W,.0;).Nm.(W,, m, Hi(a;)) € | W.0;(a;) v
o (Wyp,n—n',v],v}) € [(ref 7)* o5k
Here v{ = ap1 and v} = apna
Since (an1, an2) € Wy, and also Wy,.01(an1) = Wy.01(an1) =7
Therefore from Definition 1.4 (W, v{, v}) € [(ref 7)* o5}

11. FG-deref:

Z;\Il;ljl—pceiz(refT)Z Uk <7 Wk N/
ST by leg o 7

To prove: (W, n, (I(e:)) (v 1), ({(en)) (v d2)) € [(7) 017
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Say e1 = (1)) (v 1) and ez = ((e:)) (7 {2)

This means from Definition 1.5 we need to prove:
A
VHy, Ho.(n, Hy, Hp) & W AR < n.(Hy, Ne) (v 1) o (HYvp) A (Hz, He) (v d2)) U
(H3,v5) =
IwW' 3 W.(n— n’,Hl',HQ’)é W' A (W' n—n' v, v)) € [(7) o]
This further means that given
A
VH, HQ.(n, Hyp, HQ) > WAV < n.(Hy,(ei) (v 41)) dnr (Hll, ’U{) A (Ho, '(61)(7 ) (HQ/, Ué)

It suffices to prove

SW' 3 W.(n—n, BB S WA (W0 —nl,0), ) € [(+) o{ (38)

IHL (W, n, (&) (v 1) (e5) (v 12)) € [(ref 7) o]
This means from Definition 1.5 we get

A .
VH;j1, Hip.(n, Hi1, Hig)> WAV < n.(Hji,e; (v 1)) $i (H{, v)A(Hiz, e (v 12)) I (Hy, v3) =

W] 3 W.(n— i, H], HY) B WA (Wl,n— i, ], v}) € [(ref 7)¢ o5}
Instantiating H;; with Hy and H; with Hy in TH1 and since the !(e;) reduces to value with

both v |1 in n’ < n steps therefore 3i < n' < n s.t (Hi,e; (v 1)) i (H{,v{). Similarly
since le; reduces to value with v |o therefore (Hja,e; (v 12)) | (Hy, v5). Hence we get

IW! D W.(n— i, H, HY) S WA (W n— i, 0!, ub) € [(ref 7)¢ o] (39)

We case analyze on (W{,n —i,v/;,v)s) € [(ref 7)¢ o]5} from Equation 39

e Case ! o C A:
From Definition 1.4 we know that this would mean that
(Wi,n =i, vy, v)y) € [(ref T) O'—|J\L/t
This means
(Wi — i v, oly) € [(ref (7 o))
Let v/} = a;1 and vy = a0

Again from Definition 1.4 it means that
(041, aiz) € Wllﬁ A W{Ql(aﬂ) = W1’92(a12) =T (Dl)

Inorder to prove Equation 38 we instantiate W’ with W{. Also we know that n’ = i+1
— Wll I W:
From Equation 39
— (n—n', H], H)E W
From Equation 39 we know that
Therefore from Lemma 1.21 we get
(n_i_ 17H1/aH2/)é Wll
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o (Wllﬂ n—n, viv Ué) € ’—(7—/) U—‘é:
From the evaluation rule of deref we know that v{ = H{(a;1) and v{ = Hj(a;2)

A
Since from Equation 39 we know that (n — 4, H{, Hy) > W], therefore from Defi-
nition 1.9 we know that

(W{,n—i—1,H{(an), Hj(ai)) € [W{].01(ai1)]{}

And from D1 we know that W{.01(a;i1) = W{.02(a2) =7
Therefore (W7, v, v) € [(1) o]

Since 7 o <: 7’ o Therefore from Lemma 1.28, we get
(Wi,n—i—1,0],v) € [(1) o]¢}
e Case Lo I A:

From the evaluation rule of deref we know that v/; = a; and v/, = ap

In this case from Definition 1.4 we know that

Vmy.(W].01,my,a1) € [(ref T) o]y (40)

and
Vmg. (W1 .03, ma, ag) € |(ref T) o]y (41)

Inroder to prove Equation 38 we choose W' as W/. And then we need to show:

- WEC W
Directly from Equation 39

— (n—n', H], H)) & W
A
From Equation 39 we know that (n — i, H{, Hy) > W/
Therefore from Lemma 1.21 we get
A

(n*i* 1’H1/aH2,) > Wll
— (W],n—n', ], v5) € [T o]{h:

Let 7/ = A% Since 7/ o \, ¢ and since ¢ o Z A therefore ¢; 0 Z A

Therefore from Definition 1.4 it suffices to prove that
Vmy. (W].01,mi,v) € |7/ oy

and

Vmg. (W{.GQ, mao, Ué) S LT’ O'JV

This means given m; and it suffices to prove:

(W1.01,mq,v)) € |7 o]v (42)

Similarly given meg, it suffices to prove:
(Wllﬂg,mz,ﬂé) S \_T/ UJV (43)

Since from Equation 39 we know that (n—i, H, Hy)> W/ therefore from Lemma 1.27
we get

thl.(mhl, Hll) > W{.Hl (44)
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thg.(mhg, HQI) > W{.Hg (45)
Instantiating myp; in Equation 44 with m; + 1 we get (mq, H{) > W{.6q

Therefore from Definition 1.8, we get
Va € dom(W{.61).(W].01,my, H{(a)) € | W{.01(a)|v

Instantiating a with a; we get (W{.01,m1, H{(a1)) € | W{.01(a)]v

Since W{.01(a;1) = 7 therefore we get

(Wllﬂl,ml, 1}{) S LT O’JV

and since 7 o <: 7’ ¢ therefore from Lemma 1.24 we get
(Wllﬂl,ml, 1){) S I_T/ UJV

Similarly we also get
(W{.QQ, ma, ’l)é) S LT/ UJV

Finally from Definition 1.4 we get
(Wi, 01, 03) € [(7') o1¢)

12. FG-assign:

W T bpe €41 0 (ref T)Z U T bpe e T ;U7\ (peld)
;U Fpe €41 7= €42 @ unit

To prove: (W, n, (e;1 = ei2) (v1), (ein = ei2) (v 12)) € [(unit) o5
Say e1 = (e;1 :=e;2) (v 1) and ez = (e;1 1= e;2) (v l2)

This means from Definition 1.5 we need to prove:
A
VHy, Hy.(n, Hy, Ho)> WAVR' < n.(Hy, (ei1 = ein)(y 41)) b (Hy, v])A(Ha, (€i1 = ei2) (7 2
) (Hy,v) =
IwW' 3 W.in—n',H{, Hy) 2w A (W' ,n —n',v],v5) € [(unit) o]
This further means that given
A
VHy, Hy.(n, Hy, Hy)> W AR < n.(Hy, (€1 = ei2) (v 1)) Yo (H, v1)A(Ha, (€51 := ei2) (7 2
) 4 (Hy, v3)

It suffices to prove

W' 3 W.(n—n, B, H)E WA (W0 — /0], 4) € [(unit) o]{ (46)

H1 (W, n, (eq) (vd1), (eir) (v d2)) € [(ref )¢ o4
This means from Definition 1.5 we get
A .
VHj1, Hip.(n, Hpp, Hig) W AV < n.(Hein (v 1)) 4 (Hfy,v) A (Hizyein (v 12) 4
(Hi, vy) =
W] 3 W.(n— i, HY, HY) & WA (Win — i, 0], 4) € [(ref 7)¢ o]

Instantiating H;; with H; and H;p with Hy in IH1 and since the (e;; := e;2) reduces to
value with both v |1 in n’ < n steps therefore 3i < n’ < n s.t (Hix,ein (v41)) 4 (Hfy, v))-

69



Similarly since (e;1 := ej2) reduces to value with 7 |9 therefore we also have (H;o, e;1 (7 {2
) 4 (H, vly). Hence we get

)

3W1/ 2 W.(n—1i, ill7Hi/2) é Wll A (Wllan — 1, vz'/la "Uz'/z) € [(ref T)e UV\? (47)

IH2 (W, n — i, (ei2) (v h1), (ei2) (v 42)) € [(7) o14

This means from Definition 1.5 we get

. A . .
VHj1, Hj2.(n — i, Hj1, Hja) > Wi AVj <n —i.(Hj, e (v41)) U5 (Hfy, vjp) A (Hjz, e (7 12
N (Hjy, vjn) =

A

IWs I W{.(n—i— j, Hjy, Hjp) & Wy A (Wg,n— i — j, v}y, v)) € [(7) o]
Instantiating Hj; with H/, and Hjs with H/, in TH2 and since the (e;; := e;2) reduces
to value with v |1 in n’ < n steps and e; reduces v | with i < n’ steps therefore
Jj < (n'—=i) < (n—i)s.t (Hj1,ei2 (v 41)) 4 (H]y,vj;). Similarly we also have (Hjz2, e:2 (7 {2
)) 4 (Hjs, vj5). Hence we get

EIWQ/ 3 Wll(n_l_ja }Ij(la 3/2)é W2,/\ (Wé?n_Z_Ja vj{lavj,Q) € [(T) O-—|J\L/‘ (48)

We case analyze on (W{,n —i,v/;,vls) € [(ref 7)* o]{} from Equation 47

e Case l o C A:
From Definition 1.4 we know that this would mean that
(Wi,n =i, vy, vjy) € [(ref T) O'—|J\L/t
This means
(Wllv n—1, 1)2»/1, 1)1»/2) € [(ref (7 U)ﬂ\f}
Let v/} = a;1 and vy = a0

Again from Definition 1.4 it means that
(Cbﬂ, 6142) S W{,B A Wl’ﬂl(aﬂ) = Wll.ag(aig) =TO0 (Al)

In order to prove Equation 46 we instantiate W' with W;

— WQ/ JW:
Since W{ J W from Equation 47 and Wy J W] from Equation 48
Therefore from Definition 1.3 we get Wy J W

A

— (n—n/,H{, H)) > W3:
From the evaluation rule assign we know that
H{ = Hj;[a;1 — vjy] and Hy = Hj[aip = vjy]

Inorder to prove (n —n', H{, Hy) S W3 we need to show:
x dom(Wy.01) C dom(H{) A dom(Wy.02) C dom(Hs):
Directly from Equation 48
« W3.B C (dom(W4.01) x dom(W3.01)):
Directly from Equation 48

* V(al, ag) € (Wéﬁ)Wéal(al) = W2’.92(a2) VAN
(Wa,n —n' —1, H{(a1), Hy(az)) € [ Wa.01(a1)]5H:
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(a) Y(a1, ap) € (W5.3). W5.01(ar1) = W}.05(az):
V(ar, a) € (W3.5).
i. When a1 = a;1 and as = a;9:
From Al we know that W{.61(a1) = W{.02(az) =7
and since W| T W; therefore from Lemma 1.16 we get W;.01(a1) =
Wé.eg(ag) =T
ii. When a1 = a;1 and az # a;2: This case cannot arise
iii. When a1 # a;1 and as = a;2: This case cannot arise
iv. When a; # a;1 and a2 # a;0: From Equation 48 and Lemma 1.17

A~

(b) ¥(a1, a2) € (W3.0).(Wg,n —n', H(a), Hy(az)) € [ W3.61(ar)]i:
V(al, CLQ) € (Wéﬂ)
i. When a1 = a;1 and as = a;9:
Since H{(aj1) = vj; and Hj(ai2) = v}y
From Al we know that Wy.01(a1) = Wy.02(az) =7
And since from Equation 48 we know that (Wy,n —i — j,vj;,vy) €
[(7) 014
Therefore from Lemma 1.17 we get
(Wa,n —j —i—1,H{(a), Hy(az)) € [Wa.01(a)]3}
ii. When a1 = a;1 and as # a;o: This case cannot arise
iii. When a1 # a;1 and as = a;2: This case cannot arise
iv. When a; # a;1 and a2 # a;2: From Equation 48 and from Lemma 1.17
x Vi € {1,2}.VmNa; € dom(Wq.0;).(W3.0;,m, H!(a;)) € | Wa.0;(a;)]v:
When =1
Given some m
Va; € dom(W3.01).
- when a1 = a;1:
From Equation 48 we know that (W3, n —i — j,vj;, vj5) € [(7) o] thus
from Lemma 1.15 we know that
VYm. (Wé.@l, my, H{(al)) S LWQI.Gl(al)JV
Instantiating with m we get
(Wé.@l, m, Hl'(al)) S LWé.Hl(al)Jv
- Otherwise:
From Equation 48 and Lemma 1.27
When i =2
Similar reasoning as with ¢ =1
— (W{,n —n',val},v5) € [(unit) o]
From evaluation rule assign we know that v; = v} = ()
Directly from Definition 1.4
e Case L o IL A:

From Definition 1.4 we know that this would mean that

le.(Wl’.Hl,ml, aﬂ) S L(ref 7') JJV (49)

Vma. (W1 .03, ma, a;2) € |(ref 7) o]y (50)
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In order to prove Equation 46 we instantiate W' with W and then we need to show
that:
— WQ’ I W:
Since W] J W from Equation 47 and Wy J W] from Equation 48
Therefore from Definition 1.3 we get Wy J W
A
— (n—n/,H{,H})) > Wy:
From the evaluation rule assign we know that
Hi = H};[ai1 = vjy] and Hy = Hip[aiz = vjy)]

In order to prove (n —n/, H{, Hj) S W3 we need to show:
x dom(W3.01) C dom(H{) N dom(Wq.02) C dom(H3):
Directly from Equation 48
« W36 C (dom(W3.01) x dom(W3.01)):
Directly from Equation 48
* V(al, ag) S ( WQIB) W2’.91(a1) = W2’.92(a2) /\( WQI, n—n’— 1, Hl’(al), Hé(ag)) S
[ Wo.01(a1)]7:
(a) When (a1, ai2) € Wy.:
V(ai, az) € (Wy.5).
i. When a1 = a;1 and as = aj9:
Instantiating Equation 49 and Equation 50 with n — n’ — 1 we get
W{.@l(al) = W{.@Q(ag) =T
and since W] T Wj therefore from Definition 1.3 we get Wy.01(a1) =
W2/.92<a2) =T
From Equation 48 we know that (Wy, vj;, vj5) € [(7) ol
Therefore (Wy, Hi(a;1)', Hz(ai2)') € [(7) o5}
ii. When a1 = a;1 and as # a;2: This case cannot arise
iii. When a1 # a;1 and as = a;9: This case cannot arise
iv. When a; # a;; and as # a;2: From Equation 48

~

(b) When (a1, ai2) & Wy.p:
V(ar, a) € (W3.5).
i. When a1 = a;1 and as = a;9: This case cannot arise
ii. When a1 = a;1 and ag # a;9:
From Equation 48 we know that (n —i — j, Hj, Hj,) S W5 and since

(ai1, az) € Wy .3 therefore from Definition 1.9 we know that

(W3.01(ain) = Wy.09(a2) N(Wy,n—i—j—1, Hj;(ain), Hjp(az)) € [ W3.01(ain)15)
(51)

Instantiating Equation 49 and Equation 50 with n — ¢ — j — 1 we get

W/.01(a;1) = 7 o therefore from monotonicity we also have W3.01(a;1) =

T O.

As a result from Equation 51 we get Wi.02(a2) =7 o

Also since from Equation 51 (W3, n—i—j—1, H;(ai1), Hj3(az)) € [T ol

and 7 0 \({, { 0 [Z A therefore from Lemma 1.15 we know that
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Vm.(Wy.01,m, Hj;(a;1)) € |7 o]y (52)

Vm.(Wy.02,m, H;Q(ag)) €lroly (53)
Instantiating m with n — ¢ — 5 — 1 in Equation 52 and Equation 53 to
get
(W2’.91,n —1—7— 1,H](1(az-1)) S LT O’JV
and

<W2/.92,n —1—7— 1,H;2(a2)) S LT UJV

Since H{(a;i) = vj; and Hy(a) = Hjy(az)

Again from Equation 48 we know that (W3,n—i—j, v}}, vjs) € [(7) o]y
This means from Lemma 1.15 and instantiating it with n —i —j — 1 we
get

(Wé.@l,n—i—j—l,vjl»l) el(r) oy (54)
Therefore from Equation 53 and Equation 54 we have
(WQIﬂ n—t—j—1, Hll(ail)’ HQI(QQ)) S [7— U~|J\‘/l
iii. When a1 # a;1 and az = a;9:
Symmetric case as (ii)
iv. When al 75 a;1 and a 75 a;9:
From Equation 48 and Definition 1.9
x Vi € {1,2}.YmNa; € dom(Wq.0;).(W3.0;,m, H! (a;)) € | Wa.0;(a;)]v:
When =1
Given some m
Vay € dom(W3.0;).
- when a1 = a;1:
From Equation 48 we know that (Wj,vj;,vj5) € [(7) o]{ thus from
Lemma 1.15 we know that
(W3.01, Hi(a1)) € [W3.01(a1)]v
- Otherwise:
From Equation 48 and Lemma 1.27
When ¢ =2
Similar reasoning as with ¢ =1
— (W,n—n',v],v5) € [(unit) o]{:
From evaluation rule assign we know that v; = v} = ()
Directly from Definition 1.4

13. FG-FI:

Y, Uy e 07
0T Fpe Ae s (Vo (Le, 7))

To prove: (W,n, A e; (y11),A i (v12)) € [(Va.(le,7)* o]
Say eg = A e; (v11) and ea = A e (7 ]2)
From Definition of [(Va.(fe, 7))t o]4 it suffices to prove that
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VH, Hy.(n, Hi, Hy) & W AR < n.(Hy,e1) Yo (HL,0)) A (Hayen) U (HY, vh) =
AW WE WA (n—n’,H{,HQ’)é W' A (W' n—n' v, v)) € [(Va.(le, 7))t o5}

This means that given VHy, Hy.(n, Hy, Hy) S W AR < n.(Hy,er) b (H{,v]) A (Ha,e2) |
(H, v3)

We are required to prove:

IW.WE WA (n—n, BB S WA (W, n—n!,v),d) € [(Va.(be, 7)) o] (55)

IHL (W, n, (&) (v 1) (e5) (v d2)) € [T 07

This means from Definition 1.5 we get

A .
VH1, Hio.(n, Hiv, Hi2)> WAV < n.(Hii,e (v 1)) b (Hfy, v))AN(Hiz,e (v 12) I (Hf, v)y) =
A
AW] 3 W.n—i, H, Hy) > WA (W],n—i,v,v,) €T a]{/‘

We know from the evaluation rules that H{ = Hy, Hy, = Ha, v = e; = Ae; (v |1) and
vh = eg = Ae; (7 J2). We choose W' = W and we know that n’ = 0 we need to show the
following;:

e W C W: From Definition 1.3

e (n,Hi, H>) b W: Given

o (W,n,vj,v5) € [(Va.(le, 7))t o5}
Here v{ = Ae; (v }1) and v) = Ae; (7 ]2)
From Definition 1.4 it suffices to prove
VW 3 W € LY <.

(W', ey ba), el 1)) € [7[€/a]14)

A0, 3 W01,k 0" € L((01, k,e5[¢"a]) € [T]% %)

A0, 3 W .0, k, 0" € L.((0), k,e;[0"/a]) € |7]% )

This means given some W' 3 W, ¢ € £ and j < n we need to show that

— VW' 3 W € LV] <n.

(W', g, ei(y da)se(y d2) € [7[¢/allg):
This means that given some W/ 3 W,¢ € L,j < n we need to prove
(W', gyei(y h)sely d2)) € [7[¢'/al]Z)
From Definition 1.5 it suffices to show that
VHs1, Ho.(j, Hs1, Hs2) é W AYm < j.(Hsi,e (v 1)) $m (Hip, vig) A (Hsz,e (7 d2
N (H,vge) =
IW{ 3 WG —m, By, Hy) & WA (W],j —m, vy, uly) € [7[¢'/a] o]
This means for some Hg; and Hge and some m < j we are given (j, Hs1, Hs2) é
W Am < j.(Hse (v11) bm (Hgps vir) A (Hsz e (7 12)) 4 (Hy, vg)
And we need to show that
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IW{ D W.(j —m, H)y, Hy) & Wi A (WG —m,uly, o) € [70/a] o]

We instantiate IH1 with Hg, Hge, m and o U {a +— ¢’} to obtain

IW] 3 W.(n —m, By, HY) & WA (Wn—m,vly,v) € [7 ol U {a s £}
Since j < n therefore from Lemma 1.21 and Lemma 1.17 we get

SW{ 2 WG~ m, Hly H) B WA (WG = vl o) € [716/a] o)

— V0, 3 W01,k 0" € L6,k e;[0"/a)) € |T]% °):
From Lemma 1.25 we know that (W'.01,7v 1) € |[T']y. Therefore, we can apply
Theorem 1.22 with o U {a — ¢}

Vk. (W/ﬂljk’e ~y \Ll) c LT (O’U {a — El})JéEe (cU{a—0'})

From Lemma 1.16 we get

Vo, 3 wW'.0,. Vk. (Ql,k’,e y le) c LT (O’ U {a s E/})Jis (cU{a—0'})
— V0 3 W.0a, k0" € L0,k ei[l"/a]) € |T]% °):

Similar reasoning as in the previous case

14. FG-FE:

YT Fpe e 0 (Vau(be,7))* " e FV(Y) Uk pelUl T L]0 /a]
U7l o] N\ ¢
Wl bpee ] 7[" /o]

To prove: (W, n, (e[]) (v ), (el]) (v d2)) € [(r[¢"/a]) 1%

This means from Definition 1.5 we need to prove:

VH, Ho.(n, i, Ho) & W AR < n(Hy, (eD)(y b)) b (Hf0f) A (o, D)y 12) U
(H3,v5) =

AW D W (n— ', HY HE) B WA (W=, 0], 0h) € [(716"/a)) o

This further means that given

VHy, Ho.(n, Hy, Ho) & W AV < n.(Hy, (el)) (v 1)) Yo (Y, 0f) A (o, (e)) (7 42)) & (H3, 03)

It suffices to prove

SW' D W.(n—n, H,B) S WA (W0 —n/, o), o) € [(r[¢"/a]) 618 (56)

IH (W,n, (e) (v ). (e) (v2)) € [(Vau(le,7))" 017

This means from Definition 1.5 we get

A .
VHila }112'(”7 Hil: P[i2)|> WAV < n'(Hilv € (7 \Ll)) U’Z (Hillv U@'ll)/\(HlQa € (fy \LQ)) U’ (H'/27 U@'/2) —

(2

IW! D W.(n— i, H], H) S WA (W,n—i, 0, 0d) € [(Ya(le, 7)) o]

Instantiating H;; with Hy and H;o with Hy in IH and since the (e[]) reduces to value with
v 11 in n' < n steps therefore 3i < n’ < n s.t (Hi,e (v 1)) 4 (H/j,v}). Similarly (e]])
also reduces to value with v |2 therefore we also have (H;2,e (v 12)) | (H), v)y). Hence

(2
we get
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WL 3 W.(n— i, HYy, HY) & WA (Wi — i, vy, o) € [(Fou(le, 7)) 018 (57)

We case analyze on (W{,n —i,v],v}) € [(Va.(le,7))* o]{} from Equation 57

e Case f o C A:
In this case from Definition 1.4 we know that
(Wi n—i,vfy, o)) € [(Va.(Le, 7)) o3}
Here v/, = Ae;1 and v}y = Aejo
This further means that we have
VW" 3 WV e LY] <n—i. (W', ], 61'1,612) [0/ /a]l8)
AV 3 W1, 5,0 € L((01, ,en) € [710" /o] 5/ )
A0 T W0, ,0" € L.((01, ,e) € 710" /0] 52/ 7)) (E1)

Instantiating the first conjunct of (E1) with W{, ¢ and n —i — 1 we get
((Wl’,n — 7 — 1,81‘1,61‘2) S [7—[6’/04] (ﬂ‘é)
Therefore from Definition 1.5 we get
. A .
VHy, Hy.(n —i— 1, Hi, Ho) > Wi AVE < (n —i—1).(H1, (ea) (v 1)) de (H{,v1) A
(H, (ei2) (v {2)) 4 (H3, v3) =
Iw"” 3 Wl'.((n—i—l)—/f,H{,HQ’)ﬁl WA (W], (n—i—1)—k,v],v}) € [(T[¢"/a]) o]{}

Instantiating H; and Hp with H}; and H), and since e[| reduces to value with v | in
n’ < n steps and e with v |1 reduces in ¢ < n’ < n steps. Therefore 3k < (n’ —i—1)
steps in which e;; reduces. Also since e[| reduces to value with 7 |2 therefore e;o must
also reduce. As a result we get

Iw” 3 wl.(n—i—1)—k, H{,Hé)é WIN(W],(n—i—1)—k,v],v)) € [(T[¢"/a]) (ﬂ“é
Since n’ = ¢ + k + 1 therefore we are done

e Case {0 IL A:

From Equation 56 we know that we need to prove

SW' 3 W.(n— ', B, H)) & W A (W'n — ', ], 05) € [(r[¢"Ja]) o]

In this case since we know that £ o Z A. Let 7[¢" /a] o = A% and since 7[(" /o] o \ £ o
therefore ¢; Z A

This means in order to prove 3W' 3 W.(n —n', H{, H}) é W'N (W' n—n' v],v}) €

[(r[¢"/a]) o1}

From Definition 1.4 it will suffice to prove

AW’ 3 W.(n—n', Hj, Hé)éW’/\(le.(W'ﬂl,ml, v)) € [(T[¢"/a]) o]v) A (Yma.(W'.01,ma, v)) €
L(r[¢"/a]) o]v)

This means it suffices to prove

(Vmy,me. 3W' 3 W.(n—n/, H{, Hé)éW’/\(W’.Gl,ml, v)) € |(T[¢"/a]) o]v) A ((W'.01,me,v)) €
L(7[¢"/a]) o]v)
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This means given m; and ms it suffices to prove:

EW' 2 W.(n—n', H, H)s W AW’ 01, mn, 0) € (7] Ja]) o [v )N W01, ma, o) € [(7]¢" /a]) 0

(58)

In this case from Definition 1.6 we know that
Vm.(W{.01,m, Aep1) € |[Va.(be, T) v (59)
Vm.(W/.02,m, Aeps) € |Va.(be, T) oy (60)

Applying Definition 1.6 on Equation 59 we get

Vm. ¥0'.0 C 0 AVji <m.Nl € L0, j1,en1) € LT[@I/QH%[Z{/Q} where 6 = W/.6;

We instantiate m with mq+24t1 where t; is the number of steps in which e reduces
VO W0y C 0 Ay < (mq+2+8) V0 € L0, j1,em) € 7] /]| (FB-FE1)

Instantiating 6" with W{.01, j1 with m; +¢; + 1 and ¢ with ¢’
Therefore we get (W}.01,m1 +t1 + 1,en1) € [7[0"/a] o]k 7

From Definition 1.7, we get

VH.(ml +t + 1, H) > Wll.(gl AVEk:. < (m1 + 11+ 1).(H,6h1) Ukc (Hll, U{) —

39’1 W1/91 C (9'1/\((m1—|—t1—|—1—kc), Hll)l>(9/1/\( /1, (ml—l—tl—f—l—kc), U{) € LT[@”/O&] JJv/\
(Va.H(a) # H{(a) = 3. W|.01(a) = A A (L[0")a) o) T ) A

(Va € dom(67)\dom(W/.01).01(a) \, (Le[l" /] o))

Since from Equation 57 we have
A
(n—i, H}), Hjy) > WY
Therefore from Lemma 1.27 we get
Vm. (m, H};) > W{.0
Instantiating m with mq + 1 + ¢ we get
(m1 + 141, Hill) > W1/91

Instantiating H with H;l from Equation 57 and k. with t1, we get

307 W{.0. T O A ((m1+1),H)> 0] A (9’17/(m1 +1),v)) € |[T[¢"/a] o]y A
(Ya.H(a) # H{(a) = 3. W|.01(a) = A" A (L[l"/a] o) T ) A

(Va € dom(67)\dom(W/.01).01(a) N\, (Le[t" /] o)) (CF1)

Similarly applying Definition 1.6 to Equation 60 we get
Vm. V0.0 C 0' AVjy < mNE € L0, 41, enalv/z]) € |71 /o] |5/ where 6 = W{.60,

We instantiate m with mo+14to where to is the number of steps in which ejo reduces
VO W, 0y C 0 Ay < (ma+2+1) V0 € L0, 1, ens) € |70 /] )/ (FB-FE2)

Instantiating 6" with W{.02, j1 with mg + t2 + 1 and ¢ with ¢’
Therefore we get (W/.02,ma + ta + 1,ep2) € |T[¢" /] GJ%W//Q] 7
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From Definition 1.7, we get

VH.(mg+ta+1,H)> WI/.HQ AVEke < (mg +ta+1).(H,en2) Vi, (Hé, U{) —
304 W .02 T 05N ((ma+ta+1—kc), H))BOGN (0, (mo+ta+1—k.),v]) € [T[¢"/a] o|v A
(Va.H(a) # Hj(a) = 3. W|.05(a) = A" A (£[0"/a] o) T £') A

(Va € dom(6,)\dom(W/.02).05(a) \, (e[l /] o))

Since from Equation 57 we have
A
(n— i, Hjy, Hj) > W

Therefore from Lemma 1.27 we get
Vm. (m, HYy) > W{.0s

Instantiating m with mo + 1 + t9 we get
(TTLQ + 1+ 9, HiIZ) > Wllez

Instantiating H with HJ(2 from Equation 57 and k. with ¢35, we get

305 W{.02 T 05 A ((ma + 1), Hy) > 05 A (05, (ma+1),v1) € |7[l"/a] o|v A
(Va.H(a) # Hj(a) = . W|.0(a) = A A (L[0" o) o) T ) A

(Va € dom(65)\dom(W/.02).05(a) \, (Le[l"/a] o)) (CF2)

In order to prove Equation 56 we choose W' to be (0,6, W/.3). Now we need to
show two things:
(a) (n—n',H{, Hy))> W"
From Definition 1.9 it suffices to show that
— dom(W'.01) C dom(H{) N dom(W .63) C dom(H,):
From CF1 we know that (m; + 1, H) > 6], therefore from Definition 1.8 we
get dom(W'.61) C dom(H)
Similarly, from CF2 we know that (mq + 1, Hj) > 6}, therefore from Defini-
tion 1.8 we get dom(W'.02) C dom(H,)
— (W.3) C (dom(W'.0,) x dom(W"'.0,)):
Since (n — i, Hjy, Hj,) > W] therefore from Definition 1.9 we know that
(W{.B) C (dom(W{.01) x dom(W/.02))

From CF1 and CF2 we know that W/.0; C 6] and W{.0; C 6} therefore

(W{.5) € (dom(8;) x dom(0}))

— V(al, (12) € (W’.B).W’.Ql(al) = W/.QQ(GQ) VAN
(W' ,n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]3:
4 cases arise for each a1 and as
i. Hjy(a1) = H{(a1) A Hjp(az) = Hy(az):
* W/.91<a1) = W/ﬂg(ag):
We know from Equation 57 that (n — i, H/,, H),) > W]

Therefore from Definition 1.9 we have

~

V(al, ag) S (W{,@)W{Hl(al) = W{.Hg(ag)
Since W'.3 = W{.3 by construction therefore

V(al, ag) S (W’.ﬁ).W{.Gl(al) = W{.@Q(ag)

From CF1 and CF2 we know that W{.6; C 6] and W{.0 T 6, respec-
tively.

Therefore from Definition 1.2

V(al, a2) S (W’B)G’l(al) = 9/2(0,2)
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x« (W' n—n'—1,H/(a), Hy(az)) € [W.01(a1)]3:

From Equation 57 we know that (n — i, H/}, H) S wi
This means from Definition 1.9 that

~

V(ai1, ai2) € (W1.0). Wi.01(a1) = W{.02(ax)N(W{,n—i—1, H)(a1), H(a2)) €
[W].01(a1)]5}

Instantiating with a; and ap and since W{ C W/ andn—n'—1 <n—i—1
(since ¢ < n') therefore from Lemma 1.17 we get
(W'n—n' =1, H (1), Hjy(a2)) € [W'.61(a1)]3}
. Hj(a1) # Hi(a1) V Hjy(a2) # Hy(az):

* W’.Gl(al) = W/.eg(ag):
Same as in the previous case

x (W .on—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]{:
From CF1 and CF2 we know that
(Va.H/,(a) # H{(a) = 30 .W{.61(a) = A" A (L[l"/a] o) T 1)
(Va.Hly(a) # Hj(a) = 3. W].02(a) = A" A (L[t"/a] o) T 1)
This means we have
3. W01 (a1) = AP A (L[0"/a] o) C ¢ and
30 W/ .0z(az) = A A (e[0")a] o) T 1!

Since pc oLl 0 C £ [0" /o] o (given) and £ o [Z A. Therefore, £.[¢" /o] o L
A. And thus, /' Z A

Also from CF1 and CF2, (m;+1, H{)>0] and (ma+1, Hy)>05. Therefore
from Definition 1.8 we have

(Hiamllel(al)) S Lell(al)JV and

(05, m2, Hy(a1)) € [05(a)]v

Since m1 and me are arbitrary indices therefore from Definition 1.4 we
get
(Wn—n'—1,H{(a1), Hy(a2)) € [61(a1)]5}
i, Hjj(a1) = H{(a1) V Hyp(az) # Hy(ap):

* W’.Hl(al) = W’.@Q(az):
Same as in the previous case

x« (W' n—n'—1,H/(a), Hy(az)) € [W'.01(a1)]{:
From CF2 we know that
(Va.Hl(a) # Hy(a) = . W{.02(a) = A A (L[ /o] o) T 2)
This means that az was protected at £.[¢”/a] o in the world before the
modification. Since pc o ULl o C £L.[¢"/a] o (given) and ¢ o Z A.
Therefore, £ [¢"/a] o Z A. And thus, ¢/ Z A

A
Since from Equation 57 we know that (n — ¢, H};, H},) > W/ that means

from Definition 1.9 that (W{,n—i—1, H}(a1), Hy(a2)) € [ W{.01(a1)]7
Since (¢c[¢"/a] o) T ¢’ therefore from Definition 1.4 we know that H/ (a1)
must also have a label [Z A

Therefore

VYm. (W{.Hl,m, I{ill(al)) S W{.@l(al) (F)
and

Vm. (WII.HQ,’ITL, HL-,Q(GQ)) € W{.OQ(al) (S)
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Instantiating the (F) with m; and using Lemma 1.16 we get
(61, ma, Hjy (1)) € 01 (a1)
Since from CF2 we know that (mg + 1, Hj) > 04 therefore from Defini-
tion 1.8 we know that (05, ma, Hy(a2)) € 05(az)
Therefore from Definition 1.4 we get
(W/, n—n'— L, H1/<a1)7 H2/<a2)) S ’—0/1(@1)116
iv. Hjj(a1) # H{(a1) V Hjy(az) = Hy(az):
Symmetric case as above
— Vie{l,2}.VmNa; € dom(W'.0;).(W'.0;,m, H (a;)) € | W.0;(a)]v
=1
This means that given some m we need to prove

Va; € dom(W'.0;).(W'.0;,m, H!(a;)) € | W.0;(a;)]v

Like before we apply Theorem 1.22 on ep; and eps but this time m + 2 + ¢4
and m + 2 4 t9 where t; and to are the number of steps in which ep; and ejo
reduces respectively. This will give us

301 W{.01 T 0L A ((my + 1), H) > 0] A (07, (m1 +1),0]) € |[7[l"/a] o]y A
(Va.H(a) # H{(a) = 3. W|.01(a) = A" A (L]0"/a] o) T £) A

(V((li € dom(0))\dom(Wi.01).0](a) \( (L[l"/a] o))

3605, W .02 C 05 A ((ma+ 1), Hy) > 65 A (Hé,/(mg +1),v1) € [7["/a] o]y A
(Va.H(a) # Hy(a) = W' .W].02(a) =AY A (¢ [6”/04] a) TN

(Va € dom(05)\dom(W/.02).05(a) \, (Le[l"/a] o))

Since we have (m+1, H{)>6] and (m+ 1, Hy)>605 therefore we get the desired
from Definition 1.8

1=2
Symmetric to i = 1
(b) (W',n—n'—1,v],v) € [7[t"/a] o}
Let 7[¢"/a] = A% Since T[¢"/a] o \ £ ¢ and since ¢ o £ A therefore ¢; 0 £ A

From CF1 and CF2 we and Definition 1.4 we get the desired.

15. FG-CI:

X530 el bg e T
0T kpeve: (e L )+

To prove: (W,n,ve (yl]1),ve (yd2)) €(c L )t olh

Sayei =ve (yli)and ea=ve (yl]2)

From Definition of [(c L 7)* o4 it suffices to prove that

VH, Ho.(n, H, H) & W AR < n.(Hyye1) Yo (HY,0]) A (Haven) b (Hy,oh)
IW.WE WA (n—n’,Hl’,I—IQ’)T;l W'N (W' n—nl v, v)) € [(c L )t o]

This means that given VH,, Hy.(n/, Hy, Ho) & W AR < n.(Hy, 1) Yo (HL,9)) A (Ha, e2)
(Hy, v3)
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We are required to prove:

SW.WE W A(n—n, BB S W AW, n—n, o, o) ec % ntaldt  (61)

IH1 (W7n7 (6) (7 \L1)7<e) (7 iﬂ)) € [T (ﬂJEL“

This means from Definition 1.5 we get

A .
VH;j1, Hip.(n, Hyp, Hig)> WAL < n.(Hjp,e (v 1)) 4 (H)y, v)AN(Hig e (v 12)) U (H)y, vly) =
A
W] 3 W.(n—i, Hy, Hy) > Wi A (W{,n—i,v/),v)) € [T 0]“(/‘

We know from the evaluation rules that H{ = H;, Hy, = Ha, v; = e; = ve (v |1) and
vy = e = ve (v l2). We choose W' = W and we know that n’ = 0. We need to show the
following:

e W L W: From Definition 1.3

o (n,Hi, H>) & W: Given

o (W,n,vj,u) €[(c % 7)ol

Here vj = ve (v 11) and v) = ve (7 ]2)

From Definition 1.4 it suffices to prove

YW IJWVYj<nLlEco = (W, jeyli,eyls)€[ralpA
VO, D W.b,jLEc = (Bheyl)e|rals )N

VO, D W.ha,j.LEEc = (O,ey 1) €|T UJ% 7

We need to prove:
~VYW IWVj<nLllEco = (W jevlieyl)e[rols:
This means given some W’ J W, j < n and given that £ |= ¢ o we need to show
that
(W' je v bieyda) € [T 07
From Definition 1.5 it iufﬁces to show that
VHg, Heo.(j, Hs1, H2) > W AV < j.(Hs1 e (v 41)) Um (Hlq, vly) A (Hsaye (7 2
N (Hysvg) = N
ElWll 3 W(] —m, Hs/lﬂHs/2) > Wll A (Wl/ﬂj —m, 1};1,’1};2) € (T O'-Ié
This means for some Hgi, Hgo, m < j 8.t
A
(HSI') HSQ) > WA (Hsh € (’Y \l/l)) Um (Hsllv vél) A <H527 € (7 J,Q)) U (H5/27 1);2)

And we need to show that y
3VVll = W(J —m, Hsllv HS’Z) > Wll A (Wllaj -m, Uél? ’UéQ) = (T J—I\f/‘
We instantiate IH1 with Hy, Hso and m to obtain
A
AW 3 W.(n—m, Hy, Hy) & WA (W],n—m, vl vl) € [T o]{

Since j < n therefore from Lemma 1.21 and Lemma 1.17 we get
3W{ 3 WG —m. By, Hy) & WY A (WG —m, oy, vlp) € [7 ol
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- Ve, 3 W@l,j[, }: c — (Gl,j,e ’yJ,l) S I_T UJ% 7
This means given 6; J W.01,75,L E ¢
We need to prove: (0;,e v l1) € [T JJ% 7
From Lemma 1.25 we know that Vmy. (W'.01,m1,v |1) € |[T'|y. Therefore by
instantiating m; at j we can apply Theorem 1.22 to get

Orjeyh)elrols®
— Vel g W@Q,jﬁ }: c — (0l7j76 7\L1) € I_T O-JEEE 0:

Symmetric reasoning as in the previous case

16. FG-CE:

E;\Il;Fl—pce:(céiT)é ;U ke XUk peUlC A, DR\ N4
Y;Wilbpceor T

To prove: (W,n, (ee) (v 11),(eo) (v 12)) € [(1) o017

This means from Definition 1.5 we need to prove:
A
VHy, Hy.(n, Hy, Ho) > W A VR < n.(Hy, (eo)(v 11)) Yo (H{,0() A (Ha, (eo)(y 12)) |
(Hy, vy) =
IwW' 3 W.(n-— n’,H{,HQ’)é W' A (W' n—n' v, v) € [(1) o]{
This further means that given
A
VHl, HQ.(n, Hl, HQ) > W AVR < n.(Hl, (60)(7 il)) Un’ (Hll, ’U{) N (HQ, (60)(’)/ \LQ)) ll (HQ/, Ué)

It suffices to prove

IW' 3 W.(n—n, HH) S WA (W n— a0l ) € [(r) o] (62)

IH (W.n,(e) (v 1), (€) (v 42) € [(c & 7)¢ oA

This means from Definition 1.5 we get

A .
VH;1, Hio.(n, Hp, Hig)> WAV < n.(Hit, e (v 1)) 4i (H}y, v)AN(Hiz, e (v 12)) U (H, vly) =

1
IW( 3 W.(n— i, H, H) & W A (W,n—i,0],05) € [(c & 1) o]

Instantiating H;; with Hy and H;o with Hy in TH and since the (ee) reduces to value with
v 41 in n’ < n steps therefore 3i < n’ < n s.t (Hj,e (v 1)) ¥i (Hj,v/;). Similarly since
(ee) reduces to value with v |o therefore also have (Hjz,e (v l2)) | (H),, vly). Hence we
get,

AW{ D W.n— i, By HY) B WA (Win—id, o) € [(c % 7)ol (63)

We case analyze on (W{,n —i,v],v}) € [(c L 7)¢ o5} from Equation 63
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e Case /o C A:
In this case from Definition 1.4 we know that
(W, —i, v, v) € [(e = 7)ol
Here v}, = ve;; and v, = vejs
This further means that we have
YW I WYj<n—illEco = (W, jen,en)€ [T 0]p)
AYO, D W.01,5.L=c = ((01,4,en) € | o]k )
AYO, 3 W.0s,4.L = c = ((01,],e2) € |7 o] )} (CE1)
Instantiating the first conjunct of (CE1) with W/, ¢ and n —i — 1 we get
(W],n—i—1,eq,e2) € [T o]5)

Therefore from Definition 1.5 we get

. A .
\V/Hl,HQ.(n -1 — 1,H1,H2) > Wll AVE < (n -1 — 1).(H1, (eil)(v J/l)) ﬂk (H{,’U{) A
(o, (ei2) (7 J2)) U (H3,vp) =
IW" 3 W{((n— i~ 1) — k, H, H) & W] A (W], (n—i— 1) — k,v],05) € [(7) o]

Instantiating H; and Hp with H}; and H), and since e[| reduces to value with v | in
n’ < n steps and e with v |; reduces in i < n’ < n steps. Therefore Ik < (n’ —i—1)
steps in which e;; reduces. Also since e[] reduces to value with v |2 therefore e;o must
also reduce. As a result we get

AW 3 Wi.(n—i—1)—k, H{,Hé)é WIN(W], (n—i—1)—k,v],v5) € [(T[¢"/a]) (ﬂ“é
Since n' = i + k + 1 therefore we are done
e Case Lo I A:

From Equation 62 we know that we need to prove
A
W' I W.(n—n',H], H)) > W A(W',n—n' v, v}) € [(1) o]
In this case since we know that £ o Z A. Let 7 0 = A% and since 7 0 \, £ o therefore

LIZA

This means in order to prove 3W' 3 W.(n —n', H{, H}) S WA (W' n—njv,v) €
[(r) o3}

From Definition 1.4 it will suffice to prove

AW’ 3 W.(n—n', H], HQ’)éW’/\(le.(W'ﬂl,ml, v)) € [(T) ov) A (Yma.(W'.01,ma, v)) €
L(7) alv)

This means it suffices to prove

(Ymy,me.3W' 3 W.(n—n’,H{,HQ’)éW’/\(W’.Hl,ml,v{) e l(r)a]v)A((W'.01,ma,v)) €
L(7) alv)

This means given m; and mo it suffices to prove:

(FW' 2 W.(n—n', H{, H)E W AW .01, m1,00) € [(7) oy )AW"01,mo, ) € |(7) o))
(64)
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In this case from Definition 1.6 we know that

Ym.(W].01,m,ven) € [(c & 1) oly (65)
Vm.(W{.0a,m,ven) € [(c % 7)oy (66)

Applying Definition 1.6 to Equation 65 we get

Vm. V0.0 C O AVj1 <mLEco = (0',j1,en1) € |7 UJ% 7 where 0 = W/.0,

We instantiate m with mq+2+4t1 where t; is the number of steps in which ej; reduces
VO W0 C O AV < (i +2+4).LEco = (0, j1,en) € 7] /a] )/
(FB-CE1)

Instantiating ¢ with W{.0;1, j1 with m; + ¢; + 1 and since we know that £ = ¢ o.
Therefore we get

(W{.01,m1 +t1+1,ep) € |7 o) °

From Definition 1.7, we get

VH.(ml + 1t + 1,H) > W{@l AVk. < (m1 +t + 1).(H,€h1) *Ukc (Hll, U{) -

307 W00 COLA((my+t1+1— k), H{)p/@’l NG, (my+ti+1—ke),v) €T o]y A
(Ya.H(a) # H{(a) = 3. W|.01(a) =AY A (le o) T L) A

(Va € dom(67)\dom(W{.01).071(a) \y (e 0))

Since from Equation 63 we have

(n —1, Hi/17 Hz‘/2) é Wy

Therefore from Lemma 1.27 we get
Instantiating m with m; + 1 +¢; we get

Instantiating H with H/, from Equation 63 and k. with ¢, we get
307 W{.0. T O A ((m1+1),H)> 0] A (9’17/(m1 +1),v) €T o]y A
(Ya.H(a) # H{(a) = 3. W|.01(a) =AY AN (le o) T ) A

(Va € dom(67)\dom(W/.01).01(a) \ ({e 0)) (CCE1)

Similarly applying Definition 1.6 to Equation 66 we get
Vm. V8.0 C 0 ANVj1 <mNl € L, j1,en2) € |T GJ%W/Q} where 0 = W{.05

We instantiate m with mo+24to where to is the number of steps in which ejo reduces
Vo' W{QQ C 0" A le < <m2 + 2+ t2).v€l € ﬁ.(@l,jl, €h2) S {TJ%W/O[] (FB—CEQ)

Instantiating 6" with W{.03, j1 with mg + t2 + 1 and ¢ with ¢’
Therefore we get (W/.02,ma + ta + 1,ep2) € |7 UJ% 7

From Definition 1.7, we get
VH.(mg +to, H) > W{.@Q AVke < (ma +ta+1).(H, ep2) Vi, (Hll, v{) -
305 W02 CTOLA ((ma+ta+1—ke), H)>O,A (05, (ma+ta+1—ke),v)) € |7 o]y A
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(Va.H(a) # Hl(a) = 3. W|.03(a) = A" A (be 0) T ) A
(Va € dom(6,)\dom(W/.02).05(a) N\, (Le o))

Since from Equation 63 we have
. A
(n—1, Hjy, Hjy) > WY

Therefore from Lemma 1.27 we get
Vm. (m, HYy) > W{.02

Instantiating m with mo + 1 + £ we get
(m2 + 1+ t9, HiIQ) > W{@Q

Instantiating H with H/, from Equation 57 and k. with 3, we get
305 W].02 T 05 A ((me + 1), H{) > 05 A (05, (ma+1),v) € |7 o]y A
(Va.H(a) # H{(a) = 3. W/.05(a) = A" A (£, 0) T V) A

(Va € dom(65)\dom(W{.02).05(a) \ (e o)) (CCE2)

In order to prove Equation 62 we choose W' to be (0,05, W/.3). Now we need to
show two things:

(a) (n—n',H{,H))> W"
From Definition 1.9 it suffices to show that

— dom(W'.01) C dom(H{) A dom(W .03) C dom(H,):
From CCE1 we know that (m; + 1, H{) > 6], therefore from Definition 1.8 we
get dom(W'.61) C dom(H)
Similarly, from CCE2 we know that (mg + 1, Hj) > 6}, therefore from Defini-
tion 1.8 we get dom(W'.02) C dom(H,)

— (W.B) C (dom(W'.0y) x dom(W’.01)):
Since (n — i, Hjy, Hjs) > W] therefore from Definition 1.9 we know that
(W{.B) C (dom(W{.01) x dom(W/.02))

From CCE1l and CCE2 we know that W}.6; C 6} and W/.0s C 6 therefore

(W{.5) C (dom(8) x dom(63))

— VY(a, a2) € (W’.ﬁ).W’.Hl(al) = W/.eg(ag) A
(W',n—n'—1,H|(a1), Hy(az)) € [W'.01(a1)]{

4 cases arise for each a1 and as
i. Hj)(a1) = H{(a1) A Hjy(az) = Hy(az):
* W’.Gl(al) = W/.92<a2)
We know from Equation 57 that (n — i, H/,, H),) > W]

Therefore from Definition 1.9 we have

~

V(al, CL2) S (W{ﬁ)W{Hl(al) = W{.Hg(ag)
Since W'.3 = W{.3 by construction therefore

V(al, ag) S (W’,@)W{Hﬂaﬁ = W{.Hg(a,g)

From CCEl and CCE2 we know that Wj.6; T 6] and W].6, C 6,
respectively.

Therefore from Definition 1.2

V((Il, (IQ) S (W’B)G’l(al) = 9/2((12)
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x« (W' n—n'—1,H/(a), Hy(az)) € [W.01(a1)]3:

From Equation 63 we know that (n — i, H/,, H) S wi
This means from Definition 1.9 that

~

V(ai1, ai2) € (W1.0). Wi.01(a1) = W{.02(ax)N(W{,n—i—1, H)(a1), H(a2)) €
[W].01(a1)]5}

Instantiating with a; and ap and since W{ C W/ andn—n'—1 <n—i—1
(since i < n') therefore from Lemma 1.17 we get
(W'.n—n" =1, H(a1), Hj5(a2)) € (W/-Hl(alﬂié/l
i Hj(a1) # Hi(a1) V Hjy(az) # Hy(ap):
x W'01(a1) = W' .02(az)
Same as in the previous case
x (W ,on—n'—1,H](a1), Hy(az)) € [W'.01(a1)]{:

From CCE1l and CCE2 we know that

(Ya.H/,(a) # H{(a) = 3. W{.61(a) = A" A (L o) T 1)
(Ya.Hly(a) # Hj(a) = . W{.02(a) = A" A (L o) T 1)
This means we have

3. W01 (a1) =AY A (L, o) C £ and

30 W/ 0z(az) =AY A (b o) E X

Since pc o Ul 0 C ¢, o (given) and ¢ o [Z A. Therefore, ¢, 0 £ A. And
thus, ¢/ Z A

Also from CCEl and CCE2, (my + 1, H{) > 6] and (mg + 1, Hy) > 65.
Therefore from Definition 1.8 we have

(01, m1, Hi(a1)) € [01(a1)]v and

(Qé,mg, HQI(al)) € Leé(QQ)JV

Since m1 and msy are arbitrary indices therefore from Definition 1.4 we
get
(W'n —n' =1, H{(a), Hy(az)) € [0} (a1)]3}
iii. H)(a)=Hi(a1) vV Hj(a2) # Hy(ap):
* W’.Hl(al) = W’.@Q(ag)
Same as in the previous case

x« (W' n—n'—1,H(a1), Hy(az)) € [W'.01(a1)]{:

From CCE2 we know that

(Va.Hl(a) # Hy(a) = 3 .W/.0(a) = A" A (L. o) T 1)

This means that ay was protected at £, o in the world before the modifi-
cation. Since pc ol o C ¢ o (given) and ¢ o £ A. Therefore, ¢, o [Z A.
And thus, ¢/ Z A

Since from Equation 63 we know that (n — ¢, H},, Hf,) S W/ that means
from Definition 1.9 that (W{,n—i—1, H}(a1), Hy(a2)) € [ W{.01(a1)]5-

Since (¢, o) T ¢ therefore from Definition 1.4 we know that H/ (a1)
must have a label [Z A

Therefore

VYm. (Wl’ﬂl,m, Hi’l(al)) S Wl’ﬂl(al) (F)
and

VYm. (W{.Hg,m, I{ilz(az)) S W{.@g(al) (S)
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Instantiating the (F) with m; and using Lemma 1.16 we get
(61, ma, Hjy (1)) € 01 (a1)
Since from CCE2 we know that (mg + 1, Hy) > 0% therefore from Defini-
tion 1.8 we know that (05, ma, Hy(az)) € 65(az)
Therefore from Definition 1.4 we get
(Wn—n'—1,H{(a1), Hy(a2)) € [61(a1)]5}
iv. Hj’l(al) #* Hl’(al) V Hj{g(ag) = Hz/(ag)i
Symmetric case as above
— Vie{l,2}.VmNa; € dom(W'.0;).(W'.0;,m, H (a;)) € | W.0;(a)]v
i=1
This means that given some m we need to prove

Va; € dom(W'.0;).(W'.0;,m, H/(a;)) € | W.0;(a;)]v

Like before we apply Theorem 1.22 on ep; and eps but this time m + 2 + ¢4
and m + 2 4 t9 where t; and to are the number of steps in which ep; and ejo
reduces respectively. This will give us

300 W0, T O A ((ma1+ 1), H)> 0] A (eg,l(ml +1),v1)
(Va.H(a) # H{(a) = 3. W].01(a) =AY A (L. o) T4
(Va € dom(0))\dom(W/.01).01(a) \y (le 0))

and

304, W .0 T 04 A (ma + 1), HY) > 605 A (eg,l(mQ +1),01)
(Va.H(a) # H{(a) = W' .W].03(a) =A" Al o) T ¥
(Va € dom(65)\dom(W/.02).05(a) N\, (Le o))

Since we have (m+1, H{)>6] and (m+1, Hy)>6), therefore we get the desired
from Definition 1.8
1 =2
Symmetric to ¢ = 1
(b) (W,v n— n, - 17 ,U{a Ué) € [T J—‘\é:
Let 7 = A% Since 7 ¢ \, ¢ ¢ and since ¢ o Z A therefore ¢; 0 Z A

From CCEl and CCE2 we and Definition 1.4 we get the desired.

U

ElrolyA
) A

elrolyA
) A

O]

Lemma 1.27 (FG: Binary heap well formedness implies unary heap well formedness). VH;, Ho, W.
(n, Hy, HQ) >W — Vie {1, 2}.Vm.(m, Hl) > W.6;

Proof. Directly from Definition 1.9 O

Lemma 1.28 (FG: Subtyping binary). The following holds:
VY, U, 0.

1. VA, A
(a) L9 FA<AANLET o = [(Ao)]{ C[(A o)]f
2. V1, 7.

(a) ;0 1< ALEV o = [(T0)]{ C (7 o)]{
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(b)) 97 <7 ANLEVY e = [(T aﬂég [(r/ aﬂé

Proof. Proof by simultaneous induction on A <: A’ and 7 <: 7/
Proof of statement 1(a)
We analyse the different cases of A in the last step:

1. FGsub-arrow:

Given:

Z;\III—T{<:7'1 E;\I’I_T2<ZT£ E;‘Ifl—ﬁ'egﬁe

FGsub-arrow

¢ 2
E;\I’|—7'1472<:T{47'§

IH1: [(7] 0)]

To prove: [((m L T2) 0)]
3 C
IH2: [(7o Gﬂé -

It suffices to prove:

V(W,n, Ax.e1, Az.e2) € [((11 L ) o) 15t (W, n, Az.e1, A\v.e2) € [((7] L ) o)5
This means that given: (W, n, \x.e1, Az.e2) € [((11 L ) )]

And it suffices to prove: (W,n, A\z.e1, Az.e2) € [((7] L ) o)

From Definition 1.4 we are given:

VW' 23 W,j <n,v, (W, ju,vn)€|n (ﬂé =

(W', j,ealor /2], exlwm/a]) € [12 o) A

V0, 3 W.01, 5, ve-((01, 4, ve) € |11 0]y = (01,4, e1[v1/z]) € |72 o]k T) A

VO, 3 W.0a, 4, v..((01,5,v) € |11 o]y = (01, ],e2[ve/x]) € |2 JJ% 7) (Sub-A1)

Again from Definition 1.4 we are required to prove:

YW" 3 W,k < n,vf,v5.(W" k,vj,v5) € [1] o]t = (W" k,ei[v]/x],ealv/x]) €
(75 o1%) A

VO, 3 W01,k v..((0),k,v) €| oly = (0], k,e1[v/z]) € |75 0] YA

VO, 3 W.02, k,v..((0],k,v) € |1 oy = (0], k,e2v)/z]) € |19 UJ% 7

This means given some W” J W, k < n and vj, vj we need to prove:

(a) VW 3 W,k < n, v}, vb.(W" k,v],v5) € [1] olft = (W", k,e1[v]/x],ealv}/x]) €
(73 01%) :
Given: W’ 3 W, k < n and v}, v5. We are also given (W", k,v], vy) € [7] o]{}

\%4
To prove: (W, k,e1[v]/x], ea[vy/x]) € [75 o]5

Instantiating the first conjunct of Sub-Al with W”, k, v{ and v} we get

(W kvl 03) € [my ol{h = (W', k,enlv] /], es[vp/a]) € [72 0]%) (67)

Since (W” k,v],v}) € [7] o]{* therefore from THI we know that (W”" k, v}, v}) €
(11 o]

Thus from Equation 67 we get (W”, k, e1[v]/x], e2[vh/2]) € [12 o]

(
A
4

Finally using TH2 we get (W", k, e1[v] /2], ea[vs/z]) € [1h o1 h
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(b) VO, 3 W.01,k,v..((0],k,v)) € | o]y = (0, k,e1[v)/x]) € |15 UJ% 7):
Given: 0] 3 W.01,k,v.. We are also given (6], k,v.) € |7{ o]v
o o

To prove: (0], k,ei[v./x]) € |15 o]z
Since we are given (0],k,v.) € |7{ o]y and since 7{ ¢ <: 71 o therefore from
Lemma 1.24 we get

0], k,v)) € |1 o)y (68)

Instantiating the second conjunct of Sub-Al with 6], k, v] and vj we get

(61, k, 00) € [ o)y = (B ealvl/a]) € |72 0] 7) (69)

le O

Therefore from Equation 68 and 69 we get (0], k, e1[v./z]) € |72 o]
Since 7 0 <: 75 o and ¢, o C /. o therefore from Lemma 1.24 and 1.23 we get
(0}, k,ex[vt/a]) € |75 o35

(c) V0, 3 W.ba, k, vl-((6]. k. ) € |7{ o)y = (B, k,ealvl/a]) € |7} o35 °):

Similar reasoning as in the previous case

2. FGsub-prod:

Given:
E;\Ill—71<:7'{ E;\Il|—7'2<:7'£

YU b7 X1 <iT X Th

FGsub-prod

IH1: [(11 0)]{ I
TH2: [(r2 0)]4 C [(74 0)]A

It suffices to prove: Y(W,n, (v1, ), (v],v5)) € [((11 x 72) o)1f. (W, n, (v, ), (v], v))) €

[((r{ x 3) o)1}

This means that given: (W, n, (v1, %), (v], v))) € [((11 x 2) 0)]{

Q

Therefore from Definition 1.4 we are given:

(W,n,vo1,0) € [11 oA (W, n, 0, 03) € [12 0] (70)
And it suffices to prove: (W, n, (vi, v), (v], v5)) € [((1] x 75) o)}

Again from Definition 1.4, it suffices to prove:

(W,n,v1,v]) € [1] ol A (W, n, 0, 0)) € [1 ol

Since from Equation 70 we know that (W, n, v, v]) € [11 o5} therefore from TH1 we have
(W, n,v1,07) € [1{ o]}

Similarly since (W,n,wu,v) € [2 a}é from Equation 70 therefore from IH2 we have
(W7n7 v2, ’Ué) € ’77_5 O:IJ\‘}
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3. FGsub-sum:

Given:
Z;‘ll|—71<:T{ Z;‘I"‘Tg<:7’é

iU b1+ 7o <: 7]+ Th

FGsub-sum

¢ (A +m) )¢

It suffices to prove: V(W ,n, vs1, vs2) € [((11 + 72) U)H}. (W, n,vs1,vs2) € [((1] +75) Uﬂ“\é

This means that given: (W,n, vs1, vs2) € [((11 + 72) 0)]{
o

And it suffices to prove: (W, n,vs1,vs2) € [((7] + 75) 0)]{

2 cases arise

(a) wvs1 = inl v and v = inl v;o:

From Definition 1.4 we are given:

(W, n,v1,v2) € [11 0]}

And we are required to prove that:
(W, n,vi1,v2) € [7] cﬂ{}
From Equation 71 and IH1 we know that
(W,n, Vi1, 'UZ‘Q) c ’—T{ (ﬂ'é
(b) vs = inr v;; and vso = inr vja:
From Definition 1.4 we are given:
(W,n, v, vi2) € [72 (ﬂ“f/‘
And we are required to prove that:
(W, n,vi1,vi2) € [15 0]¢}
From Equation 72 and TH2 we know that
(W,n, Vi1, ’01'2) € [Té O'-l'é

4. FGsub-forall:

Given:
YUk <imy ;0 0L C 4,

S0 Vo (b, 1) <: Vo (), )

To prove: [((Va.(le,71)) 0)]5 C [(Veu.(£L, 72)) o5}

H1: [(r1 0)]{ C [(12 0)1%

IH2: [(n o)1 C [(2 0)1%

It suffices to prove: Y(W,n, Aer, Aea) € [((Yau.(be, 1)) 0)]5
(W,n, Aei, Aes) € [((Vau(ll, 7)) o)]5

This means that given: (W,n, Ae1, Aea) € [((Va.(be, 1)) 0)]5
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Therefore from Definition 1.4 we are given:

VW' 3 W,n' <n, 0 € LW n' e, e) € [11[l'/a] a]7) A

V0, 3 W.01,5,0' € L.((61,4,e1) € |m[€'/a] |7y A

VO, 3 W.0,5,0' € L.((61,4,e2) € |m["/a] |57y (Sub-F1)
And it suffices to prove: (W, n,Aer, Aes) € [((Va.(l,m2)) o)]f

Again from Definition 1.4, it suffices to prove:

YW" 3 W, n" <n "€ L((W"n" e e) € [rl"/a] o]p) A
VO, 3 W01k, € € L.((6),k,e1) € [7a[e” /a6 /%) A

VO, 3 W .0,k 0" € L.((0), k, e2) € |m2[¢" /o] |1/

This means we are required to show:

(a) YW" 3 W, n" <n,l € LUW" 0/ e1,e2) € [[l'/a] o]7):
By instantiating the first conjunct of Sub-F1 with W”, n” and ¢’ we know that the
following holds

(W",n" e1,es) € [T1[" )] o5)
Therefore from IH1 instantiated at o U {a +— ¢}
(W".n" e1,e2) € [12[l" /0] 14)

(b) VO, 3 W.01,k, 0" € L.((0), k, 1) € [mall” /o] L")

By instantiating the second conjunct of Sub-F1 with 6] and ¢’ we know that the
following holds

(8], k,e1) € [m1[¢"/a] o) cl/o) o)

Since 71 0 <: 73 0 and ¢, o C ¢, o therefore from Lemma 1.24 and Lemma 1.23 we
know that

(01, K, e1) € [m[0"/a] o]l /o) )
(C) \V’GZ | W'927 k’g” c ﬁ((ei, kf, 62) c LTQ[EH/O(UZE/E[Z“/Q]):

Similar reasoning as in the previous case

5. FGsub-constraint:

Given:

YUk = ¢ YW, cob T <ty S UL C Y,

FGsub-constraint

el
E;\Ill—clng <262:$7'2

/

To prove: [((cq L 1) )13 C [((e2 = 7)) 0%

IH: [(r Uﬂfm‘ C [(r2 0)]
P

It suffices to prove: V(W ,n,vei,ves) € [((c1 L ) o)l¢ (W,n,ver,ves) € [((c2 =
) 0)1{

GHS

This means that given: (W, n,vey,ves) € [((c1 L ) o)]5

Therefore from Definition 1.4 we are given:
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VW I W,n'<nllEcao= (Wn el,eg)e[rlﬂé/\
Vo, 3 W.01,k.L ):Cl — (Gl,k e ) S L J
VO 3 Wby kL=, = (0,k e) €| Jf 7 (Sub-C1)

And it suffices to prove: (W,n,vey,ves) € [((c2 :$ ) o)]5

Again from Definition 1.4, it suffices to prove:

VW' I W,n" <nLilco = (W' n" e,e) € [malpA
VO 3 W.0,5.L o = (6],4,e1) € [m2 0% 7 A

VO, 3 W.bs,j.L =co = (0),],e2) € |2 UJ% 7

This means that we are required to show the following:

() VW'D W, n" <nLlEcyo = (W' n" e e) € [roli:

We are given W” J W,n"” < n also we know that £ ¢y 0 and co 0 = ¢ o

therefore we also know that £ = ¢; o

Hence by instantiating the first conjunct of Sub-C1 with W” and n” we know that

the following holds
(W”, n”, e1, 62) € ’—Tl U}é

Therefore from TH we get (W”,n”, e1,es) € [12 0|5
(b) V6 3 W01, kL= cy = (0], k,e1) € |72 0% °

We are given some 6, 3 W.0;,k, also we know that L |=c; 0 and co 0 = ¢1 0

therefore we also know that £ =c¢; o

Hence by instantiating the second conjunct of Sub-C1 with 6] we know that the

following holds
(0),k.e1) € |1 UJ% 7

Since 11 0 <: 73 0 and £, o C ¢, o therefore from Lemma 1.23 and Lemma 1.24 we

get
(0], k,e1) € [m2 o) °
(c) V) I Wz, j.L ey = (8),j,e2) € lm2 o) ”

Similar reasoning as in the previous case

6. FGsub-ref:

Given:
FGsub-ref

;U kref 7 <:ref 1
To prove: [((ref 7) o)1 C [((ref 7) o)]5}
Directly from Definition 1.4
. FGsub-base:

Given:

——— FGsub-base
;UkFb<:b

To prove: [((b) )13 C [((b) o)1}

Directly from Definition 1.4
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8. FGsub-unit:

Given:
FGsub-unit

> Wk unit <: unit
To prove: [((unit) )]{ C [((unit) o)]{
Directly from Definition 1.4

Proof of statement 2(a)
Given:

Ukl YU EA< A
Y0 - AL < A

To prove: [((A) a)1¢ C [((A"Y)) o4}
2 cases arise

FGsub-label

1. o C YV o
From Definition 1.4 it suffices to prove: [((A) o) C [((A)) o]{
This we get directly from IH (Statement (1))
2. Lo LV o:
We need to prove that
\V/( W7 n, v, UQ) € [A O--l./\‘/l( W: n, v, ’02) € |VA/ O:IJ\‘}
From Definition 1.4 it suffices to prove:
Vi € {1,2}.Vm.(W(n).9i,m, Ui) S LA Ujv. (W(n)@l,m, ’UZ') < LAJV S \_AI JJV

Since A o <: A’ o therefore from Lemma 1.24 we get the desired

Proof of statement 2(b)
Given: ;9 7 <:7"ANLET o
To prove: [(1 o)]s C [(7/ o)]4

This means we need to prove that
V(W n.e1,e2) € [(T )15 (W,n,e1,e2) € [(7/ 0)]

This means given V(W ,n,e1,e2) € [(T o)A
It suffices to prove that (W,n,e1,es) € [(7' 0)]7

From Definition 1.5 we know we are given:

VHy, Ha,j < n.(n, Hy, Hy) & WA (Hyyer) by (L)) A (Hoyea) b (HS, vh) =
AW’ 3 W.(n— j, H, H)) £ WA (W' n—j,v],v5) € [T o] (Sub-expl)

And we need prove that

WHy1, Hos, k < n.(n, Hyr, Hos) & W A (Ho,ex) U (Hiy, vhy) A (Haa, €) b (Hly, vh) =
AW 3 W.(n—k, Hyy, Hy,) 2w A (W' n —k, vy, vhy) € [T ot

This means that we are given some Hy1, Hoo and k < n such that (n, Hey, Hag) é W A
(Hor,er) bi (Hay, v3y) A (Haz,e2) U (Hay, v,)
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It suffices to prove:

EI W// g W(n - ka HQIl? H2/2) é W” A (W”7 n— k? Uéla ,UéQ) € [T O:“é (73)
Instantiating (Sub-expl) with Ha;, Hoe and k we get

IW' 3 W.(n — k, Hyy, Hyp) & WA (W'in— k0, ) € [7 01 (74)

We choose W in Equation 73 as W' from Equation 74 and we are done

Theorem 1.29 (FG: NI). Say bool = (unit + unit)
Yoy, vo, €, T, 1.
0:0;0, vy :bool” A G:;0:0F, v : bool”
0:0: 2z : bool" | e : boolt A

(®76[vl/x]) Unl (_7 7){) A (@76[7]2/37]) . (_7 Ué) =

v] = vh
Proof. Given some
0:0:0F, v :bool” A 0;0;0F vy : bool "
0:0: 2 : bool " | e : bool™ A
(0, efvr/z]) Uny (= 01) A (0, e[va/2]) I (=, v3)

We need to prove

/A |
U = Vg

From Theorem 1.26 we have

Vn. (B,n,vi, %) € [bool &

Therefore from Theorem 1.26 and from Definition 1.14 we have
vn. (B,n,e[v /2], e[v/z]) € [bool* 5

Therefore from Definition 1.5 v;e know that
Vn.(VHl, Hy 5 < n.(n, Hy, HQ) > WA (Hl,el) o (Hll, U{) A (Haz,e2) | (HQI, ’Ué) = IW' 3

W.(n — j, Hl, H) & W' A (W',n— j !, v}) € [(unit + unit)]¢)
Instantiating with n; + 1 and then with 0,0, n; we get
IW 3 WL, HYL H) S WA (W1, 0], 6) € [(unit + unit)-]4

Since we have (W', 1,v{, v4) € [(unit + unit)*];} therefore from Definition 1.4 we get v = v}
O
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2 Coarse-grained IFC enforcement (SLIO")

2.1 SLIO" type system
2.2 SLIO" semantics
Judgement: e |}; v and (H,e) ll{ (H',v)
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Syntax, types, constraints:

Expressions e == x| Ax.e|ee] (ee)]fst(e)|snd(e)|inl(e) | inr(e) | case(e,z.e,y.e) |
newe|le|le:=e|()]|Ae|e]|ve]|ee]|Lb(e) | unlabel(e) |
toLabeled(e) | ret(e) | bind(e, x.€)

Labels ¢ u= llaleur|ent

Types T u= b|l7r—o7|7x7|7+7|ref £ 7 |unit|Va.r|c= 7| Labeled ¢ T |
SLIO ¢; ¢, T

Constraints ¢ == (L /| (cc)

Type system: | 0T ke: 7]

(All rules of the simply typed lambda-calculus pertaining to the types b, 7 — 7,7 X 7,7 + 7, unit
are included.)

X,UiT'ke: T
Y, U;T'F Lb(e) : Labeled ¢ 7

SLIO*-label

3;U; ' e: Labeled ¢ 7

SLIO*-unlabel
Y, W;T' F unlabel(e) : SLIO ¢; (¢; U ¢) T

;W' e: SLIO 4 4, T
Y, U; T F toLabeled(e) : SLIO ¢; ¢; (Labeled ¢, 7)

SLIO*-toLabeled

Uik e: T

SLIO™-ret
;0T Fret(e) : SLIO 4; ¢; T

X;U:T'ke : SLIO K, £ 7 YU, z:7Fey:SLIO /L L, 7/

: : SLIO*-bind
;W T bind(ey, x.e9) : SLIO ¢; £, T
S U:Tke: 7 U<
SLIO*-sub
YU I'ke:r
Y:;U:T Fe: Labeled ¢ 7 SR
SLIO*-ref

;0T Fnew e : SLIO ¢ £ (ref £ 1)

YU I'ke:ref £ 1

— T — SLIO*-deref
;0T F le: SLIO ¢ ¢ (Labeled ¢ 1)

S:U:T ke :ref 0 7 Y;U:T F ey : Labeled ¢/ 7 Ul
;W' ep :=eg : SLIO £ £ unit

SLIO*-assign

Y,o;U;T'kFe:T . .U ke: Vaur FV({) e X .
SLIO*-FI SLIO*-FE

5. T'F Ae:Var L, UiT'kel]:7[4/a]

XU, ke:r 3U;'Fete=T XU lke
SLIO*-CI SLIO*-CE

Yil'kFrve:ic=>r Y,U:'kFee: T

Figure 5: Type system for SLIO*
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E;\I'I—T{<:7'1 E;\IJI_T2<I7'£
——— SLIO*sub-refl ; ;
Yo hkr<iT iUk —wm<in =7

Uk <7 Uk <

S0 b7 X 79 <:7) X T

SLIO*sub-prod

E;\Ill—71<:7'{ Z;\I/|—7'2<:7‘£

; ; SLIO*sub-sum
S5UEFETm 4+

Uk T <7 Wil

SLIO*sub-labeled
S U F Labeled £ 7 <: Labeled ¢ 7/ sbriabeie

Uk <i7 YUk UL, Tl
;U F SLIO ¢; ¢, 7 <: SLIO ¢ ¢, 7'

SLIO*sub-monad

YU ET <imy
XU EVar <:Va.r

SLIO*sub-forall

sUkeco = ¢ YUk <iTo
YUk =m<ico=>T7

SLIO*sub-constraint

Figure 6: SLIO* subtyping
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———— SLIO*-wff-base - SLIO*-wif-unit
;Wb WF ;U unit WF
Uk m WF YUk WE

SLIO*-wff-arrow
50k (= 1) WF

Uk WF XUk WF

SLIO*-wff-times
Z;\If = (7‘1 X 7'2) WF

Uk m WF YUk WE FV() =10 FV(r)=10
SLIO*-wff-sum SLIO*-wif-ref
.Uk (4 12) WF Y, Uk (ref £ 7) WEF
Y,a; VT WF X;W,eck7WF
SLIO*-wif-forall SLIO*-wif-constraint
U F (Va. 7) WE 5,0tk (c=1)WF

5,0k WF FV() e X
;U + (Labeled ¢ 7) WF

SLIO*-wff-labeled

S:UkrWF  FV(L)eX  FV(,)ex

SLIO*-wff-monad
;U (SLIO ¢; 4, ) WF

Figure 7: Well-formedness relation for SLIO*

e1 i A\z.e; ez | vo eilvo/x] Uy vs

e1 €2 ditjrkt1 v3

SLIO*-Sem-app

e1 ;v ex ;v e i (v, v
1¥i v 2 4; v SLIO*-Sem-prod M SLIO*-Sem-fst
(e1,e2) Vivjr1 (vr, 2) fst(e) Yit1 v1
el (v, v el; v
eV n) e Semesnd : bi : SLIO*-Sem-inl
snd(e) Jiy1 inl(e) {i11 inl(v)
el;v el;inl v er|lv/x] §; v
_ biv SLIO*-Sem-inr bi 1lo/21 85 9 o1 on emecaset
inr(e) Jiq1 inr(v) case(e, x.e1,y.€2) Vitjtr1 V1
el;inrv eslv/z| ; v el; v
bi 2[v/ HLJ 2 SLIO*-Sem-case?2 bi SLIO*-Sem-Lb
case(e, x.e1,y.€2) Vitjr1 2 Lb(e) Yi+1 Lb(v)
el; A e e ;v el; ve; e; Ui v
bide ids SLIO*-Sem-FE bives i b SLIO*-Sem-CE
ef] $ivjr1 v e iyjt1 v
eliv

SLIO*-Sem-ret

(H,ret(e)) I, (H,v)

et i (How) U (H ) ealvf/al bw  (H w) Y (H v))

. 5 — SLIO*-Sem-bind
(H,bind(eq, z.e2)) it irr981 (H", v3)

e |; Lb(v)

7 SLIO*-Sem-unlabel
(Ha unIabel(e)) Ui—l—l (H7 U)




2.3 Model for SLIO*
W : ((Loc — Type) x (Loc — Type) x (Loc <+ Loc))

Definition 2.1 (SLIO*: 6, extends 6;). ; C 0 =
Va € 91.91(@) =7 — 92((1) =T

Definition 2.2 (SLIO*: W, extends W;). Wi C Wy =
1. Vie {1,2}. Wi.0; C Wa.0;
2. Vp € (Wi.B).p € (Wa.f)

Definition 2.3 (SLIO*: Value Equivalence).

(W,?’L, U1, '02) € [71\6

A
ValBg(A, W 6y 0102 T) 24 v (.04, w) € Ll

(W.02,7,m) € [T]v
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Definition 2.4 (SLIO*: Binary value relation).

b]4A S {(W n,vi,ve) | v = v A{v, v} € [b]}
Funit] 4 & {(Won,0,0) ] 0 € [unit]}
[7'1 X 7'2-‘{/1 = {( (7}177]2) (”17’”5)) | (W, n, 'Ulﬂv{) € [71-‘{/‘/\ (W, n, 1)27%) = {TQ—I{}}
m1+ 2 {(Wnind i o) | (W, 000) € (]}
{(W,n,inr v,inr ') | (W,n,v,0") € [Tﬂ“\é}

{(W,n, \x.e1, A\z.e2) |

YW' '3 W,j <n,v,vs.

(W' 4, 0,0) € [1]g == (W', g er[nn/a], ealw/a]) € [r2]7)A
Vo, 3 W.01, v, j.

(01,4, ve) € [m]v = (61,4, ex[ve/2]) € [T2] £)A

V@l 1 W.QQ, Uc,j.

(61 dv0) € Imly = (B ealuefa]) € L))}

Va.r]3 {(W,n,Aey, Aeg) |

YW 3 W,j<nt €L.

(W', j,e1,e2) € [T[¢/a]]7)A

VO, 3 W.01,0" € L,j.(0, 7, e1) € [T[l"/a]] pA

VO, 2 W .02, 0" € L,j.(01, ), e2) € [T[t" /0] £}

{(W,n,vey,ves) |

YW '3 W,j<n.

LEc= (W, je1es) € [T]EN

Vo, 3 W.01,5.L ): c — (Hl,j, 61) S LTJE/\

VO, 3 W.h,j.L=c = (0,),e2) € |T]E}

{(W,n, a1, a) |

(a1, a2) € W.B A W.01(ay) = W.02(ap) = Labeled ¢ 7}
{(W,n,Lb(vy),Lb(v2)) | ValEq(A, W, €, n,v1,v2,7)}

{(W,TL, v, v2) ’

(Vk <n, W, 3 W,H, H.(k, Hy, Hy) > WoA

Vol v}, 4. (i, o) 4 (H{ v)) A (Hayv0) W (S, wb) N j < b =
W' 3 Wk = j, HY, Hy) > W' A ValBg(A, W',k = o, o], 05, 7) ) A
Vi € {1,2}.(Vk,ee 0 W0 H,j(ky H) > 0 A (H, o) U (H o) A j <k —
30" 30c.(k—j,H)>0' N0 k—j,v)) € [T]vA

(Va.H(a) # H'(a) = 30'.0.(a) = Labeled ¢/ 7/ N3 T V')A

(Va € dom(0')\dom(6e).0'(a) \y zl))}

<>
>

(1>

<=
(1>

[c = T]

[ref ¢ ﬂ‘“‘}

[Labeled ¢ 7]¢}
[SLIO ¢, £ 715}

1> 11>

Definition 2.5 (SLIO*: Binary expression relation).

(ﬂé £ {{(W,n,e1,e2) | Vi <ney ;v Aea } 5 = (W,n —i,u,v) € [ﬂ"‘}}
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Definition 2.6 (SLIO*: Unary value relation).

Z
<

unit |y

71 X TQJV

T+ T2y

T — TQJV
Va1 |y
c=1)|v

ref £ 7]y
Labeled ¢ 7|y
SLIO ¢, 45 7|y

1| D 1 | g | | [

o

0,m,v) | ve[b]}
6,m,v | v € [unit]}

(1)1,1)2)) ‘ (Q,m, Ul) S Llev N (H,m, ’1)2) € \_Tsz}

{(

{(

{(0,

{(8,m,inl v) | (0,m,v) € |m|v}U{(d,m,inrv) | (0,m,v) € [m2]v}
{(0,m,\z.e) | V0 3 60,v,57 <m.(0,],v) €

{(0,m,Ae) |[VO'.0C 0,5 <mNl' € L0, j],e) €
{(8,m, V@)|,C):c = V00T, j<m.(0,]e) €
{(
{(0,

0,m,a) | 0(a)

= Labeled ¢ 7}

0,m,Lb(v) | (6,m,v) € |7]v}

{(6,m,e) |

Yk <m,0. 30, H,j.(k, H)> 0. A (H,v) ] (H'
0 26,.(k—j,H) >0 A

(H/ak _ja

v') €

[rlv = (¢',J.¢lv/a]) €

LT[t/ a]] £}
7] e}

VN <k =
L7]vA

(Va.H(a) # H'(a) = 30 .0.(a) = Labeled ¢/ 7/ N 03 T V')A

(Va € dom(0')\dom(6.).0

(a) N f1)}

Definition 2.7 (SLIO*: Unary expression relation).

Eadb>

2 {(O,n,e) | Vi<nel;v = (0,n—

Definition 2.8 (SLIO*: Unary heap well formedness).

(n, H)>0 =

dom(0) C dom(H

Definition 2.9 (SLIO*: Binary heap well formedness).

(n, Hl,HQ) é %% £

Definition 2.10

Definition 2.11

(

(
Definition 2.12 (SLIO*:

(

Definition 2.13

Ty =

SLIO*:
SLIO*:

SLIO*:

(W.5)
V(al, ag) c
(W,n—

Unary interpretation of T').

Definition 2.14 (SLIO*: Binary interpretation of I).

Ty =

2.4 Soundness proof for SLIO*

) AVa € dom(8).(0,n —

dom(W.01) C dom(Hy) A dom(W .02) C do
- (dom(W.Hl) x dom (W .02))A

(WB)(W@l(al) =
1, Hl(al), Hg(ag)) S
Vi € {1,2}.Vm.Na; € dom(W.0;).(W.0;, m, H;(a;))

i,’l)) S LTJ\/}

1, H(a)) € [6(a)]v

m(HQ)/\

Wﬂg(a )/\
[W.601(a1)]3HA

Label substitution). o : Lvar — Label
Value substitution to value pairs). v : Var — (Val,Val)

Value substitution to values). ¢ : Var — Val

{(0,n,0) | dom(I") C dom () ANVx € dom(I').(0,n,0(z)) € |I'(z)]v}

|72 e}

{(W,n,7) | dom(T") C dom() AVz € dom(D).(W,n,m1(v(x)), ma(1(2))) € [T(2)]¢}

Lemma 2.15 (SLIO*: Binary value relation subsumes unary value relation). VW, vy, v3, A, n, 7.

(W,n, v, 1) € [7]

¢ = Vie{1,2}. Vm. (W.0;,m,v;) €

Proof. Proof by induction on 7
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1. Case b:
From Definition 2.6

2. Case 11 X To:
Given: (W,n, (vi1, viz), (vj1, vj2)) € [11 x 721}
To prove:
VYm. (W.01,m, (vi1,v2)) € |71 X 2]y (PO1)
and

vm. (W.HQ,?TL, (Ujl, Ujg)) S \_’7’1 X 7'2JV (POQ)

From Definition 2.4 we know that we are given
(W,n,vi1,051) € [M]3 A (W, n,vi2,052) € [12]80 (P1)

IHla: Ymq. (W.61,m1,vi1) € [71]v and
IH1b: Vmy. (W.02,m1,v1) € |71y
IH2a: Vmy. (W.01,ma, v2) € |72y and
TH2b: Vimg. (W.02,m2,vj2) € [Ty

From (P01) we know that given some m we need to prove
(W.01,m, (vi1, vi2)) € [11 X T2]v
Similarly from (P02) we know that given some m we need to prove

(W.Hg,m, (Ujl, sz)) S {7’1 X 7—2JV

We instantiate IH1a and TH2a with the given m from (P01) to get
(Wﬂl, m, 'Uil) S Llev and (W.&l, m, 'Ui2) S |_T2JV
Then from Definition 2.6, we get

(W.01,m, (vi1, vi2)) € |11 X T2]v

Similarly we instantiate IH1b and ITH2b with the given m from (P02) to get
(W.02,m,vj1) € |11]v and (W.02,m, vj2) € | 2]y

Then from Definition 2.6, we get

(W.02,m, (vj1,v52)) € |11 X T2]v

3. Case 11 + 7o:

2 cases arise:

(a) vi =inl(v;1) and v = inl(vj1)
Given: (W,n,inl(v;i),inl(vj1)) € [11 + 7]{
To prove:
VYm. (W.01,m,inl(vi1)) € |11+ 2]y (S01)
and
Vm. (W.02,m,inl(vi2)) € |11 + 2]y (S02)
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From Definition 2.4 we know that we are given
(W,n, v, vj1) € [711{/‘ (S0)

IH1: Vm,. (W.Hl,ml, ’Uﬂ) S {TIJV and

TH2: Vms. (W.@Q,mg, ’Ujl) S LTlJV

From (S01) we know that given some m and we are required to prove:
(W.01,m,inl(vi1)) € |71 + 2]y

Also from (S02) we know that given some m and we are required to prove:
(W.02,m,inl(vi2)) € |11 + 2]y

We instantiate IH1 with m from (S01) to get
(W.01,m,vn) € |11]v
Therefore from Definition 2.6, we get
(W.01,m,inl(vi1)) € |71 + T2]v
We instantiate IH2 with m from (S02) to get
(W.0a,m,vj1) € |11]v
Therefore from Definition 2.6, we get
(W .02, m,inl(v1)) € |11+ T2]v

(b) v1 = inr(v;2) and vy = inr(vj2)

Symmetric reasoning as in the (a) case above

4. Case 11 — To:
Given: (W,n,\z.e1,\z.2) € [11 — 1]
This means from Definition 2.4 we know that

VW'D W, 5 <n,o,w.(W,ju,w) € [nli = (W, j elv/s],eln/z]) € [1]h)
A YO D W.br,0,0..((0,0,0) € [ ]v = (01,4, e1[ve/]) € |72]E)
A VO, 3 W.Qg,k:,vc.((el,k, ’UQ) c LTlJV — (Hl,k,eg[vc/m]) S LTQJE) (LO)

To prove:

(a) Ym. (W.01,m,\x.e1) € |11 — 12]y:
This means from Definition 2.6 we need to prove:
VO W.01 CO AV <mNv(0,j,v) € |n]y = (¢,],e1|v/z]) € |=2]E
This further means that we have some €', j and v s.t
WO COAN<mA(,],v)€|n]v
And we need to prove: (6,7, e1[v/z]) € |2 p
Instantiating 6;, ¢ and v, in the second conjunct of LO with ', j and v respectively
and since we know that W.0; C ¢ and (¢',j,v) € |71 ]v
Therefore we get (0',7,e1[v/x]) € [72]E
(b) Vm. (W.Qg,m, )\.T.@Q) S L7'1 — TQJvi

Similar reasoning with ey
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5. Case Va.T:
Given: (W,n,Aeq, Aea) € [Va.7]{
This means from Definition 2.4 we know that

VW, 3 W,ny <n,t' € LWy, np,e1,e2) € [T[ﬁ’/aﬂé)
A YO, 3 W.01,i,0" € E.((Gl,i,el) € {T[ﬁ”/OéHE)
A YO T W.0,1,0" € L.((61,,e2) € [T[l"/]]E) (F0)

To prove:

(a) Vm. (W.01,m,Aey) € |Va.7|y:
This means from Definition 2.6 we need to prove:
Vo' W.0, C 0. Ym' <mNl, € L0, m e) e |T[ly/a]]E

This further means that we are given some ¢, m’ and £, s.t W.0; C 6, m’ < m and
b, e L

And we need to prove: (6/,m’,e1) € |7[ly/a]|E

Instantiating 6, 7 and ¢” in the second conjunct of FO with 6’, m’ and £, respectively
and since we know that W.0; C ¢ and ¢, € L
Therefore we get (6',m/,e1) € |7[lu/a]|E

(b) Ym. (W.02,m,Aes) € |Vo.7]y:

Symmetric reasoning for e

6. Case c = T7:
Given: (W,n,ver,ves) € [c= T]{
This means from Definition 2.4 we know that

\V/Wb; W,TL,<'I’L.£’:C — (Wb,n/7617€2) € |77--|./E'4
AV, D W.b1,j.L=c = (0,j,e1) € |T]r)
/\vel g WHZa]‘C ): c — (glaja 62) € LTJE) (CO)

To prove:

(a) Vm. (W.01,m,ve;) € |c = T]v:
This means from Definition 2.6 we need to prove:
Vo', W.0, C ' Nm' < m.L }: c — (9’,m’, 61) € LTJE
This further means that we are given some 6’ and m/ st W.0; C 6/, m’ < m and
LECc

And we need to prove: (6/,m’,e1) € |7]p

Instantiating ), 7 in the second conjunct of CO with 6, m’ respectively and since we
know that W.0; C 0" and L |= ¢

Therefore we get (0',m/,e1) € |[T]g
(b) Vm. (W.02,m,ves) € [c= T]y:

Symmetric reasoning for e

7. Case ref ¢ 7:
From Definition 2.4 and 2.6
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8. Case Labeled ¢ 7:
Given (W,n,Lbuy, Lbuy) € [Labeled £ 7]}

2 cases arise:

(a) £C A

From Definition 2.3 we know that

(W,n,v,m) € (ﬂ{}

Therefore from IH we get Ym.(W.01,m,v1) € |7|v and Vm.(W .02, m,vw) € |T]v
(b) ¢ £ A:

Directly from Definition 2.3

9. Case SLIO ¢4 £ T:

Given: (W,n, v, vy) € [SLIO ¢; £ ﬂ{}

This means from Definition 2.4 we know that

(Vk <n, W, 3 W, H, H.(k, H, H) > W, AV, v, j.

(Hy, o) Y1 (H{,v) A (Ho, 09) U (Hg,vh) Aj < kb =

IW' 3 W,.(k — j, H, H}) > W' A ValEq(A, W',k — j, b, vl vg,f)) A

Vi € {1,2}.(\715,96 O W0, H,j.(k, H) > 0 A (H, o) U (H o) Aj <k =
30’ 3 0..(k—j,H)> 0" N0 k—j,v) € |T]v A

(Va.H(a) # H'(a) = 30'.0.(a) = Labeled £ 7/ A€, T £) A

(Va € dom(0")\dom(6,).0'(a) s e1)> (CGO)

To prove: Vi € {1,2}. Vm. (W.0;,m,v;) € |SLIO ¢ 43 7|y

This means from Definition 2.6 we need to prove

Vi e {1,2}.Vm.(Vk < m 0. 2 W0, H,j.(k, H) > 0. A (H,0) U (H o) Aj <k —>
30" 2 0e.(k — j, H) o 0 A0 ] — j,0) € [7]v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T V') A

(Ya € dom(€')\dom(8e).0'(a) \, m)

Casel=1

And given some m and k < m,0, 3 W.0,,H,j st (k,H)>0. N (H,v) U; (H' o)A Nj<Ek
We need to prove that

30" 3 0c.(k—j,H )0 A0 k—j4,v) €|T]v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7/ A1 T 1) A

(Va € dom(6')\dom(6.).0'(a) \ 1)

Instantiating (CGO) with [ = 1 and the given k < m, 0. 3 W.0;, H,j we get the desired.
Casel =2

Symmetric reasoning as in the previous case above
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Lemma 2.16 (SLIO*: Monotonicity Unary). The following holds:
V0,0 v, m,m', T.
@,m,v)e|rlv Am'<mAOCH = (0,m,v)e|T]v

Proof. Proof by induction on 7

1. case b:

Directly from Definition 2.6

2. case 11 X Ty:
Given: (8, m, (v, 1)) € |11 X T2]v
To prove: (6/,m’, (v1, 1)) € |11 X T2y
This means from Definition 2.6 we know that

(97m7 ’01) € L7—1JV A (H,m, 'UZ) € LTZJV

IHL: (¢/,m/,n) € |11]v
H2 : (0',m,w) € |n]v

We get the desired from IH1, IH2 and Definition 2.6

3. case 11 + To:
2 cases arise:
(a) v=1inl(vy):
Given: (8,m, (inl v1)) € |71 + =]V
To prove: (6/,m/,inl v) € |11 + 72]v
This means from Definition 2.6 we know that
@,m,vn) € |n1|v
H: (0,m n)e|nlv
Therefore from IH and Definition 2.6 we get the desired
(b) v =inr(v2)
Symmetric case
4. case 11 — Ty:
Given: (6, m,(A\z.e1)) € |11 — T2|v
To prove: (6/,m/,(Ax.e1)) € |11 — T2v

This means from Definition 2.6 we know that

VO".0 C O AV <mNv.(0",4,v) € |m]y = (0", j,e1]v/z]) € |2 E (75)

Similarly from Definition 2.6 we know that we are required to prove
Vo' .¢' C 0" AVE < m’.vm.(e’”, k, 1)1) S {lev — (9”/, k, 61[1}1/:(}]) S I_TQJE

This means that given some 6",k and v such that @ T 0" Ak <m/ A (0" k,v) € |11 ]v

And we are required to prove (6", k,e1[v1/x]) € | 2] p
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Instantiating Equation 75 with 6",k and v; and since we know that ¢/ £ 0" and 6 C ¢’
therefore we have 6 C 0", Also, we know that k < m’ < m and (0", k,v1) € |11 ]v

Therefore we get (0" k,e1[v1/z]) € | 2] E

. case ref ¢ 7:

From Definition 2.6 and Definition 2.1

. case Ya.T1:

Given: (0, m,(Aey)) € [Va.7]y

To prove: (6/,m’, (Aey)) € |Va.7|v

This means from Definition 2.6 we know that

VO".0C 0" AV <mNl € L0 5,e1) € |T[li/d]|E (76)

Similarly from Definition 2.6 we know that we are required to prove
Vo0 C 0" ANVE <m/ Nl € L0,k e1) € [T]lj/a]l]lE

This means that given some 6,k and ¢; such that ' T 0" Nk <m/ Alj € L

And we are required to prove (8", k,e1) € |7[¢;/a]|E

Instantiating Equation 76 with 0",k and ¢; and since we know that ¢’ C 6" and 6 C ¢’
therefore we have 0 C . Also, we know that k < m/ <m and {; € L

Therefore we get (6", k,e1) € [T[(;/a]lE

. case c = T:

Given: (0, m, (ve1)) € [c = T]v
To prove: (6/,m/, (ve1)) € |c=T|v
This means from Definition 2.6 we know that
VO"0C 0" AV <mLEc = (0" j,e1) €|T]E (77)

Similarly from Definition 2.6 we know that we are required to prove
V"0 C O ANVE<m/ LEc = (0" k,e1) € |T]E

This means that given some ",k and ¢; such that ' C 6" ANk <m/ ANl € L

And we are required to prove (8" k,e1) € |7]E

Instantiating Equation 77 with 6", k and since we know that 6’ C " and 0 C ¢’ therefore
we have 0 C 6", Also, we know that k <m' <m and L | ¢

Therefore we get (6", k,e1) € |7]E
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8. case Labeled ¢ 7:
Given: (6, m,(Lbv)) € |Labeled ¢ 7]y
To prove: (6/,m/, (Lbv)) € |Labeled ¢ 7|y
This means from Definition 2.6 we know that (6, m,v) € [7]|v
IH: (0/,m/,v) € |T]v
Therefore from IH and Definition 2.6 we get the desired

9. case SLIO ¢1 ¢5 T:
Given: (0, m,e) € |[SLIO ¢, 4y 7|y
To prove: (6',m/,e) € [SLIO ¢ ¢y 7]y
This means from Definition 2.6 we know that
Yk <m,0. 30, H,j.(k, H) >0 A (H,v) V] (H' W)Nj <k =
30" 36..(k—4,H)>0' N0 k—j,0v")e|T]v A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ T Al1 T ') A
(Va € dom(0')\dom(6.).0'(a) \ 41) (LBO)
Similarly from Definition 2.6 we are required to prove
Vk1 <m’, 01 26, Hy, j1.(k1, H1) > 01 A (H, v1) Ui (H{,v)) N1 < k1 =
3¢’ 1 96.(k1 — J1, Hl) >0 A (9’1,k1 —J1, ’Ul) € LTJV A
(Va.Hy(a) # H{(a) = 3¢'.0.1(a) = Labeled ¢/ 7 A1 T 0') A
(Va € dom(67)\dom(6e1).01(a) N\ £1)

This means we are given
ki <m0 20, Hy, gy st (ky, H) > 0y A (Hy,o) W (HL o)) Ay < By

And we are required to prove:

36’ 3 96.(]431 —jl,Hl) > 6 A (9/1,1431 —jl,’U/) S LTJV A
(Va.Hy(a) # H{(a) = 3'.0.1(a) = Labeled ¢’ 7 A L1 T V') A
(Va € dom(6;)\dom(0e1).01(a) \ 41)

Instantiating (LBO0), k with ki, 6. with 0.1, H with H; and j with j;. We know that
ki <m' <m, 0 C0 C 0, (ki, Hi) v 01, (Hy, o) V] (H{, ) and iy + ji < k1. Therefore
we get

30’ 3 96.(k1 —jl,Hl) >0 A ( ll,k‘l —jl,’U/) € LTJV VAN

(Va.Hi(a) # H{(a) = 3 .0.1(a) = Labeled ¢/ 7 A1 T 0') A

(Va € dom(67)\dom(0e1).01(a) \ 41)

Lemma 2.17 (SLIO*: Monotonicity binary). The following holds:
YW, W' v, v, A n,n 7.
(W,n,v,m) €T An'<n A WEC W = (W, n v,w)c[r]}

Proof. Proof by induction on 7

1. Case b, unit:
From Definition 2.4
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2. Case 11 X To:
Given: (W,TL, ('Uﬂ, 'UiQ), ('Ujl, 'Ujg)) € {Tl X 7'2~|‘é

To prove: (W', n/, (vi1, vi2), (vj1,vj2)) € [11 X Tg]{}

From Definition 2.4 we know that we are given
(W,n,vi1,vj1) € [T1]3 A (W, n, vz, vj) € [12]5}
TH1 : (W0, v, 051) € [1]E
TH2 : (W1, vz, vj2) € [12]4h

From IH1, TH2 and Definition 2.4 we get the desired.

3. Case 11 + 79:
2 cases arise:
(a) v = inl v;; and vy = inl v;o:
Given: (W, n,(inl v;1,inl v2)) € [11 +Tﬂ“‘j‘
To prove: (W', n/, (inl vi1,inl v;2)) € [11 + 72]{
From Definition 2.4 we know that we are given
(W,n, v, v2) € [7’1]{}
IH: (W', n' v, v0) € (Tﬂ““}
Therefore from Definition 2.4 we get
(W' n/inl v, inl v2) € [11 + 725}
(b) v =inr(vi2) and vy = inr(ve2):
Symmetric case
4. Case 1 — To:
Given: (W,n, (A\z.e1), (A\z.€2)) € [11 = 2|5
To prove: (0/,n', (A\z.e1), (Az.€1)) € [11 = 2|5
This means from Definition 2.4 we know that the following holds

YW 3 W,j <nou,u((Wjv,w) € [0l = (W, jeln/z]elwn/z]) € [r]h)
(BM-A0)

VO, 3 W.b1,5,v..((01, 7, vc) € |1]v = (01,7, e1][ve/x]) € |72]|E) (BM-A1)
VO, 3 W.0a, 4, v..((01,5,vc) € |mi|lv = (6,7, e]v./x]) € |m2]E) (BM-A2)

Similarly from Definition 2.4 we know that we are required to prove

(a) VW’;‘Q W'k </ o, vy (W ko), vh) € Trlf = (W k,ex[v]/z], e2]v}/7]) €
[m21%):
This means that we are given some W” 3 W', k < n’ and v, vj s.t
(W" kv, vp) € [m]i
And we a required to prove: (W”,k,e1[v]/x], ea[vy/x]) € [12]5
Instantiating BM-AQ with W”,k and v, v) we get
(W”7 k, 61[7}{/«73]7 eQ[Ué/x]) € (Tﬂﬁ
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(b) V&; | W’.&l,k, 1}2.((02,/{, Ué) c LTIJV — (Qf,k,el[vé/x]) S LTQJE>:
This means that we are given some ¢, J W'.0;, k and v, s.t
(0}, k. v;) € [m]v
And we a required to prove: (0}, k,ei[v./z]) € [72]E

Instantiating BM-A1 with 6],k and v) we get
(0, k, er[vi/x]) € | 2]

(c) YO, 3 W .0, k,v.((0),k,v)) € [m]y = (0], k,ex[v)/x]) € |[72]E):
This means that we are given some §; 3 W'.0;, k and v s.t
(01, vl) € [m]v
And we a required to prove: (0], k,ez[v./z]) € |72]E
Instantiating BM-A1 with 6}, k and v, we get
(01, k, e2lve/x]) € | 2]

5. Case ref ¢ 1:
From Definition 2.4 and Definition 2.2

6. Case Va.T:
Given: (W,n, (Ae1), (Ae2)) € [Va.7]5}
To prove: (6,7, (Aey), (Aer)) € [Va.7]{
This means from Definition 2.4 we know that the following holds
VW'D W,n' <n, 0 € LW n' e, e) € [T[l')a]]3) (BM-F0)
VO, 3 W.01,5,0 € L.((01,7,e1) € |T[¢'/a]]E) (BM-F1)
VO, 3 W.0s, 5,0 € L.(0;,7,e2) € |T[l'/a]|E) (BM-F2)

Similarly from Definition 2.4 we know that we are required to prove

(a) YW" 3 W' n" <n' 0" € L.AW",n" e1,e3) € [T[l"/a]]):
This means that we are given some W” 3 W/, n” <n/ and ¢ € L
And we a required to prove: ((W”,n" e1,es) € [T[¢"/a]]7)
Instantiating BM-FO with W”,n” and ¢’. And since W” 3 W' and W/ 3 W

therefore W” 3 W. Also since n” < n’ and n’ < n therefore n” < n. And finally
since ¢ € L therefore we get

(W",n",ex,e) € [7[0"/a]]3)

(b) VO, 3 W'.01,k, 0" € L.(8],k,e1) € [T[l" /o] |E):
This means that we are given some 6] 3 W'.0,, k and £ € L
And we a required to prove: ((0],k,e1) € [7[¢"/a]|E)

Instantiating BM-F1 with 6], k and ¢”. And since ; 3 W’.6; and W' 3 W therefore
67 3 W.6,. And since ¢" € L therefore we get

(67, k, e1) € [7[0"/a]]E)
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(C) V&l | W.Hg,j,g// S £((92, k,eg) c {T[ﬁ/l/a”]g):
This means that we are given some §; 3 W'.0, k and £ € L
And we a required to prove: ((0],k,ez2) € [7[¢"/a]]E)

Instantiating BM-F1 with 6], k and ¢”. And since 6; 3 W’.6, and W' 3 W therefore
05, 3 W.05. And since " € L therefore we get

(67, k, e2) € |7[t"/al] )

7. Case c = T:
Given: (W,n, (ve1), (ve2)) € [c= T]{
To prove: (6,7, (ve1), (ver)) € [c = T]{}
This means from Definition 2.4 we know that the following holds
YW I W,n'<nllEc = (W nee)€[rT]h (BM-CD0)
VO, D W.0,j.LEc = (6i,],e1) € |T]E (BM-C1)
VO, O W.s,j.L =Ec = (0i,],e2) € |T]E (BM-C2)

Similarly from Definition 2.4 we know that we are required to prove

(a) VW' D W' n" <nLlc = (W' n" e,e) € [T]p:
This means that we are given some W” J W', n” <n/ and L = ¢

And we a required to prove: (W”,n” e1,es) € [7]5

Instantiating BM-CO with W”,n”. And since W” 3 W' and W' 3 W therefore
W” 3 W. And since L = ¢ therefore we get

(W" 0" e1,e) € [T]H
(b) VO 3 W' .01, kLI c = (0 ke1) € |7]p:
This means that we are given some #) 3 W’'.6;, k and L |= ¢
And we a required to prove: (0),k,e1) € |T|E
Instantiating BM-F1 with 6;,k. And since §; 3 W'.0; and W' 3 W therefore
07 3 W.0,. And since L = ¢ therefore we get
(0, k,e1) € [T]E
(c) VO, I W02, k.L =c = (0;,k,e2) € |T]|E:
This means that we are given some ¢, 3 W'.0,, k and L |= ¢
And we a required to prove: (0], k,e2) € [T]E
Instantiating BM-F1 with 6;,k. And since 0 3 W'.0, and W' 3 W therefore
¢, 3 W.6;. And since L = c therefore we get
(01 k. e2) € 7]

8. Case Labeled ¢ 7:
Given: (W,n, (Lbvy),(Lbwy)) € [Labeled ¢ 7]{}
To prove: (W', n/, (Lbv;), (Lbue)) € [Labeled £ 75}

From Definition 2.4 2 cases arise:
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(a) LC A:
In this case we know that (W, n, v, v2) € [7]{
Therefore from IH we know that (W', n/ v, ») € [ﬂ{}
Hence from Definition 2.4 we get (W', n/, (Lbv;), (Lbwy)) € [Labeled £ 7]}

(b) ¢ £ A:
In this case we know that Vm. (W.01,m,v1) € |7]y and (W.02,m, n) € |T|v
Since W.6; C W'.0; (from Definition 2.2). Therefore from Lemma 2.16 we know that
vm' <m. (W'.01,m' v) e |7]v
Similarly since W.0 C W’.05 (from Definition 2.2). Therefore from Lemma 2.16 we
know that

Vm' <m. (W'.0,m' w) e |T]y

Finally from Definition 2.4 we get (W’,n’, (Lbvy), (Lbus)) € [Labeled £ 715}

9. Case SLIO ¢1 ¢35 T:
Given: (W,n, v, vy) € [SLIO 1 £ ﬂ{}
To prove: (W', n',vi, u) € [SLIO ¢; €y 7]
From Definition 2.4 we are given that
(\m <n, W, 2 W, H, H.(k, H, Hy) > W, A
Vol v}, 4. (Hy, o) U (H o)) A (Hay o) U (Hy, wh) A j < b =
IW' 2 We.(k — 4, H, H)) > W' A ValEg(A, W', k — j, £, 0], fug,f)) A
Vi€ (1,2} (Vh, 0 3 W00, H, j.(k, H) 5 0 A (H,w) U (' o) A j < b —
30" 2 0c.(k— §, H) >0 A0k — j, ) € [7)y A
(Va.H(a) # H'(a) = 30'.0.(a) = Labeled £ 7/ A ¢ T £) A
(Va € dom(€')\dom(6e).0'(a) \, zl)) (BM-MO)

Similarly from Definition 2.4 it suffices to prove that

(a) (sz <n, W. 2 W, Hy, Ho.(k, Hi, Ho) > W, A
Vol v}, 4. (Hy, o) V) (H{ o)) A (Hay o) W (Hy wh) A j < b =
AW 2 Wk = j, H{, Hg) > W' A ValBa(A, W',k = j, b2, o], v3,7) ):
This means that given some k <n, We 3 W, Hy, Hy, v{, v}, j s.t
(k, Hy, Hy) > Wo A (Hy, ) 4 (H{, 0f) A (Hayw) U (Hy, vh) Aj < k
It suffices to prove that
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, la, v, v}, T)
Instantiating the first conjunct of (BM-MO0) with the given k, W, 3 W, Hy, Ha, vy, v}, j
and since we know that n’ <n and W C W’ we get the desired
(b) VL& {1,2}.(Vk, 0 3 W00, H,j.(k, H) b 6 A () U (' o) A j < s =
30’ 3 0..(k—j,H)> 0 N0 k—j,v) € |T]v A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A
(VYa € dom(€')\dom(6e).0'(a) \, el)):

Similar reasoning as in the previous case but using Lemma 2.16
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Lemma 2.18 (SLIO*: Unary monotonicity for T'). V8,6,§,T,n,n’.
O,n,0)e Ty An <nAOCH = (0/,n,0) €[]y

Proof. Given: (6,n,0) € ||y An'<nAOCE
To prove: (6/,n',0) € |[T'|y

From Definition 2.13 it is given that
dom(I') C dom(6) AVx € dom(I").(0,n,d(x)) € |I'(x)]v

And again from Definition 2.13 we are required to prove that
dom(T) C dom(8) AVz € dom(T).(¢/,n,d(x)) € |['(x)]v
e dom(T') C dom(9):
Given
o Vz € dom(T).(0/,n',0(x)) € |T'(z)]v:
Since we know that Va € dom(I").(0,n,d(x)) € [I'(x)]y (given)
Therefore from Lemma 2.16 we get

Vo € dom(T).(0',n',6(x)) € |[T'(x)]v

Lemma 2.19 (SLIO*: Binary monotonicity for T'). VW, W’ §, T, n,n’.
(Wn,y)e|lly An'<nAWEW = (W ,n~v) ell|y

Proof. Given: (W,n,y) € [I'Jy An'<nA WC W
To prove: (W', n/;~) € [T']y

From Definition 2.14 it is given that
dom(T') C dom(y) AVx € dom(T).(W,n, 71 (y(2)), m2(y(2))) € [T(z)]{

And again from Definition 2.13 we are required to prove that

dom(T') C dom(y) AVz € dom(T).(W’',n/, m(v()), m2(y(z))) € [T(2)]{

e dom(I') C dom(vy):
Given

o Vo € dom(D).(W',n',m1(v(2)), ma(7(x))) € [T(2)]i*
Since we know that Vo € dom(T).(W,n, mi(y(z)), m2(v(z))) € [T'(z)]{ (given)
Therefore from Lemma 2.17 we get

Yz € dom(T).(W',n',m1(v(z)), m2(v(x))) € [T(2)]3

Lemma 2.20 (SLIO*: Unary monotonicity for H). V8, H,n,n’.
(n,H)pO An'<n = (n/,H)>60
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Proof. Given: (n,H)>0 An' <n
To prove: (n’,H)>6

From Definition 2.8 it is given that
dom(0) C dom(H) AVa € dom(0).(0,n —1,H(a)) € |0(a)]v

And again from Definition 2.13 we are required to prove that
dom(0) C dom(H) AVa € dom(0).(0,n' —1,H(a)) € [ (a)]v
e dom(0) C dom(H):
Given
e Va € dom(0).(,n' —1,H(a)) € |6 (a)]v:
Since we know that Va € dom(6).(0,n — 1, H(a)) € |0#(a)]y (given)
Therefore from Lemma 2.16 we get
Va € dom(6).(0,n" —1,H(a)) € |0'(a)]v

Lemma 2.21 (SLIO*: Binary monotonicity for heaps). VW, Hy, Hy,n,n’.
(n,Hl,Hg) >W AR <n = (’I’L/,Hl,HQ) > W

Proof. Given: (n, Hy,H))> W An'<n A WE W
To prove: (n', Hy, Hy)> W

From Definition 2.9 it is given that

dom (W .01) C dom(Hy) A dom(W.02) C dom(Ha)A

(W.B) € (dom(W.601) x dom (W .02))A

V(al, az) S (WB)(WQl((Zl) = Wﬂg(ag)/\

(W,n—1,H(a1), Ha(a2)) € [W.01(a1)$H)A

Vi e {1,2}.VmNa; € dom(W.0;).(W.0;,m, Hi(a;)) € | W.0;(a;)]|v

And again from Definition 2.9 we are required to prove:
o dom(W.01) C dom(Hy) A dom(W .62) C dom(Hs):
Given
o (W.3) C (dom(W.01) x dom(W .05)):
Given
° V(al, a2) S (WB)(WQl(al) = W.QQ(CLQ) and (W,n/—l,H1(a1),H2(a2)) S [Wﬂl(alﬂé):
V(al, ag) S (WB)
- (W.Hl(al) = W.@Q(ag)l Given
— (W,n' — 1, Hi(a1), Ha(az)) € [W.01(a1)]7):
Given and from Lemma 2.17
e Vie {1,2}.YmNa; € dom(W.0;).(W.0;,m, Hy(a;)) € | W.0;(a;)]v:

Given
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Theorem 2.22 (SLIO*: Fundamental theorem unary). VX, ¥, T, 0, L. e, 7,0,0,n.
XoUiT'ke:7 A
LETYoA
0,n,0)e|loly =
(0,n,ed)e|TolE

Proof. Proof by induction on SLIO* typing derivation

1. SLIO*-var:

SLIO*-var

YUtk ax: 7

Also given is L= ¥ o A and (0,n,6) € [T oy

To prove: (8,n,z06) € [T ol

This means that from Definition 2.7 we need to prove
Vi<nzdliv = (,n—1,v)€|T]v

This means that given some i <n s.tx J J; v

(from SLIO*-Sem-val we know that v = = ¢ and i = 0)

It suffices to prove (0,n,x 0) € [T oy (FU-V0)

Since (0,n,06) € |IV o]y where I = T'U {x : 7}. Therefore from Definition 2.13 we know
that (0,n,0(z)) € [I'(x) o|v

So we are done.

2. SLIO*-lam:

SOl z:mbe:m
0T R Axe (1) — 1)

Also given is L=V o A and (0,n,0) € |[I' o]y

To prove: (6,n,Az.e; §) € |[(11 — ™) 0]k

This means that from Definition 2.7 we need to prove

Vi <ndx.e' d ;v = (O,n—1i,v)€e|(n—mn) oy
This means that given some i < n s.t Axz.e/ § {|; v

(from SLIO*-Sem-val we know that v = A\z.e¢’ § and i = 0)
It suffices to prove

O,n, z.€ 6) € | (11 = ) oy (FU-LO)

From Definition 2.6 it further suffices to prove
V9" 30,05 <n.(0",4,v") € [m o)y = (0",5,(e 0)[v/z]) € |2 0k
This means given some 6", v',j st 0" 360, j <n and (0”,5,v") € | o]y (FU-L1)

We are required to prove
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(60", 4, (" O)[v'/z]) € |72 o]

Since (0,n,0) € |I" 0|y therefore from Lemma 2.18 we know that (6, 7,0) € |I" 0|y where
j <mn (from FU-L1)

IH:

veha Vg - (ehvjv e ou {ZL‘ = UZ}) € I_TQ UJE> s.t (eivjv UI) € LTl UJV

Instantiating TH with 6” and v’ from (FU-L1) we get (8", 4, (¢/ 0)[v'/z]) € |72 0B
. SLIO*-app:

50T Fep: (1 — 1) S:U:T'key:my
XUk ep eo: 1o

Also given is L =V o A and (0,n,0) € | o]y
To prove: (0,n,(e1 e2) ) € |2 olp

This means that from Definition 2.7 we need to prove
Vi<n.epex) d v = (,n—1,v) € |0y

This means that given some i < n s.t (e1 e2) § {; v

It suffices to prove

O,n—1i,v) € |m oy (FU-PO)

IH1:
Vj < n.ei 5“] U] — (G,n—j, 1)1) < {(Tl — 7'2) UJV

Since we know that (e1 e2) 0 |; v therefore 35 < i < n s.t e; 6 {; vi. This means we have

(9,')1 -7, 'Ul) € L(Tl — 7'2) UJV

From SLIO*-Sem-app we know that v; = Az.e’.Therefore we have
(9,71 -7, )\$.€/) S L(Tl — 7'2) O'JV (FU—Pl)

This means from Definition 2.6 we have

V0" JONT < (n—3),v.(0", I,v) e |n oy = (0",1,€[v/x]) € | 0olE (78)

TH2:
Vk<(n—j)eadlx o = (0,n—j—kw)ec|mnaoly

Since we know that (e1 ez) 0 {; v therefore 3k < i — j (since i < n therefore i — j < n —j)
s.t eg 0 | v2. This means we have

(9,71 —7—k, ’UQ) S LTl O'JV (FU—PQ)

Instantiating Equation 78 with 6, (n — j — k), v2 and since we know that (0,n—j—k, v) €
|71 o]y therefore we get

O,n—j—k,en/z]) €|naolp
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This means from Definition 2.7 we have

VJ<n—j—k.6/[Ug/l’] U vf —> (Q,n—j—k—J,vJ)G LTQ O'JE

Since we know that (e; e2) ¢ |J; v therefore we know that 3J <i<nsti=j+k+J
(since j + k + J < n therefore J <n —j — k) and €'[va/x] {5 vy

Therefore we have (0,n —j —k — J,vy) € |72 0 E

Since we know that i = j + k + J and v = vy therefore we get (6,n —i,vy) € |12 o|E (s0
FU-PO is proved)

4. SLIO*-prod:

XUl ke :m XU eg o
N0 T E (erse2) 1 (11 X 72)

Also given is L= ¥ o A and (0,n,6) € [T oy

To prove: (0,n,(e1,e2) §) € [(11 X 12) 0k

This means that from Definition 2.7 we need to prove
Vi <n.(er,e2) d iv = (6,n—1i,v) € |(nn xXT) oy
This means that given some i < n s.t (e1,e2) § {; v

It suffices to prove
O,n—1i,v) € (11 X T2) oy (FU-PAO)

IHI:
Vi < n.ej (5U] v = (G,Tb—j, Ul) € {7_1 JJV

Since we know that (e, e2) d |J; v therefore 3j < ¢ < n s.t eq § ||; vi. This means we have
(9,71 — j, 1)1) S LTl O'JV (FU—PAl)

IH2:

Vk < (n—j).eg (5Uk Uy — (H,n—j —k,UQ) S LTQ O'JV

Since we know that (e; ez) d |}; v therefore 3k < i — j (since i < n therefore i —j < n —j)
s.t eg 0 | vo. This means we have

(Q,TL —j — k, ’UQ) S LTQ UJV (FU—PAQ)

In order to prove (FU-PAO) from SLIO*-Sem-prod we know that ¢ = j + k + 1 and
v = (v1, 12) therefore from Definition 2.6 it suffices to prove

(On—j—k—1wu)e|nolyand (@,n—j—k—1w)e[naly
We get this from (FU-PA1) and Lemma 2.16 and from (FU-PA2) and Lemma 2.16
5. SLIO*-fst:

Ui T Re (g X 7o)
YU T - fst(e!) 1y

117



Also given is L=V o A and (6,n,0) € [T v
To prove: (0,n,fst(e’) ) € |[m1 olE

This means that from Definition 2.7 we need to prove
Vi <nfst(e) d v = (O,n—i,v) € |m o]y

This means that given some i < n s.t fst(e’) 6 ; v

It suffices to prove

O,n—1i,v) € |m o]y (FU-F0)

IHI:

Vj<n.e oy (vi,m) = (0,n—7j,(v,m)) e [(nxmn)oly

Since we know that fst(e’) 0 {; v therefore 35 < i < mn s.t € § |; (v, v2). This means we
have

(9,71 —j, (1)1,1}2)) c L(Tl X 7’2) UJV

From Definition 2.6 we know the following holds
(Q,TL -7, 1)1) € LTI JJV and (Q,TL -7, 1)2) < LTQ JJV (FU—FI)

From SLIO*-Sem-fst we know that v = v; and i = j + 1. Therefore from (FU-FO0), we are
required to prove

(Q,TL -J—1 Ul) € L’rl UJV
We get this from (FU-F1) and Lemma 2.16
. SLIO*-snd:

Symmetric reasoning as in the SLIO*-fst case above

. SLIO*-inl:

Uil ke im
Y0 T Hinl(e) @ (11 + )

Also given is L=V o A and (0,n,0) € | o]y

To prove: (6,n,inl(e’) §) € |[(11 +72) ok

This means that from Definition 2.7 we need to prove
Vi <n.inl(¢)) 6 J; v = (O,n—i,v) € (11 +72) o]V
This means that given some i < n s.t inl(e’) 6 {; v

It suffices to prove
O,n—i,v) € [(1+ 7)oy (FU-LEO)

IHI:

Vi<ne oljuv = (O,n—j,un)e|noly

Since we know that inl(e/) § {}; v therefore 3j < i < n s.t € ¢ §; v;. This means we have
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(9,')1 -7, 1)1) S LTI O’JV (FU—LEl)

From SLIO*-Sem-inl we know that v = v; and ¢ = j 4+ 1. Therefore from (FU-LE0Q) w we
are required to prove

@,n—j7—1v)€|(nn+mn) oy

From Definition 2.6 it suffices to prove

(97n _.j - 17 1)1) € L’rl UJV

We get this from (FU-LE1) and Lemma 2.16
. SLIO*-inr:

Symmetric reasoning as in the SLIO*-inl case above

. SLIO*-case:

50T Fee: (114 72) YUz :mbe XUl y:mbke: T
;W T+ case(e, x.e1,y.€2) : T

Also given is L= ¥ o A and (0,n,6) € [T oy

To prove: (6,n, (case e, x.e1,y.e2) ) € |T 0|k

This means that from Definition 2.7 we need to prove
Vi < n.(case e, z.e1,y.€2) 6 i v = (0,n—1i,v) € [T o]y
This means that given some i < n s.t (case e., z.e1,y.e2) 6 {; v

It suffices to prove
O,n—1i,v)€|T o]y (FU-C0)

IHI:
Vi<necoljv. = (O,n—j,u)e|(n+mn)olv

Since we know that (case e, x.e1,y.e2) 6 {; v therefore 3j < i < n s.t ec 6 {; v.. This
means we have

(0,n—j,v) € [(11+72) o]y (FU-C1)
2 cases arise:
(a) v =inl(v):

IH2:
VE<(n—j)erdU{z—ultdrn = O,n—j—kv)e|roly

Since we know that (case e.,z.e1,y.e2) § |; v therefore Ik < i — j (since i < n
therefore i —j <n —j) st e; §U{z — u} | vi. This means we have

O,n—j5—k,v)e|Toly (FU-C2)

From SLIO*-Sem-casel we know that i = j + k + 1 and v = v;. Therefore from
(FU-CO) it suffices to prove

(O.n—j—k—1u)€[roly
We get this from (FU-C2) and Lemma 2.16
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(b) v =inr(vy):

Symmetric reasoning as in the previous case

10. SLIO*-FTI:

S0 e 7
;T F A€ : Va.r

Also given is L=V o A and (0,n,6) € [T o]y

To prove: (6,n,Ae’ §) € |(Va.(le,T)) 0B

This means that from Definition 2.7 we need to prove
Vi<nAe 6, v = (0,n—1i,v) € |[(Va.T) o]y

This means that given some i < n s.t Ax.e/ § {; v

(from SLIO*-Sem-val we know that v = Ae’ § and i = 0)

It suffices to prove
(0,n,Ae’ §) € |(Va.1) o]y (FU-FI0)

From Definition 2.6 it further suffices to prove

VOO, 5 <nVl € L(0,]5,¢0)¢e |T[¢'/a]lk

This means given some ¢',j,¢' € Lst ¢ 36, j <n (FU-FI1)
We are required to prove

(,j.( &) € [7[¢/a] o]p  (FU-FI2)

Since (0,n,0) € |I" oy therefore from Lemma 2.18 we know that (6,7,0) € [I" 0|y where
j <mn (from FU-L1)

IH: (0,5, 0) e [roU{a—l}E
(FU-FI2) is obtained directly from IH
11. SLIO*-CI:

YU, eTkHe 7
S Tkve:ic=1

Also given is L=V o A and (0,n,0) € | oy

To prove: (0,n,ve’ §) € |(c=7) 0|k

This means that from Definition 2.7 we need to prove
Vi<nwve dl;v = (O,n—iv)€|(c=>7) 0]y

This means that given some i < n s.t ve’ § ; v

(from SLIO*-Sem-val we know that v = ve’ § and i = 0)
It suffices to prove

O,n,ve’ 8) € |[(c=T) oy (FU-CI0)

From Definition 2.6 it further suffices to prove
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12.

LEc = VPOCH,j<n.(0,jed)e|r]e

This means given £ |= ¢ and some ¢',j s.t ' 36, j <n (FU-CI1)
We are required to prove

0',45,(e0)) e |rolp (FU-CI2)

Since (0,n,0) € |I" oy therefore from Lemma 2.18 we know that (6,7,0) € [I" 0|y where
j <n (from FU-L1). Also we know that £ |= ¢ o therefore £ = (X U{c}) o

IH: (elaja e 5) € LT UJE
(FU-CI2) is obtained directly from IH
SLIO*-FE:

0T Fe :Var FV({) e X
S0 T e [ 7[e/a]

Also given is L =¥ o A and (0,n,6) € [ 0|y

To prove: (0,n,€'[| 0) € |7[¢/a] o]k

This means that from Definition 2.7 we need to prove
Vi<nel]oliv = (O,n—i,v) € |7[l/a] o]y
This means that given some i < n s.t €[] § ; v

It suffices to prove

0,n—1i,v) € |[7[l/a] o]y (FU-FEO)

IH: (0,n,¢ d) € |Va.7|E

From Definition 2.7 we know that
Vhy < n.€ 6 p, Aepy = (0,n — hy,Aepy) € |(VauT) oy

Since €[] § reduces therefore we know that 3h; < i < n such that €' § |5, Ae;
Therefore we know that (6,n — hy, Aepy) € [(Va.7) oy

From Definition 2.6 we know that
Yo" g 9,:13 < (77, — hl),fh S E.(Q”,x,ehl) S L(T[ﬂh/a]) UJE

Instantiating #” with 6, x with n — h; — 1 and ¢}, with £. So, we get
(@,n—hy —1,ep) € [(T[¢/a]) ok

From Definition 2.7 we know that the following holds

Vhe <n—hy —lep 6 dp, v = (O,n—hy —1—ha,v) € |[(7[l/a]) o]y

Since €/[] § reduces in 7 steps therefore from SLIO*-Sem-FE we know that (i = hy +ho+1)
and since we know that ¢ < n therefore we have hy < n — hy — 1 such that ep; 0 {p, v.
Therefore we get

(@,n—hy —1—ho,v) € |[(T[/a]) o]V
Since i = hy + ho + 1 therefore we get
(0,n—i,v) € [(T[¢/a]) o]v
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13.

14.

SLIO*-CE:

S U:TkHe :e=71 X Ukc
YU T e o7

Also given is L=V o A and (0,n,0) € | o]y

To prove: (6,n,e' e §) € [T ol

This means that from Definition 2.7 we need to prove
Vi<nee dliv = (0,n—1i,v)€|T0o]y

This means that given some i <ns.t e e § ;v

It suffices to prove

O,n—1i,v)€|Toly (FU-CEO0)

IH: (0,n,¢' ) €|lc=T0lE

From Definition 2.7 we know that

Vhy <n.e 0 4p, veny = (0,n—hy,vep) € [c =T o]y
Since ¢’ @ § reduces therefore we know that 3h; < i < n such that €’ § {5, vep,
Therefore we know that (6,n — hy,vep) € [c= T oy

From Definition 2.6 we know that

LEco = V0" J0,x<(n—h).(0",z,ep1) € |7 0|E

Since we know that £ = ¢ o and then we instantiate 8” with 6, x with n — h; — 1. So, we
get

(9,71 — hl — 1,6h1) S LT O'JE

From Definition 2.7 we know that the following holds
Vho <n—hy —l.ep 5~Uh2 v — («9,n—h1—1—h2,v) S LT JJV

Since €’ @ § reduces in i steps therefore from SLIO*-Sem-CE we know that (i = hi+ha+1)
and since we know that ¢ < n therefore we have ho < n — hy — 1 such that ey 0 {n, v.
Therefore we get

(O,n—hy —1—ho,v) €T 0]y
Since we know that i = hy + ho + 1 therefore we get
(9,71—7:, U) € LT O-JV

SLIO*-ref:

Y:U:T k¢ : Labeled ¢/ 7 Uil
30T+ new (e) : SLIQ £ ¢ (ref ¢ 7)

Also given is L=V o A and (0,n,0) € | o]y
To prove: (6,n,new (') §) € |SLIO £ ¢ (ref ¢/ 7) 0|

This means that from Definition 2.7 we need to prove
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Vi <n.new (¢) § |}, v = (O,n —i,v) € |SLIO L L (ref £/ 7) o]y
This means that given some i < n s.t new (¢/) § |; v

(from SLIO*-Sem-val we know that v = new (¢’) ¢ and i = 0)

It suffices to prove

(0,n,new (e') 0) € |SLIO ¢ ¢ (ref ¢/ 7) o]y

From Definition 2.6 it suffices to prove

Yk <n,0. 30, H,j.(k, H)> 0. A (H new (¢') 0) U (H o)A j <k =
30 36..(k—j, H)>0 A0, k—j,v') € |(ref £ 7)]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(0")\dom(6e).0'(a) \ {)

This means given some k < n,0, 360, H,js.t (k, H)>0.A(H,new (') 0) Uf (H',v")Aj < k.
Also from SLIO*-Sem-ref we know that v = a

It suffices to prove

30" 3 0,.(k — 3, H) >0 A0,k — j,a) € [(ref € 7)]v A

(Va.H(a) # H'(a) —> 3¢.0,(a) = Labeled & 7/ A€ T £/) A

(Va € dom(6')\dom(6.).0'(a) \ ) (FU-RO)

IH:

(0c,k,€e' &) € | (Labeled ' 7) 0| g
From Definition 2.7 this means we have
Vi< ke dyyv, = (Oe,n—1,vp) € |(Labeled ¢ 7) o]y

Since we know that (H,new (e’)) llf (H', a) therefore from SLIO*-Sem-ref we know that
d<j<kste sl

Therefore we have
(Oc,n — 1, vp) € | (Labeled ¢' 7) o |y (FU-R2)

In order to prove (FU-RO) we choose ¢’ as 6,, = 6. U {a > Labeled ¢’ 7}

Now we need to prove:

(a) (k—j,H)>0,:
From Definition 2.8 it suffices to prove that
dom(6,,) C dom(H') AVa € dom(0y,).(0p, (k —j) —1,H'(a)) € |0n(a)]v
e dom(0,) C dom(H'):
We know that dom(H') = dom(H) U {a}
We know that dom(6,,) = dom(0.) U {a}
And (k, H) > 6, therefore from Definition 2.8 we know that dom(6.) C dom(H)
So we are done
e Va € dom(0,).(0pn, (k—j)—1,H'(a)) € |0p(a)]v:
Since from (FU-R2) we know that (6p,n — 1, v,) € |(Labeled ¢ 7) o]y
Since 0, C 0, and k —j — 1 < n —1 (since k < n and | < j) therefore from
Lemma 2.16 we know that (0,,,k —j — 1,v,) € |(Labeled ¢ 7) o]y
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(b) (O, k—j—1,a) € [(ref £ T)]y:
From Definition 2.6 it suffices to prove that 6, (a) = Labeled ¢’ 7
We get this by construction of 6,

(¢) (Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T ¢'):
Holds vacuously

(d) (Va € dom(0,,)\dom(0.).0,(a) \ £):
From SLIO*-ref we know that ¢ C ¢

15. SLIO*-deref:

S:U:THe tref 01
;0T e’ : SLIO ¢ ¢ (Labeled ¢ 7)
Also given is L= ¥ o A and (0,n,6) € [T oy
To prove: (0,n,(le’) §) € |SLIO ¢ ¢’ (Labeled £ 7) 0| g
This means that from Definition 2.7 we need to prove
Vi<nle)old; v = (0,n—1i,v) € |SLIO ¢ ¢ (Labeled ¢ 7) o]y
(From SLIO*-Sem-val we know that v =l¢’ § and i = 0)

This means that given some i < n s.t le/ § ;le’ &

It suffices to prove

(0,n,le’ &) € |[SLIO ¢ ¢’ (Labeled ¢ 7) oy

From Definition 2.6 it suffices to prove

Yk <n,0c 30, H,j.(k H)> 0. A(H, (e 8)) U] (H' v')Nj <k =
30" 30..(k—j,H)>0 N0,k —j,v") € |(Labeled £ )]y A
(Va.H(a) # H'(a) = 3¢".0.(a) = Labeled ¢" 7' ANV T ") A

(Va € dom(0")\dom(6.).0'(a) \ )

This means given some k <n,0. 36, H,j st (k,H)>60. A\ (H, (€ §)) U; (H',v'YNj <k
It suffices to prove

30’ 30..(k — 4, H) 0 A (6, k — j,0') € |(Labeled £ 7) |y A

(Va.H(a) # H'(a) = 3".0.(a) = Labeled ¢ 7/ AU T {") A

(Va € dom(0')\dom(6.).0'(a) \ ) (FU-DO)

IH:

(Oc k. 0) e |(ref £ T) 0|

From Definition 2.7 this means we have

Vi<ke dlyyv, = (O, k—1uvp) € [(ref £ 7)oy

Since we know that (H,!(e")) l}; (H', a) therefore from SLIO*-Sem-deref we know that
A<j<kstedl, v, vn=oa

Therefore we have

(O k—1,a) € |(ref £ 7) 0]y (FU-D1)

In order to prove (FU-DO0) we choose 0 as 0,

Now we need to prove:
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(a) (k—j,H)>0:
From Definition 2.8 it suffices to prove that
dom(6.) C dom(H') ANVa € dom(0e).(0c, (k — j) — 1, H'(a)) € |bc(a)]v
e dom(6.) C dom(H'):
And (k, H) > 6, therefore from Definition 2.8 we know that dom(6.) C dom(H)
And since H' = H (from SLIO*-Sem-deref) so we are done
e Va € dom(0.).(6c, (k—j)—1,H'(a)) € |be(a)]v:
Since we know that (k, H) > 6, therefore from Definition 2.8 we know that
Va € dom(6.).(0e,k — 1, H(a)) € |6c(a)|v
Since H' = H and from Lemma 2.16 we get
Va € dom(8.).(6e, (k — 7) — 1, H'(a)) € [0e(a) v
(b) (B, k — j,v") € [(Labeled £ 7) |y:
From SLIO*-Sem-deref we know that H = H' and v' = H(a)
From (FU-D1) and Definition 2.6 we know that 0.(a) = Labeled ¢ 7
Since we know that (k, H) > 6, therefore from Definition 2.8 we know that
Va € dom(60.).(0c,k — 1, H(a)) € [0c(a)]|v
Since from SLIO*-Sem-deref we know that 7 > 1. Therefore from Lemma 2.16 we get
(0, k —j,H(a)) € [(Labeled ¢ 7) |y
(¢) (Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢’ T AL T {'):
Holds vacuously
(d) (Va € dom(f.)\dom(0.).0c(a) \ ¥):

Holds vacuously

16. SLIO*-assign:

YU T kep:ref 7 ¥;W;T I eg : Labeled ¢/ 7 S U/l
;W' eg := ey : SLIO £ £ unit

Also given is L=V o A and (0,n,0) € | o]y

To prove: (0,n,(e1 := e2) 8) € [(SLIO ¢ £ unit) o5

This means that from Definition 1.7 we need to prove
Vi<n.(er:=e2) dliv = (0,n—1i,v) € [(SLIO £ £ unit) o]y
This means that given some i < n s.t (e; :=e2) § {; v.

It suffices to prove

(0,n—1,()) € [(SLIO £ £ unit) o v

From Definition 2.6 it suffices to prove

Yk <n,00 30, H,j.(k H) >0 A(H, (1 :=e3) 0) Y] (H v )N j <k =
30 3 6..(k—j, H)>0 A0, k—j, o)) € |(ref £ )]y A

(Va.H(a) # H'(a) => 30 .0.(a) = Labeled ¢ 7/ AL T £) A

(Va € dom(6')\dom(6.).0'(a) \ )

This means given some k < n,0. 360, H,js.t (k, H)>0.N\(H, (e1 := e3) J) l}; (H',v"\A\j <
k. Also from SLIO*-Sem-assign we know that v" = ()

It suffices to prove
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30" 360..(k—4,H)>0 N0,k —7,() € [unit]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL T V') A
(Va € dom(8')\dom(6.).0'(a) \, £) (FU-A0)

IHI:
Vi<ke v = (0,k—1,a)€e |(ref ' T)0c]y

Since we know that (e; := e3) ¢ ll; v therefore 3l < j < k s.t e1 0 {J; a. This means we
have

0,k —1,a) € |(ref ' 7) o]y (FU-A1)

1H2:
Vm < (k—1).e2 0 dm 12 = (0,k —1 —m, ) € |Labeled ¢/ 7 o |y

Since we know that (e; := e2) ¢ ll;-c v therefore Im < j—I (since j < k therefore j—I < k—1)
s.t eg 0 | vo. This means we have

(0,k —1—m, o) € |(Labeled ¢ 7) oy (FU-A2)

In order to prove (FU-AO0) we choose 6’ as 6,

Now we need to prove:

(a) (k—j,H') > be:
From Definition 2.8 it suffices to prove that
dom(0.) C dom(H') AVa € dom(60.).(0e, (k —j) —1,H'(a)) € |be(a)]v

e dom(0.) C dom(H'):

We know that dom(H') = dom(H)

And (k, H) > 6, therefore from Definition 2.8 we know that dom(6.) C dom(H)

So we are done

e Va € dom(0e).(0e, (k —j) —1,H'(a)) € |be(a)]v:
Va € dom(6.).
i. H(a) = H'(a):

Since (k, H) > 0, therefore from Definition 2.8 we know that
(Oc, k — 1, H(a)) € |0c(a)]v
Therefore from Lemma 2.16 we get
(Oc, k —1 =4, H(a)) € |0c(a) v

ii. H(a)# H'(a):
From SLIO*-Sem-assign we know that H'(a) = vy
From (FU-A1) we know that 6.(a) = Labeled ¢ 7
Also we know that j =1+ m + 1
Since from (FU-A2) we know that
0,k —1—m,vs) € |(Labeled ¢' 7) oy
Therefore we get
0,k —j+1,1) € [(Labeled ¢' 7) oy
Therefore from Lemma 2.16 we get
0,k —j—1,v) € |(Labeled ¢' 7) o]y

(b) (Be,k—j —1,() € |unit]y:
From Definition 2.6
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(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ T AL C {):
From SLIO*-assign we know that ¢ C ¢/
(d) (Va € dom(fe)\dom(0.).0c(a) \ ¥):

Holds vacuously

17. SLIO*-label:

Y0 kHe 7
;T F Lb(€) : Labeled £ 7

Also given is L=V o A and (0,n,0) € | o]y
To prove: (6,n,Lb(e’) §) € |Labeled £ 7 o |
This means that from Definition 2.7 we need to prove

Vi <n.Llb(e)d ;v = (0,n—i,v) € |Labeled ¢ 7 oy

This means we are given some ¢ < n s.t Lb(e’) ¢ |}; v and we are required to prove
(0,n —i,v) € |Labeled £ T o |y

Let v = Lb(v;). This means from Definition 2.6 we are required to prove
(0,n—i,v) € |rolv
IH: (0,n,¢' d) € |7 0]p
This means from Definition 2.7 we have
Vi<ne oljvu = (O,n—j,u)€|roly
Since we know that Lb(e") § {}; v therefore 3j < i <mns.te d{; v
Therefore we have (6,n — j,v;) € |7 o]v
From SLIO*-Sem-label we know that ¢ = j + 1 therefore from Lemma 2.16 we have
(9,n — 1, Ui> S LT UJV
18. SLIO*-unlabel:

¥;W;T € : Labeled £ 7
¥; ;T unlabel(e’) : SLIO ¢; (¢; L /) T

Also given is L=V o A and (0,n,6) € [T o]y
To prove: (6,n,unlabel(¢’) ¢) € [(SLIO ¢; (¢; L) T) ol|p

This means that from Definition 2.7 we need to prove

Vi < n.unlabel(e’) 6 J; v = (0,n —i,v) € [(SLIO ¢; (¢; UL) 7) o]y
This means that given some i < n s.t unlabel(e’) § |; v

(from SLIO*-Sem-val we know that v = unlabel(¢’) § and i = 0)

It suffices to prove
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(0,n, unlabel(e’) 6) € [(SLIO ¢; (4; L L) T) o]y

From Definition 2.6 it suffices to prove

Vk <n,0. 360,H,j.(k H)>0. A (H,unlabel(e') 8) J] (H', v)Nj <k =
30" 36..(k—4,H)>0 N0 k—j,0)e|TolvA

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(6')\dom(6e).0'(a) \, £)

This means given some k < n,0. 10, H,js.t (k, H)>0.A\(H,unlabel(e’) §) U; (H',v")\j <
k. Also from SLIO*-Sem-unlabel we know that H' = H

It suffices to prove

30’ 30..(k—j,H) >0 A0,k v')e T oy A
(Va.H(a) # H'(a) = 3.0 (a) Labeled ¢/ 7/ AL C 0') A
(Va € dom(0")\dom(6e).0'(a) \ ¥) (FU-U0)

IH:
(Oc,k, e &) € |(Labeled £ 7) 0| g

This means that from Definition 2.7 we need to prove

Vhy < k.e § bp, vy = (B¢, k — hy,vp,) € [(Labeled £ 7) oy

Since we know that (H, unlabel(¢’)) llf (H,v") therefore from SLIO*-Sem-unlabel we know
that

Jhy < j<kste dlp Lbo

This means we have

(0c, k — hy1,Lbv") € | (Labeled £ 7) o]y

This means from Definition 2.6 we have

(Oe,k—h1,v') € |7 oly  (FU-UL)

In order to prove (FU-U0) we choose 6" as 6.. And we a required to prove:

(a) (k—j,H)>0:
Since have (k, H) > 0. therefore from Lemma 2.20 we get (k — j, H) > 6,
(b) (0, k—j4,v") € |7 o]y:
Since from (FU-U1) we know that (e, k — hy,0v") € |7 oy
And since j = hy + 1, therefore from Lemma 2.16 we get (0., k — j,v') € |7 o]v
(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ 7/ AL T {'):
Holds vacuously
(d) (Va € dom(6')\dom(0.).0'(a) \ £):

Holds vacuously

19. SLIO*-ret:

YU:TkHe 7
¥ 0T Fret(e’) : SLIO ¢; 4; 7
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Also given is L=V o A and (6,n,0) € [T v

To prove: (0,n,ret(e¢’) 0) € |[SLIO ¥¢; ¢; T 0|

This means that from Definition 2.7 we need to prove

Vi <n.ret(e!) d ;v = (6,n—i,v) € |SLIOY; 4; 7 oy

This means we are given some i < n s.t ret(e’) § {; v and we are required to prove
(0,n —i,v) € |[SLIO ¢; ¢; T 0|y
(from SLIO*-Sem-val we know that v = ret(e’) § and i = 0)

It suffices to prove

(G,n, ret(e’) (5) S I_SL]I@ 0 b T UJV

From Definition 2.6 it suffices to prove

Yk <n,00 30, H,j.(k H) >0 A (H ret(e) 6) I (H v)Aj <k =
30" 3 0c.(k—4,H) 0 N0/, k—j4,0) € |T o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL C ') A

(Va € dom(6')\dom(6.).0'(a) \, ¢)

This means given some k < n,0. 36, H,js.t (k, H)>0. A (H,ret(e') §) ll; (H',v")Nj < k.
Also from SLIO*-Sem-ret we know that H' = H

It suffices to prove

30 36..(k— 4, H) v 0 N0 k—j,0) €|t oy A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL C V') A
(Va € dom(6')\dom(6.).0'(a) \, ¢) (FU-RO)

IH:
(Oc,k,e' ) € |T0olp

This means that from Definition 2.7 we need to prove
Vhi < k.e’ & Uhl vy, — (Qe,k — hl,’l}h) S LT UJV

Since we know that (H, unlabel(e’)) ilj-c (H,v") therefore from SLIO*-Sem-ret we know that
Jh <j<ksteolp v

This means we have

(Oe, k —h1,v') € [T o]y (FU-R1)

In order to prove (FU-U0) we choose 6’ as .. And we a required to prove:

(a) (k—j,H)>0:

Since have (k, H) > 0, therefore from Lemma 2.20 we get (k — j, H) > 6,
(b) (0',k —j,v") € |T o]y:

Since from (FU-R1) we know that (6., k — hy, ) € |7 o]y

And since j = hy + 1, therefore from Lemma 2.16 we get (6., k — j,v') € |7 oy
(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ 7/ AL T {'):

Holds vacuously
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(d) (Va € dom(0")\dom(6.).0'(a) \ {):

Holds vacuously

20. SLIO*-bind:

X;U:I'ke : SLIO 4 £ 7 YU, z:7Fey:SLIO L L, T/
;U T+ bind(e1, z.e2) : SLIO ¢; ¢, 7'

Also given is L=V o A and (0,n,0) € | o]y

To prove: (6,n,bind(er, z.e2) §) € [SLIO ¢; £, 7' 0|k

This means that from Definition 2.7 we need to prove

Vi < n.bind(e1,xz.e2) 6 |}, v = (0,n —i,v) € |[SLIO ¢; ¢, 7/ o]y

This means we are given some i < n s.t bind(ey, z.e2) § |J; v and we are required to prove
(0,n —i,v) € [SLIO ¢, ¢, 7" oy

(from SLIO*-Sem-val we know that v = bind(ey, z.e2) § and ¢ = 0)

Therefore we need to prove

(0,n,v) € |SLIO ¢; £, 7' o]y

From Definition 2.6 it suffices to prove

Vk <n,0.2360,H,j.(k,H)>0. A (H,bind(e1,z.€2) 9) U; (H v YNj<k =
3¢ 36..(k— 4, H)> 0 N0 k—j4,0") e |T o]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(6")\dom(6.).0'(a) \, ¢)

This means we are given some k < n,0. 36,H,j st (k,H)>0. A (H,bind(er,z.€2) J) l}j-c
(H',v")Nj < k.
It suffices to prove

30" 3 0,.(k— j, H) o 0 A (0 k— j,0) € |7 o]y A
(Va.H(a) # H'(a) — 3¢'.0.(a) = Labeled £ 7/ A £ T ¢) A
(Va € dom(6')\dom(6.).0'(a) \, ¢) (FU-B0)

IHI:
(O, k,e1 0) € |[SLIO Y £ 7) ol|p
This means that from Definition 2.7 we need to prove

Vhi < k.eq 5U‘hl U] — (Qe,k‘—hl,’l)l) € \_(S]LH@ ¢; 57') O'JV

Since we know that (H, bind(eq, x.e2)) l}; (Hi, v1) therefore from SLIO*-Sem-bind we know
that

Jhi <j<kste 6U’h1 U1

This means we have

(Oc,k — h1,v) € [(SLIO ¢; £ 7) oy

From Definition 2.6 we know that
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Vit < (k= h1),0, 3 0c, H, J.(kp1, H) > 0L A (H,01) V) (H  of ) AT < kpy =
30" 360, (kpy — J, H') > 0" A (0" ey — J,0) € |7 0]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7/ AL T £') A

(Va € dom(0")\dom(6,).0"(a) \ £)

Instantiating kp1 with k—hq, 0, with 6.. Since we know that (H, bind(eq, z.e2)) ll; (Hyi,v1)

therefore 3J < j —hy <k —hy st (H,v) llf; (H',v;,). And since we already knwo that
(k, H) > 0, therefore from Lemma 2.20 we get (kK — hy, H) > 6,

This means we have

30" 3 6..(kpy — J, H)> 0" N (0" kpy — J,0") € |7 olv A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL C V') A
(Va € dom(0")\dom(6.).0"(a) \, £) (FU-B1)

TH2:

(0" k—hy—Jea dU{x— v'}) € [(SLIO Y £ 7") olp

This means that from Definition 2.7 we need to prove
Vhe < k—hi1—J.es (5U{$ — UI} U’hz v = (9”, k—hy—J—ho, ?]”) S \_(S]L]I@ 04, 7'/) O’JV

Since we know that (H, bind(e1, x.€2)) ll; (H,vy) therefore from SLIO*-Sem-bind we know
that

Jhe<j—hi—J<k—h —JsteadU{x— v} {p, v
This means we have

(0", k —hy — J — ha,v") € |(SLIO ¢ £y 7') o]y

From Definition 2.6 we know that

Vhng < (k—hy—J —ha), 0, 30", H,J' (kng, H)>0L A (H,v") 1), (H", v},) AT < by =
30" 2 60,.(kna — T, H") > 0" A (0" kna — J',0') € |7 o)y A
(Va.H(a) # H"(a) = 3¢'.0.(a) = Labeled ¢/ 7/ AL T V') A

(Va € dom(0")\dom(0.).0" (a) )

Since we know that (H,bind(e1,z.€2)) ll; (Hy, v) therefore Jupg,i s.t (v i vp2). From
SLIO*-Sem-val we know that vy = v” and ¢ = 0. Instantiating kjo with k — hy — J — ho,
0, with 0", H with H' (from FU-B1) and 3J' < j —hy —J —hy < k—hy —J — hg s.t
(H', vp2) M; (H",v;,). And since we already know that (k — hy, H') > 0" therefore from
Lemma 2.20 we get (k —hy — J — ho, H') > 6"

This means we have

30" 236, (kpo — J,H") > 0" N (0" kpo — T, 0") € [T o]y A
(Va.H(a) # H"(a) = 30'.0.(a) = Labeled ¢/ 7/ AL C V') A
(Va € dom(8")\dom(6.).0" (a) \ ¥) (FU-B2)

We get (FU-BO) by choosing 6 as 6" (from FU-B2)
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21. SLIO*-toLabeled:

S;U:T e :SLIO ¢ 4, T
¥; ;T tolLabeled(e) : SLIO ¢; ¢; (Labeled ¢, T)

Also given is L= ¥ o A and (0,n,6) € [T oy
To prove: (6,n,tolLabeled(e’) 0) € |(SLIO ¢; ¢; Labeled ¢, 7) 0| g

This means that from Definition 2.7 we need to prove

Vi < n.toLabeled(¢’) § ||, v = (0,n —1i,v) € | (SLIO ¢; ¢; Labeled ¢, 7) o |y
This means that given some i < n s.t toLabeled(e’) 0 {}; v

(from SLIO*-Sem-val we know that v = tolLabeled(e’) § and i = 0)

It suffices to prove

(0, n,toLabeled(e’) &) € [(SLIO ¢; ¢; Labeled ¢, ) o |y

From Definition 2.6 it suffices to prove

Yk <n,0. 30, H,j.(k, H)>0c A (H, tolabeled(e') 8) U (H',v')Nj <k =
30" 3 0..(k—4,H)0' N (0, k—j,v") € |(Labeled ¢, 7) o |y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(0')\dom(0e).0'(a) \, ¥)

And given some k <n,0, 360, H,js.t (k, H)>0, A (H,toLabeled(e’) ¢) llf (H',v")Nj < k.
Also from SLIO*-Sem-tolabeled we know that H' = H

It suffices to prove

30" 36..(k—45,H)>0 N0,k —j,v") € |(Labeled ¢, 7) o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(0')\dom(6.).0'(a) \(¢)  (FU-TLO)

IH:

(Oc,k,e' §) € |(SLIO ¢; 4, T) 0| E

This means that from Definition 2.7 we need to prove

Vhi < ke 6 Un, 1 = (0, — by, 01) € |(SLIO & £, 7) o]y

Since H,tolabeled(e’) ll; H' v’ therefore from SLIO*-Sem-tolabeled we know that 3h; <
j<kste dlp n

Therefore we get (0,k — h1,v1) € [(SLIO¢; ¢, ) o]y

From Definition 2.6 we know that

Vit < (k — 1), 0% 3 0c, Hy, J.(kny, Hy) > 0L A (Hpy01) U (H o)) AT < by =
30" 3 Hle-(khl —J, Hl) > 6" A (9”, kpi — J,v1) € LT UJV A

(Va.Hp(a) # H'(a) = 30'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(0")\dom(6.).0"(a) \, £)

Instantiating kpy with k—hq, H, with H, 6, with 6.. Since we know that (H,toLabeled(¢)) iLf

(H',v1) therefore 3J < j —hy < k—hy s.t (H,v) l}f; (H',v};). And since we already
knwo that (k, H) > 6. therefore from Lemma 2.20 we get (k — hy, H) >0,
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This means we have

30" 200k — hy — J,H) 50" A 0",k —hl — J,01) € |7 o)y A
(Va.H(a) # H'(a) — 3¢.6.(a) = Labeled & 7/ A ¢ C £/) A
(Va € dom(6")\dom(0.).0"(a) \y¢)  (FU-TL1)

In order to prove (FU-TLO) we choose 6" as #”. Now we need to prove the following

(a) (k—j4,H)>0":
Since (k —hy — J,H')> 6" and j = hy + J + 1 therefore from Lemma 2.20 we get
(k—j,H ) 0"
(b) (0", k—j—1,v") € |(Labeled £, T 0)]y:
From SLIO*-Sem-tolabeled we know that v" = tolLabeled(v;)
From Definition 2.4 it suffices to prove that (68", k —j —1,v) € |7 o]y

We get this from (FU-TL1) and Lemma 2.16

(¢) (Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ 7' AL T 0'):
Directly from (FU-TL1)

(d) (Va € dom(6y)\dom(0.).0,(a) \ ¢):
Directly from (FU-TL1)

Lemma 2.23 (SLIO*: Subtyping unary). The following holds:
VY, W, o, 7, 7.

1. 5597 <:TANLEV e = [(to)]v C (7 o)y
2.5V Fr<:7TANLEVY e = [(to)|gC|( o)lE

Proof. Proof of Statement (1)
Proof by induction on 7 <: 7/

1. SLIO*sub-arrow:

Given:
Z;\III—T{<:7'1 2;‘1"‘7‘2<:Té

E;\Il|—71—>7'2<17{—>7'£

To prove: |((11 = ) o)|v C |[((11 = ) o)]v

IH1: [(]{ 0)]v € | (71 0)]v (Statement (1))
(72 o) C (75 0)] g (Sub-A0, From Statement (2))
It suffices to prove: V(6,n,\x.e;) € [((11 — 72) 0)|v. (0,n, z.€;) € [((1{ = 75) o) ]v

This means that given some 6,n and Az.e; s.t (6,n, A\z.e;) € |[((11 = 72) 0)]v

Therefore from Definition 2.6 we are given:
Jd0,.0 C 01 AVi < n.Vv.(@l,i, 'l)) € LTI O’JV - (91,1',62[1)/:6]) € LTQ O’JE (79)
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And it suffices to prove: (6,n,\z.e;) € |((t{ = 1) o)]v

Again from Definition 2.6, it suffices to prove:

3605.0 C 65 /\Vj < n.Vv.(QQ,j, ’U) € LT{ O'JV - (Qg,j, 62[1)/117]) € LTé O'JE

This means that given some 63,57 < n,v s.t 0 C 6y and (62, j,v) € |7] v

And we are required to prove: (02,7, e;[v/z]) € |1 o|E

Since (62,7, v) € |71 o]y therefore from TH1 we know that (62, j,v) € |11 o|v
As a result from Equation 79 we know that

(02,7, €ilv/x]) € |72 0]

From (Sub-A0), we know that

(02,4, eilv/x]) € 75 0]k

. SLIO*sub-prod:

Given:
E;\Il|—7'1<:7'{ E;\IJI—TQ<:T£

YWk X 7o <: T X Th

To prove: |[((11 x 2) o)]yv C [((7{ x 75) o) ]v

IH1: [(11 0)]v C [(7] 0)]v (Statement (1))
IH2: [(12 0)|v C | (75 0)]v (Statement (1))
It suffices to prove: V(6,n, (vi, v2)) € [((11 X 72) 0)]v. (0,n,(vi,12)) € | ((7] X 75) o) ]|v

This means that given some 6,n and (v, vy (6, (v1, 1)) € [((11 X 72) 0)]v
Therefore from Definition 2.6 we are given:

(9,%,1)1)6 LTl O'Jv/\(e,n,vg) € LTQ O'JV (80)
And it suffices to prove: (0, (vi, v2)) € [((1] X 73) 0)]v

Again from Definition 2.6, it suffices to prove:

(Q,n, 'Ul) S LT{ UJV A (0,7’1, UZ) € LTé UJV

Since from Equation 80 we know that (0,n,v1) € |71 o|v therefore from IH1 we have
O,n,v) € |1 o]y

Similarly since (6, n, 12) € |72 0]y from Equation 80 therefore from IH2 we have (6, n, u») €
[ olv
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3. SLIO*sub-sum:

Given:
Uk <7 SV <7y

XUk 41 <27’{+Té

To prove: |((11 +72) o)]v C [((71 +73) o)]v

IH1: [(11 0)]v C | (7] o)]v (Statement (1))
IH2: [(12 0)|v C | (75 o)]v (Statement (1))
It suffices to prove: V(0,n,vs) € |[((11 +72) 0)]v. (0,vs) € [((7] +75) o) ]v

This means that given: (6,n,vs) € [((11 + 72) 0)]v
And it suffices to prove: (6,n,vs) € |((1] +75) o)|v

2 cases arise

(a) vs =inl v;:

From Definition 2.6 we are given:

(9,71, Ui) S |_7'1 UJV (81)

And we are required to prove that:
O,n,v) € |1 olv
From Equation 81 and IH1 we know that
(Q,n, UZ') S LT{ JJV

(b) wvs =inr v;:

From Definition 2.6 we are given:

(0777’) Ui) € I_TQ O—JV (82)

And we are required to prove that:
O,n,v) € |15 0]v

From Equation 82 and TH2 we know that
(Q,TL, UZ') S LTé JJV

4. SLIO*sub-forall:

Given:
YUk <imy

XU FVYarm <:Vam

To prove: |[((Va.m1) o))y C [(Va.m2) o]y
It suffices to prove: V(0,n,Ae;) € [((Va.m1) o) |v. (0,n,Ae;) € |(Va.T2) o) |v

This means that given: (6,n,Ae;) € [((Va.m1) o)]v

Therefore from Definition 2.6 we are given:

135



d6,.0 C 61 AVI < nWW el = (Hl,i,ei) € LTl (O'U [Oé — f’])JE

And it suffices to prove: (6,n,Ae;) € [((Va.m2) o)y

Again from Definition 2.6, it suffices to prove:

302,.0 C 05 AVj < nvl' e L — (Hz,j, ei) € LTQ (0’ @] [a — f’])JE

This means that given some 6,7 < n,¢ € L s.t 0 C 0y
And we are required to prove: (a,7,¢;) € |12 (cU[a—])|E

Since we are given § C 0 A j < n Al € L therefore from Equation 83 we have

(63,,e1) € |71 (0 U[a > €]

(1 (U [a— )|E C [(r2 (0 U €]))]p (Sub-FO, Statement (2))
From (Sub-F0), we know that

(62,.e) € |72 (0 U [a = £))|

. SLIO*sub-constraint:

Given:
XUk = ¢ YUk <iTo

YUk =>m<icg=Ty

To prove: |((c1 = 11) 0)|v C [((c2 = ™)) olv

It suffices to prove: Y(0,n,ve;) € [((c1 = m1) 0)|v. (0,n,ve;) € [((ca = ) 0)]v

This means that given: (0,n,ve;) € [((c1 = 1) 0)]v

Therefore from Definition 2.6 we are given:
3010 C O AVi<nLlE=c o = (01,i,6;) € |11 (0)|E
And it suffices to prove: (0,n,ve;) € [((c2 = ™) 0)|v

Again from Definition 2.6, it suffices to prove:
3605.0 C 05 AV] < n.L ): Co 0 — (eg,j, ei) € LTQ (G)JE

This means that given some 03,7 st 0 C O Aj<nALEc o

And we are required to prove: (02, j,¢;) € |72 (0)|E

Since we are given 0 C 0o ANj < nAL|Ecyoand L |=cy 0 = ¢ o therefore from

Equation 84 we have

(02,7,€i) € [ (o)l

(11 )] C (12 0)] g (Sub-CO, Statement (2))
From (Sub-C0), we know that

(02,4, €i) € |2 (0) |
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6. SLIO*sub-label:

Uk T <7 WiV
;W I Labeled ¢ 7 <: Labeled ¢/ 7/

To prove: [((Labeled ¢ 7) )|y C |((Labeled £'7") o) ]y

IH: (7 o)|v C |[(7" 0)]v (Statement (1))

It suffices to prove:

V(6,n,Lb(v;)) € [((Labeled £ 7) o)]y. (8,n,Lb(v;)) € [((Labeled ¢ /) o) |v

This means that given some 6,n and Lb(e;) s.t (0,n,Lb(v;)) € | ((Labeled ¢ 7) o) |y
Therefore from Definition 2.6 we are given:

@,n,v) € |(ro)]y (SL)

And we are required to prove that

(0,n,Lb(v;)) € [((Labeled ¢/ 7') o) ]y

From Definition 2.6 it suffices to prove

(0,n,v) € [(' o)]v

We get this directly from (SL) and TH

7. SLIO*sub-CG:

SUkEr <7 DRV Ukl O
;U F SLIO ¢; £, T <: SLIO ¢ ¢, 7/

To prove: |[((SLIO ¢; ¢, 7) o))y C |((SLIO 2, £, ') o) ]y
IH: (7 0)|v C |(7" 0)]v (Statement (1))

It suffices to prove:
V(0,n,e) € [((SLIO ¢; £, ) 0)]y. (0,n,e) € [((SLIO £, £, ') o) |v

This means that given some 6, n and e s.t (6,n,e) € |((SLIO ¢; ¢, T) o) ]|v
Therefore from Definition 2.6 we are given:

Yk <n,0c 30, H,j.(k H) >0 A(H,e) V] (H' )N j <k =
30 360..(k— 5, H)>0 A0,k —j,0") €7 o)y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢ 7" N 4; o T 0') A
(Va € dom(0')\dom(0e).0'(a) \ t; o)  (SCO)

And we are required to prove
(0,n,e) € [((SLIO ¢ ¢, ') o)]v

So again from Definition 2.6 we need to prove

Vk <n,0c 30, H,j.(k, H) >0 A (H,e) W (H' ')A j <k =
30 D0k — 5, H)> 0 N0k —j,0") €7 o]y A
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(Va.H(a) # H'(a) = 30'.0.(a) = Labeled ¢’ 7" N, 0 T 1) A
(Va € dom(6")\dom(0.).0'(a) \, C; o)

This means we are given some k < n,0, J0,H,j < ks.t (k,H)>0.N(H,e) ll; (H',v")
(SC1)

And we need to prove

30" 30..(k—5,H)0' AN (0 k—j4,0)€e |7 o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N0, 0 T V') A

(Va € dom(0")\dom(0.).0'(a) \ C; o)

We instantiate (SCO) with k, 0., H, j from (SC1) and we get
30" 3 0.(k—5,H) 0 N0, k—4,0) € |T o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ' 7" N 4; 0 T 0') A
(Va € dom(6')\dom(6.).0'(a) \( ¥; o)

Since 7 o <: 7’ o therefore from IH we get
30" 30..(k—5,H)>0 N0 k—j,0) e | o]y

And since ¢; C ¢; therefore we also have

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N0, 0 T V') A
(Va € dom(0")\dom(0.).0'(a) \, C; o)

8. SLIO*sub-base:
Trivial

Proof of Statement(2)
It suffice to prove that
V(0,n,e) € |(to)|g. (B,n,e)e |[(7o)lE

This means that we are given (6,n,¢e) € |(7 0)|g
From Definition 2.7 it means we have

Vi<neliv = (0,n—1i,v)€|To|ly (Sub-E0)
And we need to prove

(0,n.e) € (7" o)

From Definition 2.7 we need to prove
Vi<neliv = (0,n—1iv)e|r o]y

This further means that given some i < n s.t e |}; v, it suffices to prove that
(9,n — 1, ’U) € LT/ UJV

Instantiating (Sub-E0) with the given ¢ we get (,n —i,v) € |7 o]y

Finally from Statement(1) we get (6,n —i,v) € |7/ oy
O

Lemma 2.24 (SLIO*: Binary interpretation of I implies Unary interpretation of I'). VW, ~,T', n.
(W,n,y) € [T = Vie{1,2}. Ym. (W.0;,m,v ;) €Ty
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Proof. Given: (W,n,~) € [T}
To prove: Vi € {1,2}. Vm. (W.0;,m,v ;) € |[I']y

From Definition 2.14 we know that we are given:

dom(T') C dom(y) AVx € dom(T).(W,n, 71 (y(2)), m2(y(2))) € [T(z)]
And we are required to prove:

Vi € {1,2}. Vm.

dom(T) C dom(vy ;) AVx € dom(T).(W.0;,m,~v |; (z)) € [T'(x)]|v

Casei =1
Given some m we need to show:
e dom(T) C dom(vy |):
dom(y) = dom(y 1)
Therefore, dom(I") C (dom(vy) = dom(~y };)) (Given)
o Vz € dom(T).(W.0;,m,v | (x)) € |[T'(z)]v:
We are given: Vx € dom(D).(W,n,m (v(x)), m2(y(z))) € [T(2)]{
Therefore from Lemma 2.15 we know that
vm/ (W.0;,m',v | (x)) € |I'(z)|v
Instantiating m’ with m we get
(W00, i () € [T(@) v

Case 1 = 2
Symmetric reasoning as in the ¢ = 1 case above

Theorem 2.25 (SLIO*: Fundamental theorem binary). VX, W, T', pc, W, A, L,e,T,0,7,n.
SiUThe:r ALEY oA (W,n,y) e[l =
(W,n.e (v h)e (7 d2)) € [7 1%

Proof. Proof by induction on the typing derivation

1. SLIO*-var:

SLIO*-var
XU e:thx: 7

To prove: (W,n,z (v h1),z (v 2)) € [ o]z
Say e;1 =z (v 1) and ea = x (77 |2)

From Definition 2.5 it suffices to prove that

Vi<n.ep divf ANea b v = (W,n—1i,v],v}) € [ﬂ{}

This means given some i < n s.t ey {; v{ Aea | v}

We are required to prove: (W,n —i,v],v)) € [7]¢}
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From SLIO*-Sem-val we know that = (y 1) | = (v 1) and = (v ]2) {4 = (7 {2)
This means v; =z (v 1) and v = x (v |2)

Since (W,n,v) € [7]{}. Therefore from Definition 2.14 we know that
(W,m,of, u3) €[]

From Lemma 2.17 we get

(W,?’L - ia U{v Ué) € [TW‘J;‘

. SLIO*-lam:

XU e:mbe:m
50T F Azt (11— T2)

To prove: (W,n,Az.e (v 1), \z.e (v12)) € [(1 — ) oA
Say e = Az.e (v 1) and es = Ax.e (7 |2)
From Definition of [(11 — 72) o]f it suffices to prove that

Vi<mn.er Ui v Nea |} vy = (W,n—i,v],v}) € [7]5}

This means given some i < n s.t ey {; v{ Aea | v}
From SLIO*-Sem-val we know that v] = (Az.e;)y |1 and v} = (Az.e;)y |2

We are required to prove:

(W,n —i,(Ax.e;)y b1, (Az.€;)y o) € [7’]{}

From Definition 2.4 it suffices to prove

vw’'3 W,j5 <n,uv, vo.

(W 4, v, v) € [11 0]t = (W, j,e1[vr/a] v b1, exlwe/x] v 1) € [12 o ]5) A
Vo, 3 W.01, v, j.

((elaja ’UC) S LTl OJV - (elvjv 61[’00/!17] 7\1/1) € LT2 UJE) A
Vo, 2 W.02, v, j.

((01,4,v0) € |1y = (01,7, e2]vc/x] v 12) € |72 0E) (FB-L0)

IH:

VW, n. (W,n,e; (v 11 U{z = un}) e (vl U{z = w}) € [nolh
s.t

(W,n, (yU{z = (v,1)})) € [T§

In order to prove (FB-L0) we need to prove the following:

(a) VW' 3 W,j < n,u, va.
(W, j.v,m) € 11 olft = (W, j.eivi/z] v |1, ealva/a] v o) € [12 07):
This means given some W' 3 W,j < n, vy, ve s.t. (W', j,v1, 1) € [1 a]“é
We need to prove (W', 4, ex[un/a] 7 L1, exlon/z] 7 12) € [12 o1

We get this by instantiating IH with W’ and j
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(b) V6, 2 W.01, v, j.
(O, 3,vc) € [ o]y = (01,4, e1[ve/7] v |1) € |72 0 B):
This means given some 6; J W.01,v.,7 s.t (0;,7,v) € |11 o]v
We need to prove: (6,7, e1[ve/x] v11) € |2 0|k

It is given to us that

(W,n,7) € [TT¢

Therefore from Lemma 2.24 we know that
Ym. (W.01,m,y 1) € [T']v

Intantiating m with j we get
(W‘elaja’y \lfl) € LFJV

From Lemma 2.19 we know that

(0, 5,7 41) € [T]v

Since we know that (0;,,v.) € |11 o]y
Therefore we also have

(01, 5,711 W{z = v}) € [TU{z = o}y

Therefore, we can apply Theorem 2.22 to obtain
(01, g, e[ve/z] v d1) € |2 o]V

(C) V@l | W.927 ’Uc,j.
(O, 5, ve) € |11 o]y == (61,4, e2[ve/7] v 12) € |72 0] B):
Similar reasoning as in the previous case

3. SLIO*-app:

50T Fey: (1 — 7) Y;U:'Fey:m
XUl kepeg:m

To prove: (W, n, (e1 e2) (v 1), (e1 e2) (v 12)) € [(72) Cﬂé

This means from Definition 2.5 we need to prove:

Vi <n.(ere2) v i vpr Aea § vpe = (W, n —i,v51,vp2) € [T2 a}“é

This further means that given some i < n s.t (e1 e2) v s vy Aea | vpo

It sufficies to prove:

(W,n —i,vp1,vp2) € [T 0'—"(}

IH1: (W,n,(e1) (v 1), (e1) (v 12) € [(11 = 72) 014

This means from Definition 2.5 we know that

Vi < mer vl o Aer v dal ve = (W,n —j, v, v2) € [(11 = ™) o]{

Since we know that (eq e2) v l1d}; vp1. Therefore 3j < i < n s.t er v [1{; vp1. Similarly
since (e1 e2) v Jodl vr2 therefore eq v [oll vpo

This means we have (W,n — j, vp1, vh2) € [(11 = 72) o]
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From SLIO*-Sem-app we know that valp, = Ax.ep; and valps = Ax.epn
From Definition 2.4 this further means

VW' 2 W,J < (n—j),uv,v.

((W’,J, ’111,’02) S [Tl J—|“{§ — (W/,J, €h1[1}1/x],€h2[1}2/x]) S [TQ O—|“EL~‘) A
Vo, 3 W.01, v, j.

((glaja UC) € |_Tl UJV — (ehj? 61[1)0/1']) € \_7-2 GJE) A

v0l - W'927 UCJj'

((elaja ’UC) € LTl UJV — (elvjv EQ[UC/ZE]) € LTQ UJE) (FB_Al)

IH2: (W,n—j,(e2) (v 41), (e2) (v 12)) € [11 015
This means from Definition 2.5 we know that

Vk <n—jes vlillj o Aea v doll vy = (W,n—j —k,vp1r, op2) € [11 0§

Since we know that (e; e2) v J1lli vf1. Therefore Ik < i —j < n—j st e v bilg vpr.
Similarly since (eq e2) v |2l v2 therefore e v lol} vpo

This means we have (W,n — j — k, vp1/, vp2) € [11 0]{} (FB-A2)

Instantiating the first conjunct of (FB-A1) as follows W’ with W, J with n — j — k, v
and vy with vy, and v, respectively, we obtain

(W,n—j —k,eni v /], enavpy/2]) € [12 014

From Definition 2.5

vl < nA—j — k.(ep vy /2]) v 4 vpr A enavig/x] I vpe = (W,n—j —k —1,vp1,0p2) €
(12 o5,

Since we know that (e1 e2) v l1di vp1. Therefore 3l < i—j—k <n—j—ks.tep[v,/z]
vg1. Similarly since (e e2) v L2l vf2 therefore epa[vy, /] | vfa

Therefore we have (W,n —j —k — 1, vs1, vp2) € [72 0]

Since i = j + k + [ threfore we are done

. SLIO*-prod:

XU I'ker:m XUk ey:m
50T F (e, e2) : (11 X T2)

To prove: (W,n, (e1,e2) (v 1), (e1,€2) (v12)) € [(11 x 72) 014

This means from Definition 2.5 we need to prove:

Vi <n.(er,e2) v b1l (vp1, vp2) A (ers e2) v 2l (vfy, v5y) =

(Won — i, (vr1,v51), (V15 0pg)) € [(T1 X 72) o]y

This means that given some i <n s.t (e1,e2) v dilli (vr1,vr2) A (e, e2) v Lol (v, vpy)
We are required to prove

(Won =i, (vr1,vp1), (V55 0py)) € [(T1 X T2) ol (FB-PO)

HL: (W,n,er (v h)er (v42) € [11 015
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This means from Definition 2.5 we know that

Vi <m.ery il v Aer v lal vpy = (W,n —j, (vp1,0})) € [11 o]

Since we know that (e1,e2) v L1l (vf1,vp2). Therefore 35 < i < n st e v L1l vp.
Similarly since (e1 e2) v 2l vpo therefore e; v |2l v]’cl

This means we have

(W,n—j, (vpr, vjy)) € [0 o1 (FB-P1)

IH2: (W,n—j,e2 (1), €2 (v12)) € [T2 08

This means from Definition 2.5 we know that

Vk <n—jexylibivia Aex v lal viy = (W,n—j—k, (vp2, vjy)) € [12 03

Since we know that (eq,e2) v L1l (vf1, vr2). Therefore Ik <i—j <n—js.texylid; vy
Similarly since (eq e2) v |2l va therefore es v |2} ”}2

This means we have

(W.n =3 =k, (vp2,v})) € [12 0T} (FB-P2)

In order to prove (FB-P0) from Definition 2.4 it suffices to prove that
(W.n—1i,(vp1,vp)) € [11 0{ and (W,n — i, (vg2, 0})) € [12 013

Since i = j + k + 1 therefore from (FB-P1) and (FB-P2) and from Lemma 2.17 we get

(W,n—i, (vp1,vp1), (v}, 0},)) € [(11 X 1) o3

. SLIO*-fst:

ST Re : (r x )
¥, 0T Ffst(el) 1

To prove: (W, n,fst(e’) (v 1), fst(e)) (v 12)) € [(11) oh

This means from Definition 2.5 we need to prove:

Vi < nfst(e’) v dalli vy Afst(e’) v doll vf =

(W.n—i,vp1,05) € [11 ol

This means that given some i <n s.t fst(e’) v L1l vy Afst(e’) v Lol vjy
We are required to prove

(W,n —i,vp1,vp1) € [11 0] (FB-F0)

IH:

(W,n,e (y1),€ (v12) € [(n x 1) o7

This means from Definition 2.5 we have:

Vi <n.e vl (vpr,vp2) Ae oy Lol (v, vp,) =
(W) n— j7 (Ufl) Uf2)7 (IUJ/‘]J U}2)) € [(Tl X TQ) U—‘é
Since we know that fst(e’) v [1{; vf1. Therefore 3j < i <ns.te' v l1l; (vf1,—). Similarly

since fst(e’) v Jol} U}1 therefore €' v |2l (”}1: -)
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This means we have
A

(W,n — j,(vp1, vp2), (Viys 0po)) € [(T1 X T2) O
From Definition 2.4 we know that

(W,TL - ja Vf1, v}l) € [Tl O'—|'é

Since from SLIO*-Sem-fst i = j 4+ 1 therefore from Lemma 2.17 we get
(W.n—i,vp1,0}) € [11 ol

. SLIO*-snd:

Symmetric reasoning as in the SLIO*-fst case above

. SLIO*-inl:

U ke:n
Y0 T Hinl(e) @ (11 + m2)

To prove: (W, n,inl(¢') (v 1), inl(¢) (v 12)) € [(11 + 72) 017

This means from Definition 2.5 we need to prove:

Vi < n.inl(e') v d1ds inl(vpr) Ainl(e’) v L2d inl(vpy) =

(W,n —id,inl(vs1),inl(vf))) € [(11 + 72) ol

This means that given some i < n s.t inl(e’) v L1{; inl(v1) Afst(e’) v L2 inl(v},)
We are required to prove

(W,n —i,inl(vs1),inl(vp1)) € [(11 + 72) ol (FB-ILO)

1H:

(W,on.e (vh),e (v12)) € (1 x 1) 017

This means from Definition 2.5 we have:

Vi <ne vlidiviAe ylal vy =

(W,TL - Uf1, v}l) € |77—1 U]é

Since we know that inl(€e’) v J1{; inl(vf1). Therefore 3j < i < ns.t e v [1l; vp. Similarly
since fst(e’) v 2 inl(v},) therefore e’ v |2l v},

This means we have
(W’n_j7 Uflvv}l) € |77—1 U]“é (FB—ILl)

In order to prove (FB-ILO) from Definition 2.4 it suffices to prove
(W,n —i,vp1,05) € [11 ol

From SLIO*-Sem-inl since i = j + 1 therefore from (FB-IL1) and Lemma 2.17 we get
(FB-ILO)

. SLIO*-inr:

Symmetric reasoning as in the SLIO*-inl case above

144



9. SLIO*-case:

S, Ui Fee: (11 + 72) S:U:Te:mber:t 50T y:mabeq: T
Y, U;T F case(ec, z.€1,y.€2) : T

To prove: (W, n,case(e.,z.e1,y.e2) (v 11),inl(€)) (v 12)) € [(11 + ) o7

This means from Definition 2.5 we need to prove:

Vi < n.case(ec, z.e1,y.e2) v Lilli vy A case(ec, .e1,y.e2) v L2l vpo =
(W7n - ia Vf1, 'UfQ) € [T O-—‘é

This means that given some ¢ < n s.t case(ec, x.eq1,y.e2) v L1di vpiAcase(ec, z.e1,y.e2) v Lol
V2

We are required to prove

(W,n —i,vs1,vp9) € [T 0] (FB-CO0)

TH1:

(W,n,ec (v 1), ec (v12) € [(ri+72) ola

This means from Definition 2.5 we have:

Vi <n.ecydili vm Aeeyloll v, =

(W,n —j,vp1,v4,) € [(11 +72) (ﬂ“é

Since we know that case(ec,z.e1,y.e2) v J1d; vp1. Therefore 35 < i <n s.t e. v Lidj vnr.
Similarly since case(ec, z.e1,y.e2) v 2l vj, therefore e. v J2ll v;;

This means we have

(W,n —j, vn1, vhy) € [(11+72) o5} (FB-C1)

2 cases arise

(a) vp1 =inl(v1) and vy, = inl(v]):
1H2:

(W,n,ec (vh),ec (v12) € [(11+72) o]z

This means from Definition 2.5 we have:

Vk<n—jervli Wz v}l Aer vl = v} v, =
(W,n—3j—k,vpa,v,) € [T o5}

Since we know that case(e.,z.e1,y.e2) v l1{i vp1. Therefore 3k <i—j <n—jst
e1 v 41 U{z — wu} |; vpe. Similarly since case(e., z.€1,y.€2) v lo U{z — v{} I vy,
therefore e; v |2l v/,

This means we have

(W,n —j—k,vha,v),) € [T o5}

From SLIO*-Sem-casel we know that i = j + k + 1 therefore from Lemma 2.17 we
get (FB-C0)
(b) wp1 = inr(vy) and vy, = inr(vy):

Symmetric case
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10. SLIO*-FI:

S0 He 7
YT F A€ :Vaur

To prove: (W,n,Ae’ (v11),Ae’ (v 12)) € [(Va.T) o5
From Definition 2.5 it suffices to prove that
Vi < n.(Ae')y Lidli v A (Ae)y Lall v = (W, n — 14,051, vp2) € [(Va.T) U]‘“‘}

This means given some i < n s.t (Ae')y L1l vir A (Ae)y Lall vpo
From SLIO*-Sem-val we know that vg = (Ae’)y |1 and v = (A€')y |2

We are required to prove:
(W,n —i,(Ae)y L1, (Ae')y 12) € [(Va.) olf

Let e; = (Ae')y 1 and es = (Ae')y |2

From Definition 2.4 it suffices to prove

VW' D W,j<(n—i),l € LW j e e) € [T]l'/a] o17) A
Vo, 3 W.0,,0" E,j.(@l,j, 61) € LT[E”/O(] O'JE A

VO, 3 W.02,0" € L,5.(0,7,e2) € |T[l" /o] ok (FB-FI0)

IH: YW, n. (W,n,e' (v )¢ (v12) € [T oU{am £}]7
In order to prove (FB-FI0) we need to prove the following

(a) VW' I W,j < (n—1),0 € LW, jere) € [T[l'/a] o]f):
This means given W/ J W, j < (n—1i),¢ € L and we are required to prove
(W',j,e1,e2) €[]0 /0] o7
Instantiating TH with W’ and j we get the desired
(b) YO, 23 W.01,0" € L,j.(01,],e1) € |T[{"/a] o] p:
This means given 6; 3 W.01,¢” € L, j and we are required to prove
(01,4, €1) € [7[t" /0] o]E
Since from Lemma 2.24
(W,n,v) € [T]{ = Vie{1,2}. ¥m. (W.0;,m,v];) € [T]y
Therefore we get
(W-017j77 \Ll) S LFJV
And from Lemma 2.17 we also get
(01,3,v 1) € [Ty
Therefore we can apply Theorem 2.22 to get
(glvja 61) € LT[ell/a] UJE
(C) Vo, 3 W.HQ,EH S ﬁ,j.(@l,j, 62) S {T[ﬁ”/aHE:

Symmetric reasoning as before
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11.

12.

SLIO*-FE:

YU Tke :Var FVW)eX
YU T Re [ 7[e/a]

To prove: (W,n,e'[] (y41),¢'] (v12)) € [(Va.T) 015
From Definition 2.5 it suffices to prove that

Vi < (v dadi v A D)y b2l vpr = (W, n—i,vp1,0p2) € [(710/0]) 017

This means given some i < n s.t (€'[])y Lidhi vir A (€]])y Jod vpo
We are required to prove:

(W,n —i,vp,vp2) € [(T[l/]) olft  (FB-FE0)

H: (W,n,e (y11),€ (v12) € [(Va.T) o7
From Definition 2.5 it suffices to prove that

Vi < n.(e)y Jadhi v A (€)y Joll vhe = (W, n — i, vp1, vh2) € [(VauT) 01““}

Since we know that (¢[]) v J1li vf1. Therefore 3j < i < n s.t € v [1{; vp. Similarly
since (€'[]) v J2| vf2 therefore €' v |2l vpo

This means we have (W, n — 4, vp1, vha) € [(Va.7) o5}
From SLIO*-Sem-FE we know that v,; = Aep and v = Aepo

From Definition 2.4 this further means

VW' D W, k< (n—j),0 € LW ken,en) € [T[l'/a] o]5) A

Vo, 3 W.Gl,fﬂ eL, k‘.(@l, k‘,ehl) S {T[f”/oé] O'JE VAN

VGl J W.HQ,EH S /:,, k.(@l, k, €h2) c \_T[ﬁ”/a] UJE (FB—FEl)

Instantiating the first conjunct of (FB-FE1) with W, n — j — 1 and ¢ we get

(W,TL _.7 - ]-7 €hl, eh?) € [T[K/Oé] O:I./E4

This means from Definition 2.5 we know that

Vi<n—j—1(en) b vpr Aena b vppg = (W,n—j—1—1vp,vp) € [(7[(/]) o]

Since we know that (e'[]) v J1li vy1 therefore from SLIO*-Sem-FE we know that (i =
Jj+1+41) and since we know that i < n therefore we have | <n —j —1s.t ep1 v J1ll; vf1.
Similarly since (€'[]) v {2{} vpo therefore eps v Lol vf2

Therefore we get
(W,n—j—1=1vp1,0p) € [(r[(/a]) o]5 (FB-FE2)

Since we know that ¢ = j 4+ + 1 therefore from (FB-FE2) we get (FB-FEO)
SLIO*-CI:

YU, eTkHe 7
SiTkve:ic=1

To prove: (W,n,ve' (yl1),ve (v1a)) € [(c= 1) ol
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From Definition 2.5 it suffices to prove that

Vi < n.(ve')y Lilki vy A (ve)y Lall vy = (W, n — 4,01, vp2) € [(e = T) o
This means given some i < n s.t (ve')y Ll vir A (ve')y ladl vpo

From SLIO*-Sem-val we know that vg; = (ve')y |1 and vpy = (ve')y |2

We are required to prove:

(W,n—1i,(ve)y b1, (ve)y l2) € [(e = T1) U]““}

Let e; = (ve')y |1 and eg = (ve)y |2

From Definition 2.4 it suffices to prove

YW I W,j<nLlEc= (W, jee) € [T a|pA
VO, W.bh,j.L =Ec = (0),5,e1) € [T ol AN

VO, D W.hs,j.LEEc = (0i,],e2) € |T0]E (FB-CI0)

m: VW,TL (Wv n, e (7 \Ll)’ e (7 \L?)) S [T O-—|JE'4
In order to prove (FB-CI0) we need to prove the following

() VW' I W,j<nLlEco = (W, jee)€ [T olp:
This means given W' J W,j < n,L | ¢ o and we are required to prove
(W/aja €1, 62) € |VT U—|é
Instantiating TH with W’ and j we get the desired
(b) VO, I W.01,j.LI=Eco = (0,),e1) € [T o]
This means given §; J W.0;,j.L |= ¢ o0 and we are required to prove
(glv.ja 61) S LT UJE
Since from Lemma 2.24 (W,n,v) € [Ty} = Vi € {1,2}. Vm. (W.0;,m,v L) €
[Clv
Therefore we get
(W.Gl,j,’y \Ll) € LFJV
And from Lemma 2.17 we also get
(01, 5,7 41) € [T]v
Therefore we can apply Theorem 2.22 to get
(elvjv 61) S LT O-JE
(c) VO, 3 W.02,j.L =c = (0,7,e2) € |T 0]E:

Symmetric reasoning as before

13. SLIO*-CE:

Y, U:TkFe ie=71 X Ukc
YU kHe o7

To prove: (W,n,e’ e (yl1),¢' e (v12)) € [1) olz
From Definition 2.5 it suffices to prove that

Vi <n.(eo)y L1l v A (o) Lall vpe => (W, n—i,vp1,vp0) € [T o]f
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14.

This means given some i < n s.t (e/®)y L1{; vy A (e/@)y L2l vp2
We are required to prove:

(W,n —i,v51,vp2) € [T 0] (FB-CED0)

m: (Wana 6/ (’Y \Ll)? 6/ (7 \LQ)) € ’—(C = T) O:Ié
From Definition 2.5 it suffices to prove that

Vi < n.e'y il vp A€y Lol vhe = (W,n — 4, vp1,082) € [(c=T) (ﬂ““,‘

Since we know that (e¢’e) v |il}; vp1. Therefore 3j < i < n s.t € v [1l; vy Similarly
since (€'®) v ladl vy therefore € v Lall vpo

This means we have (W,n — 5, vp1, vpa) € [(c = 7) o]
From SLIO*-Sem-CE we know that vy = vep; and vpo = vepo
From Definition 2.4 this further means

YW I W,k<n—jLlEco = (W keie)€[To]pA
VO, D W.o,kLEco = (0,k,e1) €T o)A
VO, 3 W.0s,k.L ): co — (Hl,k,eg) S LT O'JE (FB—CEl)

Instantiating the first conjunct of (FB-CE1) with W, n — j — 1 and since we know that
L = ¢ o therefore we get

(W,n—j—1en,en) €7 UWé

This means from Definition 2.5 we know that
Vi<n—j—1(en) bvpr Aena b vpg = (Won—3j—1—1,vp1,vp) € [T o]{}
Since we know that (e’e) v |il}; vf; therefore from SLIO*-Sem-CE we know that (i =

j+1+1) and since we know that i < n therefore we have [ <n —j —1s.t ep v b1l vf1-
Similarly since (¢’e) v 2| vfa therefore epa v lodl vpo

Therefore we get

(W,n—j—1-1vm,vp) €[rolft (FB-CE2)

Since we know that ¢ = j 4+ + 1 therefore from (FB-CE2) we get (FB-CE0)
SLIO*-label:

U k-ée 7
YT+ Lb(€) : Labeled £ 7

To prove: (W,n,Lb(e’) (v 11),Lb(e') (v {2)) € [Labeled ¢ 7 o4

This means from Definition 2.5 we need to prove:

Vi < n.Lb(e') v J1di Lb(v1) ALb(e') v l2ll Lb(v})) =
(W,n —i,Lb(vs1),Lb(v},)) € [Labeled £ 7 o}

This means that given some i <n s.t Lb(e') v J1{; Lb(vs1) ALb(e’) v L2l Lb(v}))
We are required to prove
(W,n —i,vp1,v}) € [Labeled £ 7 ol (FB-LBO0)
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15.

IH:

(W7n7 e (7 \L1)76, (’7 \LQ)) € IVT U-lé

This means from Definition 2.5 we have:
\V/] < n.e i \l/l‘U’Z Vf1 Ne v \LQU ’U}l = (W,TL - ja Vf1, v}l) € [T O--lé

Since we know that Lb(e’) v J1{; Lb(vs1). Therefore 3j < i <mns.t e’ v [1l; vp. Similarly
since Lb(e') v {2l Lb(v}l) therefore €’ v |2 fu}l

This means we have

(W,n—j,vp1,vp) € [T ol (FB-LB1)

In order to prove (FB-LBO0) from Definition 2.4 it suffices to prove that

(W,TL - 7:7 Vf1, v}l) € [T O'-"é

From SLIO*-Sem-label we know that ¢ = j+1. Therefore we get the desired from (FB-LB1)
and Lemma 2.17

SLIO*-unlabel:

Y U:T k¢ : Labeled ¢ 7
¥; ;T + unlabel(e’) : SLIO ¢; (¢; L 4) T

To prove: (W, n,unlabel(e’) (v 1), unlabel(e/) (v 12)) € [(SLIO ¢; (¢; U ) 7) o]

This means from Definition 2.5 we need to prove:

Vi < n.unlabel(e’) v }1{; ve1 A unlabel(e’) v Lol v =

(W,n—i,vp1,vp) € [(SLIO ¢ (6; U 0) 7) o]¢

This means that given some i < n s.t unlabel(e’) v |1{; vp1 A unlabel(e’) v 24 v},

From SLIO*-Sem-val we know that vy = unlabel(e’) v |1 and v}, = unlabel(e’) v l2. Also
1 =20

We are required to prove

(W,n,unlabel(e’) v 1, unlabel(e’) v |2) € [(SLIO ¢; (¢; L ¢) 7) o5}

This means from Definition 2.4 we need to prove

Let e; = unlabel(¢’) v |1 and ey = unlabel(e’) v |2

(Vk <n, W, 3 WNH, H.(k, Hy, Hy) > Wo AVol, vl

(Hlael) ll;c (Hl/v U{) A (H2762) U’f (H2,7 ’Ué) /\j <k =

IW' 2 Wk — j, B, HY) > W' A ValEg(A, W'k — j, (6 U0) o, ], v, 7 a)) A
Vi e {1,2}.(\%,96 0 W0 H,ju(k H) > 0o A (H,e) U (' of) =

30" 3 0e.(k—j,H)p 0 N0 k—j4,9) € |T']v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ TAL; o T V') A

(Va € dom(8")\dom(8e).0'(a) \. £; a)>

We need to show
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()

Vk < n, We 3 W.H, Ho.(k, Hy, Hy) > W AV, ),
(Hy,ex) V] (H{, v) A (Hy,e0) W (Hy, wh) Aj <k =
AW’ 3 We(k — j, H{, H)) > W' A ValEq(A, W' k — j,(l; U{) o, v, 05,7 0):

Also given is some k < n, W, 3 W, Hy, Hy, v], v}, j s.t (k, Hy, Hy)> W, and (Hy,eq) ll;-c
(H{,v}) A (Ha,e) W (Hs,v5) A j <k

And we are required to prove
AW’ 3 We.(k—j, H{, H))> W' A ValEq(A, W', k—j, (¢; U0) o,v],v),T 0) (FB-U0)

TH: (We,k,e' (v11),¢ (712) € [(Labeled £ 7) oA

This means from Definition 2.5 we are given

VI < k.e’ v {1l Lb(vni) A€’ v dal Lb(vy,) =
(We,k — I,Lb(vp1),Lb(v},)) € [(Labeled ¢ 7) o5}

Since we know that
(Hy,unlabel(e’) v |1) l}j-c (H{,v}) A (Hy,unlabel(e') v |2) I (Hj, v5) Aj < k therefore
I <j<kstevylidrLb(un) A€ v L2l Lb(vpy)

Therefore we have
(We, k — I,Lb(vp1),Lb(v),)) € [(Labeled £ 7) o5}

This means from Definition 2.4 we have
ValEq(A, We, k — 1,4 0, vp1, 07,7 0) (FB-U1)

In order to prove (FB-UOQ) we choose W' as W, and from SLIO*-Sem-unlabel we know
that H{ = H; and Hy = Hy. And we already know that (k, Hy, Hz) > W,. Therefore
from Lemma 2.21 we get (k — j, Hy, Ho) > W,

From SLIO*-Sem-unlabel we know that v{, v in (FB-U0) is vy, v;, respectively. And
since from (FB-Ul) we know that ValEq(A, We,k — 1,0 o, vp1,v;,,7 o). Therefore
from Lemma 2.26 we get

ValEq(A, We, k — j, (6; U L) 0, vp1, 051, T O)

Vi e {1,2}.(\%,98 0 W0y, H, j.(k, H) b 0c A (H,e) U (H' o) N j <k =
30 2 0e.(k— j, H) o 0 A0 K — 5,9) € |7 o)y A

(Va.H(a) # H'(a) = 3¢".0.(a) = Labeled ¢/ 7 A f; 0 C ) A

(Ya € dom(0")\dom(8.).6'(a) N\ li 0)):

Casel=1
Given some k,0. 3 W.0p, H,j st (k, H) >0 A (H,e) W (H',v)) Aj < k

We need to prove

3¢’ 3 6..(k—j,H )& N0 k—j,v) €T o]vA

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ T ANl; o T V') A
(Va € dom(0')\dom(6.).0'(a) \ i o)

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
Vm. (Wﬂl,m,'y ~L1) S \_FJV and (W.Hz,m,’)/ J,Q) S I_FJV

Instantiating m with k& we get (W.01,k,v 1) € |[T']v
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Now we can apply Theorem 2.22 to get
(W.Hl, k, (unlabel 6/)’)/ J,l) S \_(S]L]I@ 0; b, U/l 7’) UJE

This means from Definition 2.7 we get
Ve < k.(unlabel €)y |1ile v = (W.01,k —c,v) € [(SLIO ¢; 4; UL T) oy

This further means that given some ¢ < k s.t (unlabel €’)y |1l v. From SLIO*-Sem-
val we know that ¢ = 0 and v = (unlabel €')y |4

And we have (W.61, k, (unlabel ¢')y |1) € |(SLIO ¢; 4, UL T) o]y

From Definition 2.6 we have

VK < k,0, 3 W.01, Hy, J.(K, H)>0, A (Hy, (unlabel ¢')y 11) V4 (H, v)ANT < K =
0 20K —JH) 0 A0, K —J,0') € 7]y A

(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ N1 T V') A

(Va € dom(6")\dom(6.).0'(a) \ £1)

Instantiating K with k, 6/ with 6., H; with H and J with j we get the desired

Case [ =2
Symmetric reasoning as in the [ = 1 case above

16. SLIO*-tolabeled:

0T e :SLIO Y, 4, T
¥; W T + tolLabeled(e’) : SLIO ¢; ¢; (Labeled £, 7)

To prove: (W, n,toLabeled(e’) (v |1), toLabeled(e’) (v J2)) € [SLIO ¢; ¢; (Labeled £, 7) o]

This means from Definition 2.5 we need to prove:

Vi < n.toLabeled(e’) v L1{; vs1 A toLabeled(e’) v 2l vy =

(W,n —i,vp1,0}) € [SLIO ¢; ¢; (Labeled £, 7) o]}

This means that given some i < n s.t toLabeled(e’) v |1ll; vs1 A toLabeled(e’) v |2l v}l
From SLIO*-Sem-val we know that vy = toLabeled(e’) v |1, vf2 = toLabeled(e’) v |2 and
1=0

We are required to prove

(W, n,toLabeled(e’) 7 J1,toLabeled(e') v |2) € [SLIO ¢; ¢; (Labeled £, 7) o]{}

Let v; = toLabeled(¢’) v |1 and vy = toLabeled(e’) v |2

This means from Definition 2.4 we are required to prove

(Vk <n, W, 3 WNH, H.(k, Hy, Hy) > Wo AVol, vl

(Hy,o) U (H{ v)) A (Hyyw) (Y w) Nj <k =

IW' 2 We.(k — j, H, HY) > W' A ValBq(A, W',k — . 6, v}, ub, (Labeled €, 7) a)> A
Vi e {1,2}.(\#;,96 0 WOy, H, j.(k, H) b 0 A (H,u) U (H' o)) N j <k —>

30 300 (k— j,H') o6 A (0, k — j.of) € |(Labeled £, 7) o]y A
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(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ AN ; T 0') A
(Va € dom(8")\dom(8e).0'(a) \u ez-))

We need to prove:

(a) Vk < n, W 3 WNH, Hy.(k, Hy, ) > Wo A V!, v, .
(Hy, o) W (HY,vf) A (Ho,w) W (HS, 0) Aj < kb =
AW 3 We.(k — j, H, H)) > W' A ValEq(A, W',k — j, 05, v, v}, (Labeled £, 7) o):

This means that we are given some k <n, W, 3 W, Hy, Hy, v{, v}, j < k s.t
(k, Hy, Hy) > W, and (Hy, v) I (H{,v{) A (Ho, v) 45 (H, vj)

And we need to prove
AW’ 3 We.(k—j, H, Hy)> W' AValEq(A, W', k—j, £y, v], v}, (Labeled ¢, T) o) (FB-
TLO)

IH:

(We, ke (v d1),€¢' (y12)) € [SLIO ¢ £, 7 o5

This means from Definition 2.5 we need to prove:
VI < ke vy ANe vl v, = (We,n—J,vp1,v7,) € [SLIO ¢; £, T zﬂ(}

Since we know that (Hj,tolLabeled(e¢')y |1) |; (H{,v{) and (Ha,tolLabeled(e')y |1
) 4 (Hy, v5). Therefore from SLIO*-Sem-val we know that 3J < j < k < n s.t
¢ v 11y vp1 and similarly we also know that €’ v 2| v},

This means we have
(We, k — J,vp1, vh,) € [SLIO ¢; ¢, T o5}

From Definition 2.4 we know that

(Vkl < (k—J), W' 3 W, NH/, H} .(ki, H!', H}') > W AV, v}, m.

(Y o) Wh (Y, o) A (HYopy) 4 (G, ) A< by =

AW 2 W (ky —m, HI, HY) > W' A ValEg(A, W',k — m, €y, ol oll 7 a)) A

Vi € {1,2}.(\%,96 00, H,j.(k, H) b 0 A (H, o) U (H o) A j <k =
30" 30 (k—j, H) o 0 A0k — j. o)) € |7 o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A ; T V') A

(Va € dom(€')\dom(6,).0'(a) \, zi)) (FB-TL1)

We instantiate W/ with W., H{" with H;, H) with Hy and k; with &k in (FB-TL1).
Since we know that (Hi,tolLabeled(e¢')y ]1) Uf (H{,v!) A (Hy,toLabeled(e')y J2) |
(Hj, v}), therefore Im < j < k <n s.t (Hy, vp1) U (H{,v}) A (Hz, v}y) W (HJ, 0b)
This means we have

AW' 3 We.(k —m, H{, Hy) > W' N ValEg(A, W k. —m, Ly, v, vy, T 0)

(FB-TL2)

In order to prove (FB-TLO0) we choose W’ as W’ from (FB-TL2). Since from SLIO*-
Sem-tolabeled we know that v{ = Lby, (v{’), vj = Lby, (v)) and j = m + 1, therefore
from Lemma 2.21 we get (k — j, H{, Hj) > W'.

Since we have by assumption that ¢; C ¢, therefore the following cases arise

153



i EL,E A
In this case from Definition 2.3 it suffices to prove that
(W' k —j,v],v5) € [(Labeled £, 7) o5}
Since v = Lby, (v{) and vj = Lby,(v5). Therefore from Definition 2.4 it suffices
to prove that
ValEg(A, W'k — j, o, v, 05, T o)
We get this from (FB-TL2) and Lemma 2.26

i (6 C0) L A
In this case from Definition 2.3 it suffices to prove that
Vm.(W',m,v]) € |(Labeled ¢, 7) o]y and Vm.(W',m,v}) € | (Labeled ¢, 7) o v
Since ¢, Z A therefore we get this from (FB-TL2), Definition 2.3 and Defini-
tion 2.6

ii. (4 CACYL,):
In this case from Definition 2.3 it suffices to prove that
(W' k — j,v],v5) € [(Labeled £, 7) o]}
Since v = Lby, (v{) and vj = Lby, (v5). Therefore from Definition 2.4 it suffices
to prove that
Vm.(W' m,v]) € |7 o]y and Vm.(W',m, o)) € |7 o|v
We obtain this directly from (FB-TL2) and Definition 2.3

(b) Vi e {1,2}.(\714;,96 00, H,j.(k H) >0 A (Hyu) U (H o) Aj < b —
30" 30.(k—j, H') o 0' A (6, — j,v}) € | (Labeled £, 7) o]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' A ; T V') A
(Va € dom(0")\dom(6,).0'(a) ei)):

Casel=1
Given some k,0, 3 W.0;, H,j st (k,H)>0. A (H,v) l}{ (H o)A Nj <k

We need to prove

30" 2 0c.(k—j, H')>0' A (0, — j,v}) € |Labeled £, ) o]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ T AL; o T V') A
(Va € dom(8')\dom(0.).0'(a) \, t; o)

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
Vm. (W.01,m,y 1) € [I'|y and (W.02,m,v |2) € |[T']v

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k, (toLabeled €')y |1) € [(SLIO ¢; ¢; Labeled ¢, 7) 0|k

This means from Definition 2.7 we get
Ve < k.(toLabeled €')y [1dle v = (W.01,k — ¢,v) € |(SLIO ¢; ¢; Labeled ¢, 7) o]y

Instantiating ¢ with 0 and from SLIO*-Sem-val we know v = (toLabeled €’)y |1
And we have (W .01, k, (toLabeled ¢')y |1) € |(SLIO ¢; ¢; Labeled ¢, 7) o]y

From Definition 2.6 we have
VK < k,6, 3 W.01, Hy, J.(K, H) > 0, A (Hy, (toLabeled ¢')y 1) I (H',o') A J <
K —
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30’ 20.(K — J,H) >0 A @, K — J,0') € |Labeled £, 7) o]y A
(Va.Hy(a) # H'(a) = 30'.0/(a) = Labeled ¢/ 7' N4; 0 T V') A
(Va € dom(8')\dom(0.).0'(a) \, ¥; o)

Instantiating K with k, 6/ with 6., H; with H and J with j we get the desired

Case l =2
Symmetric reasoning as in the [ = 1 case above

17. SLIO*-ret:

YU kHe 7
¥ 0T Fret(e’) : SLIO ¢; 4; 7

To prove: (W, n,ret(e’) (v 1), ret(e’) (v l2)) € [SLIO ¢; ¢; T o]

This means from Definition 2.5 we need to prove:

Vi < n.ret(e’) v lili v Aret(e) v Lol v =

(W,n —i,vp1,v5) € [SLIO ¢ &; 7 ol

This means that given some i < n s.t ret(e’) v l1l; v Aret(e’) v 2l vj,

From SLIO*-Sem-val we know that vg; = ret(e)y 1, vpe = ret(e’)y l2 and i =0
We are required to prove

(W, n,ret(e’)y L1, ret(e’)y l2) € [SLIO ¢; ¢; T o5}

Let v = ret(e’)y }1 and vy = ret(e')y |2

From Definition 2.4 it suffices to prove

(Vk <n, W, 3 W.NH, H.(k, Hy, Hy) > Wo A Vol vl

(Hy, o) W (H{, v)) A (Hy, vp) W (Hy, wh) Aj < kb =

IW' 3 We.(k — j, H, HY) > W' A ValBEg(A, W',k — j, 6;, v], vg,T)) A
Vi e {1,2}.(\11),@. (e Vi v) =

Vk,0c 30, H,j.(k, H) o0 A (H,v) V] (H' v)) Aj <k =
30’ 2 0ok — j, H) >0 A0, k—j,0)) € [T]v A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7/ A1 T 0') A
(Ya € dom(€')\dom(8e).0'(a) \, zl))

It suffices to prove:
(a) Vk <n, W, 3 W.NHy, Hy.(k, Hy, Hy) > W, AVoy, ).

(Hla Ul) Uf (Hllv 'U{) N (HQv UQ) uf (HQI’ Ué) NJ < k=
AW’ 3 We.(k — j, H{, H)) > W' AN ValEq(A, W' k — j,;, vy, v, T):

We are given is some k < n, W, 3 W, Hy, Hy,v],v},j < k s.t (k, Hi, H2) > W, and
(Hy, o) W (HY, o)) A (Ho, v09) U (Hy, v3)
From SLIO*-Sem-ret we know that H{ = H; and Hj = Hy

And we are required to prove:
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AW' 2 We.(k — j, Hy, Hy) > W' A ValEq(A, W',k — j, 05, v}, v5,7)  (FB-RO)

IH: (We,n, € (v1),¢ (v12) € [r ol

This means from Definition 2.5 we need to prove:
VI <ke vl ne vl v, = (We,k—J vp1,v) € [T o}é

Since we know that (Hi,ret(e’)y 1) llj (Hy,v]) A (Ho,ret(e)y 12) I (Ha, vh), there-
fore 3J < j <k s.t € v 1l vp and similarly € v 2l v7,.
Therefore we have (We, k — J, vu1,v),,) € [T o5} (FB-R1)

In order to prove (FB-R0O) we choose W' as W, and from SLIO*-Sem-ret we know
that v{ = vp; and v) = v;. We need to prove the following:
1. (k‘ — j, Hl, HQ) > We:
Since we have (k, Hy, Hy) > W, therefore from Lemma 2.21 we get
(k - j7 Hl; HQ) > We
ii. ValEq(A, We, k — j,€;, v, v}, T):
2 cases arise:
A ¢ C A
In this case from Definition 2.3 it suffices to prove
(We; k— j7 ’U{, Ué) € [T O:Ié
Since j = J + 1 therefore we get this from (FB-R1) and Lemma 2.17
B. {; Z A:
In this case from Definition 2.3 it suffices to prove that
Vm.(We,m,vy) € |7 o]y and Vm.(We, m, v}) € |7 o]y
We get this From (FB-R1) and Lemma 2.15

Vi € {1,2}.(\%,98 0 W0y, H, j.(k, H) b 0c A (H,u) U (H' o) N j <k =
30' 30k~ 5, H') s 0 A0k — j,v)) € |7 0]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled /' 7' A l; c T U') A

(Va € dom(0')\dom(0e).0'(a) \ i 0):

Casel=1

Given some k, 0, 3 W.0;, H,j st (k,H)>0. A (H,v) l}f (H' o) Nj<k

We need to prove

30 2 0c(k— 3, H)s 0 A0k — j.v)) € |7 0]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢’ 7 Al; 0 T ') A
(Va € dom(0')\dom(0.).0'(a) \  ¢; o)

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
Vm. (W.01,m,y 1) € [I'|]y and (W.02,m,v |2) € |T']v

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k, (ret €')y 1) € [(SLIO ¢, 4; 7) 0B

This means from Definition 2.7 we get
Ve < k.(ret €)y Lile v = (W.01,k —c,v) € [(SLIO ¢, ¢; T) o|v
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Instantiating ¢ with 0 and from SLIO*-Sem-val we know that v = (ret €’)y |4
And we have (W .61, k, (ret €)y 1) € [(SLIO ¢; ¢; T) o |v

From Definition 2.6 we have

VK < k0. 3 W0y, Hy, J.(K, H) 50, A (Hy,v) V) (H V)N T < K =
30 30.(K—JH)b0 N0, K—Jv)e|r) o]y A

(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' N 4; 0 T U') A

(Va € dom(0")\dom(6.).0'(a) \ i o)

Instantiating K with k, 6, with 6., Hy with H and J with j we get the desired

Case [ =2

Symmetric reasoning as in the [ = 1 case above

18. SLIO*-bind:

XUk :SLIO 4; € 7 YUl x:7hke:SLIOL L, T
¥; ;T bind(e;, .¢ep) : SLIO ¢; £, 7'

To prove: (W, n,bind(e;, z.€p) (7 41), bind(er, z.€p) (v 12)) € [SLIO ¢; €, 7/ o5

This means from Definition 2.5 we need to prove:

Vi < n.bind(e;, z.ep) v L1li vp1 A bind(eg, z.€p) v Lol fu}l =

(W,n—1i,vp1,v}) € [SLIO ¢ £, 7/ ol

This means that given some i < n s.t bind(e;, z.e) v J1lli vs1 A bind(eg, x.€p) v L2l U}l
From SLIO*-Sem-val we know that vr; = bind(e;, z.€5)y L1, vr2 = bind(e;, z.€5)y 12 and
1=20

We are required to prove

(W, n,bind(e;, .e5)7 |1, bind(e, z.€5)y }2) € [SLIO ¢; £, T o)

Let vy = bind(ey, z.€p)y J1 and vy = bind(ey, z.ep)y |2

This means from Definition 2.4 we need to prove

(\m <n, W, 2 WNH, H.(k, H, H) > W, AVol, v,

(Hla Ul) U; (H1/7 'U{) A (HQv UQ) uf (HQI’ Ué) /\j <k =

IW' 2 We.(k — 4, H, HY) > W' A ValBg(A, W', k — j, 0o, o], v, 7 a)) A
Vi e {1,2}.(\%,98 00, H,j.(k H) >0 A (H,o) U (H o) Aj <k =
30’ 3 0..(k— 5, H) >0 A0k —j,0]) € |7 o)v A

(Va.H(a) # H'(a) = 30'.0.(a) = Labeled £ 7/ o A £; T £') A

(Ya € dom(€')\dom(8e).0'(a) \, zi))

This means we need to prove:

(a) VE < n, Wo 3 W.YHy, Hy.(k, Hy, Ho) > W A0, 0, j.
(Hla Ul) Uf (Hllv 'U{) A (HQv UQ) uf (HQI’ Ué) Nj<k =
AW’ 3 We(k — j, H{, H)) > W' A ValEq(A, W' k — j, o, v, 05, T 0):
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This means we are given some k < n, W, J W, Hy, Hy s.t (k, Hy, Hy) > W,
Also given some vy, vy, j < k s.t (Hy,v1) l}; (H{,v}) A (Hy,vo) U/ (Hj, vh)

And we are required to prove:
AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W',k — j, b, v{,v5, 7" o)  (FB-BO)

IH1:

(We, kyep (vd1),er (v12)) € [SLIO ¢; £ T cﬂé

This means from Definition 2.5 we need to prove:

Vi<keylilyoneylal v, =

(We, k — f,vn1,v5,) € [SLIO ¢; £ 7 o5}

Since we know that (Hy, v) ll; (H{,v}) A (Ho, vo) | (Hj, v}) therefore If < j < k s.t
er v Ly op Aep oy L2l o

This means we have

(We, k — f,op1,vh,) € [SLIO ¢; € 7 0§

This means from Definition 2.4 we have

(\ﬂ( < (k- f), W' 2 W.NHI HY (K, H' HY) > W AV, ol J.

(H{' o) 4 (H o) A (Y vgy) W (S, ) VT < K =

AW 2 WK — J, 1], Hy) > W' A ValBg(A, W' K = J,€ a,0f, 08,7 7)) A

Vi e {1,2}.(\%,98 00, H,j.(k H) >0 A (H,o) U (H o) Aj <k =

30" 30k~ 5, H') s 0 A0k — j,v)) € |7 0]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7" o AN l; 0 T V) A

(Ya € dom(0")\dom(8.).6'(a) \ li a))

Instantiating K with (k — f), W/ with W, H{ with Hy and H) with H in the first

conjunct of the above equation. Since we know that (k, Hy, Hy) > W, therefore from
Lemma 2.21 we also have (k — f, Hy, Hy) > W,

Since we know that (Hj, v;) ll;-c (H{,v]) A\ (Ho, vo) |/ (H}, v}) therefore 3J < j — f <
k— f s.t (Hb Uhl) U‘f} (Hllv U{/) A (H2> vf/n) U’f (H2/7 ’Ué/)

This means we have
AW” 3 W, (k—f—J,H{, H)> W' A ValEq(A, W' k—f—J L o,v] v, 7o) (FB-
B1)

From Definition 2.3 two cases arise:

i. o C A:
In this case we know that (W”, k — f — J, o], v§) € [T o]}
IH2:

(W" k—f—Je (741 U{z = v/'}),ep (72 U{z > v})) € [SLIO £ 4, 7/ o]

This means from Definition 2.5 we need to prove:

Vs <k—f—Jde (vl U{z— v}) s vna Aep (7 Lo Uz — v)/}) § v, =
(W" k—f—J—s,vh2,0,) € [SLIO £ ¢, 7' o5}
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Since we know that (Hy,bind(e;, z.€p) v 11) ll;-c (H{,v{) A (Hs,bind (e, x.€p) v 2
) U (Hj, vb) therefore 3s < j — f —J <k — f—J st ep (741 Uiz = of'}) Us
vhz A ey (7 b2 U{z = v3}) I gy

This means we have
(W" k—f—J—s,vh2,0,) € [SLIO £ ¢, 7' o5}

This means from Definition 2.4 we know that
(VKS <(k—f—-J—s), Ws I W'VH, Hy.(K,, Hy, Hy) > W5 AVv.y, )y, Js.

(Hi, vn2) Ui (Hly, 01) A (Hay o) W (Hly, vlp) A Js < Ky =
AW, 3 Wy (Ks — Js, H.y, Hly) > WA ValEg(A, W, Ks — Jg, 4i, vy, v, 7' a)) A

Vi € {1,2}.(\1/@,96 00, H,j.(k, H) b 0 A (H, o) U (H o) A j <k =
30" 30 (k— 5, H)Y >0 A0k — j,v)) € |7 o)y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled /' 7" o A l1 T V') A

(Va € dom(€')\dom(6,).0'(a) \, zl))

Instantiating K with (k— f —J —s), W, with W”, H; with H{ and Hj with Hs.
Since we know that (k — f — J, H{, Hy) > W therefore from Lemma 2.21 we also
have (k — f — J — s, H{, H}) > W"

Since we know that (Hj,bind(e;, x.ep) v 1) llf (H{,v]) A (Hz,bind(e;, z.ep) v L2
) U (Hj, ) therefore 3J, < j — f —J —s < k— f —J —s st (H, v Ui
(Hslla v;l) N (Hzlv Ué/) llf (Hs/2a 0;2)

This means we have
Iaw! 3 Wy (k- f — J—s—Js,Hgl,Hg2)> W! N ValEqA, Wk —f—J—s—
JS,EO71)§1,U£2,T/ U) (FB—BQ)

In order to prove (FB-B0) we choose W' as W/. From SLIO*-Sem-bind we know
that H{ = H!;, Hy = H.,, v{ = v}y, vj = vy and j = f+J+ s+ Js+ 1. And we
need to prove:
A. (k—j,H, Hy)> W/
Since from (FB-B2) we know that (k— f —J —s—Jg, H.y, H,)> W/ therefore
from Lemma 2.21 we get
(k =, Hyy, Hyg) > Wi
B. ValEq(A, W k — j, by, vl1, 0o, 7" 0):
Since from (FB-B2) we know that ValEq(A, W/, k—f—J—s—Jg, Ly, vy, Vg, 7" 0)
therefore from Lemma 2.26 we get
ValEq(A, W, k — j,lo, v, vlo, 7" 0)

ii. £ oL A:

From (FB-B0) we know that we need to prove

AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W' k — j, by, v, vy, 7" o)

Since ¢; 0 C ¢ 0 C 4, o (by assumption) and ¢ o [Z A therefore we have ¢, o £ A

This means that from Definition 2.3 it suffices to prove

AW’ 3 We.(k—j, H, Hy)> W/ AYmy1 (W .01, my1, v]) € [T o]y AVMuya. (W' .02, mys, v}) €
L7 alv

This means given some m,1, my2 and we need to prove
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Iw’ 3 We.(k — 7, Hll, HQ/) > WA (W/.Hl, My, U{) € LT/ UJV A (W/.GQ,mUQ, Ué) S
|7’ o]y (FB-BO01)

In this case we know that
Vm. (W".61,m,v]) € |7 o]y and Vm. (W".03,m,v)) € |7 o]y  (FB-B3)

Since bind(e;, z.ep)y J1d; v] therefore 3J; < j—f—J <k —f—Jst (e)y 4
U{z — o'} Vg vf. Similarly, 3J; < j—f—-J—-J1 < k—f—J—J1 st
(Hlla U{) U’k};{ -

Instantiating m with my; + 1+ J; + J] in the first conjunct of (FB-B3)
(W"01,muy1 + 1+ J1+ Jj,0)) € |7 oy

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
Vm. (W.01,m,y h) € [I']v

Instantiating m with my,;+1+J1+J7 we get (W.01, my1+1+J1+J7,v 1) € [T]v

From Lemma 2.18 we know that
(W".01,my1 +1+ 1+ J,v ) €Ty (FB-B4)

Now we can apply Theorem 2.22 to get
(W01, my1 + 1+ J1 4+ Ji, (ep)y 41 U{z — v{'}) € [(SLIO £ 4, ") o g

This means from Definition 2.7 we get
Ve <myg1+1+J1+ J{.<6b>’)f 41 U{:L’ — U{/} Ucl Vo1 — (W”.@l, My1 +1+J1+
Ji —c1,001) € [(SLIO £ 4, ') o]y (FB-Bb)

Instantiating ¢; with J; in (FB-B5)
Therefore we have (W".01,my1 + 14 Ji,v01) € [(SLIO £ ¢, 7') o]y

From Definition 2.6 we have

VK < (my1+1+J7),0, 3 W".01, Hy, Jo.(K, Hy)>0LA(Hy, vor) VY (HY, w]) AT <
K =

39’1 | QQ(K — JQ,H{/) l>(9/1 A (9/1,K — JQ,'U{) € I_T/ UJV A

(Va.Hy(a) # H{'(a) = 3¢'.0.(a) = Labeled ' 7" N 4; 0 T 0') A

(Va € dom(67)/dom(0.).601(a) \ ¥; o)

Instantiating K with m,1 + 1 + Jj, 0, with W”.0;, Hy with H{ (from FB-BI)
and Jo with J| we get

39’1 - W”.Hl.(mul + 1, Hl//) l>(9/1 AN (Qll,mul +1, ’U{) € LT/ O'JV A

(Va.Hy(a) # H{'(a) = 3 .W".01(a) = Labeled ¢ 7" N l; 0 T U') A

(Va € dom(6y)/dom(6.).01(a) \ ¥; o) (FB-B6)

Since we know that bind(e;, z.€p)y J2d} v5. Say this reduction happens in ¢ steps.
Therefore 361 < t < k < n s.t (e)y b2 U{x — v} |4, v and simialrly Ity <
t—t1 < k—t st (H,uz)y b2l (HY,v)

Again since bind(ej, z.ep)y L2l v} therefore 3Jy < t —t; —to < k —t; — t2 s.t
(eb)'y o U{.%' — 'Ué/} liJz ’Uﬁ. Similarly HJé <t—t;—to—Jo< k—1t1 —ty— Jg st
(H2/a Ué) ‘Ufé -

Instantiating the second conjunct of (FB-B3) with myo + 1+ Jo + J; we get
(W02, my2 + 1+ Jo+ Jy,0f) € |7 oy
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Again since (W,n,v) € [T']5} therefore from Lemma 2.24 we know that
Vm. (W.Qg, m,y ig) S {FJV

Instantiating m with my2+1+Jo+J5 we get (W .02, my2+1+Ja+J5, v L2) € ||y

From Lemma 2.18 we know that
(W03, mu2+ 1+ Jo+ J5,v l2) € [Ty (FB-BT7)

Now we can apply Theorem 2.22 to get
(W 02, mu2 + 1+ Jo+ Jj, (ep)y b2 U{z — vff}) € [(SLIO L 4, ') o] g

This means from Definition 2.7 we get
Veg < (mya + 1+ Ja+ Jb).(ep)y b2 Uz = v} Jey vo2 = (W02, mya + 1+
Jo — Cco, 1)02) € KSLH@ / 60 7'/) O’JV (FB—BS)

Instantiating co with Jo in (FB-B8) we get
(W”.@Q,mug +1+ Jé, ’Uog) € L(S]L]I@ 14 60 7'/) O'JV

From Definition 2.6 we have

VK < (mua+1+J3),0L 3 W02, Hy, J3.(K, Ho)>0L A (Ha, v2) I, (HY, vh)AJ5 <
K =

305 30, (K — Js, HY )b 045 A (05, K — J3,v) € |7 o]y A

(Va.Hs(a) # HY(a) = 3.0/ (a) = Labeled ¢/ 7" NL o T V') A

(Va € dom(6%)/dom(6.).05(a) N\ ¥ o)

Instantiating K with myo + 1 + Jb, 0, with W”.02, Hy with Hj (from FB-BI)
and J3 with Jj, we get

395 ; W//.HQ.(mug + 1, HQN) > (9/2 A (Q/Q,mug +1, ’Ué) € LT/ O'JV A
(Va.Hs(a) # HY(a) = I .W".0s(a) = Labeled ¢ 7" Nl o T U') A
(Va € dom(65)/dom(6.).05(a) \ ¢ o) (FB-B9)

In order to prove (FB-B01) we chose W' as W,, where W,, is defined as follows:
W01 = 0} (From (FB-B6))
W,,.02 = 05 (From (FB-B9))
Wy.3 = W".3 (From (FB-B1))
It suffices to prove
o (k—j, H/',H)> Wy
From Definition 2.9 we need to prove the following
— dom(W,,.01) C dom(H]") A dom(W,.02) C dom(H,):

From (FB-B6) we know that (my1+1, H{")>6] therefore from Definition 2.8
we know that dom(W,,.01) C dom(H{)

Similarly from (FB-B9) we know that (my2 + 1, Hy') > 65 therefore from
Definition 2.8 we know that dom(W,,.02) C dom(HY)

— (Wh.B) C (dom(Wy.01) x dom(W,.02)):

Since from (FB-B1) we know that (k — f — J, H{, Hy) > W" therefore from
Definition 2.9 we know that (W”.5) C (dom(W".01) x dom(W".03))

Since from (FB-B6) and (FB-B9) we know that W”.0; T W,.0; and
W".0, C W,.00

Therefore we get

~

(Wh.B) C (dom(W,,.01) x dom(W,,.02))
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~

— V(al, CLQ) S (Wnﬁ)(Wnﬁl(al) = Wnﬂg(ag)/\(Wn,k—j—l,Hll/(al),HQH(ag)) €
[ W61 (a1)]7):

4 cases arise for each (ay, ay) € W,. B
A. Hl’(a,l) = Hlll(al) A\ HQI(GQ) = HQH(CZQ)Z

To prove:

Wnﬂl(al) == Wn.eg(ag)t
We know from that (k — f — J, H{, Hy)) > W"

Therefore from Definition 2.9 we have

V(ai, ah) € (W".5).W".01(a}) = W".02(a))
Since W,,.3 = W".3 by construction therefore

V(ai, ah) € (Wy.B3).W".01(a1) = W".02(a})

From (FB-B6) and (FB-B9) we know that W”.0; C 0] and W".0, C 6,
respectively.

Therefore from Definition 2.1

A~

V(ar, ay) € (Wn.f).01(a1) = 05(az)

To prove:
(Wb = = 1, H{ (@), Hy (a2)) € [Wp.01(ar)]5:
From (FB-B1) we know that (k — f — J, H, H}) & W"

This means from Definition 2.9 we know that

V(aﬂ, aui2> c (W”.B). W"ﬂl(aﬂ) = W”.QQ(G,Z'Q) AN

(W k—f—J—1,H{(an), Hy(ai2)) € [W".01(ain)]5}

Instantiating with a; and ay and since W” C W, and k —j — 1 <
k—f—J—1(since j = f+ J+ J1 + 1 therefore from Lemma 2.17 we
get

(Wi k= j =1, H{(a1), H(a2)) € [ Wy.01(a1) ]}

B. H{(a1) # Hy'(a1) N Hy(az) # Hy (az):

To prove:

Wn.91(al) = Wn.QQ(ag)
Same reasoning as in the previous case

To prove:

(Wa,k = =1, H'(a1), Hy (a2)) € [Win.01(ar)]5}

From (FB-B6) and (FB-B9) we know that

(Va.H{(a) # H{(a) = W' .W".01(a) = Labeled ¢’ 7" A (¢ o) T ¥')
(Va.Hj(a) # H)(a) = 3 .W".02(a) = Labeled ¢’ 7" N (£ o) T V')
This means we have

30'.W".01(a1) = Labeled ¢/ 7" A (£ o) C ¢ and

0. W".05(az) = Labeled ¢/ 7" A (€ o) C ¥/

Since £ o IZ A. Therefore, ¢ [Z A.

Also from (FB-B6) and (FB-B9), (m,1+1, H)>0] and (my2+1, Hy )>05.
Therefore from Definition 2.8 we have

162



(01, mur, H'(a1)) € |01 (a1)]v and
(05, muz, Hy' (a1)) € |05(az)]v
Since m,1 and mys are arbitrary indices therefore from Definition 2.4 we

get
(W k =5 =1, H{'(a1), Hy(a2)) € [0} (ar)]{}

C. H{(a) = H{'(a1) N Hj(az) # Hy(az):

To prove:

Wnﬂl(al) = WnﬂQ(ag)

Same reasoning as in the previous case

To prove:

(W, k—j—1,H'(a), H) (a2)) € [Wnﬂl(alﬂ“é

From (FB-B9) we know that

(Va.Hy(a) # HY(a) = W .W".05(a) = Labeled ¢ 7" A (¢ o) T 1)
This means we have

0. W".05(az) = Labeled ¢/ 7"/ A (¢ o) C ¥

Since ¢ o [Z A. Therefore, ¢ [Z A.

Since from (FB-B1) we know that (k — f — J, H{, Hj) £ W that means
from Definition 2.9 that (W”, k—f—J—1, H{(a1), Hy(az)) € [W".01(a1)]{.
Since W”.01(a1) = W".02(ag) = Labeled ¢ 7" and since ¢' [Z A therefore
from Definition 2.4 and Definition 2.3 we know that

Therefore

Vm. (W”.Hl,m, Hl’(al)) S W”.@l(al) (F)

Instantiating the (F) with m,; and using Lemma 2.16 we get
(61, mu1, Hi(a1)) € 61(a1)

Since from (FB-B9) we know that (my2 + 1, H)) > 6/, therefore from
Definition 2.8 we know that (05, mq2, Hy (a2)) € 05(az)

Therefore from Definition 2.4 we get

(W' k —j =1, H (a1), B} (a2)) € [0}(a)]i}

D. H{(a) # H{'(a1) A Hy(az) = Hy (az):
Symmetric reasoning as in the previous case
— Vi e {1,2}.YmNa; € dom(W,,.0;).(Wy,.0;,m, H'(a;)) € | Wy,.0;(a;) | v:

Casei=1
Given some m we need to prove
Va; € dom(Wy.0;).(Wy.0;,m, H(a;)) € | Wy,.0i(a;) |v

This further means that given some a; € dom(W,,.0;) we need to show
(Wnﬂl, m, Hl”(al)) S LWn.Hl(al)Jv

Since W,.0; = 64, it suffices to prove
(01, m, H{'(a1)) € [0 (a1)]v

Like before we apply Theorem 2.22 on e, v |1 U{z + v{'} but this time at
m+1+J1+ J] to get
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307 3 W"b1.(m+ 1, H )b 0] A (01, mur + 1,0)) € [T/ o]y A

(Va.Hy(a) # H{'(a) = 3. W".01(a) = Labeled ¢' 7" N l; 0 T 0') A

(Va € dom(6))/dom(6.).01(a) \ ¥t; o)

Since we have (m + 1, H{') > 6] therefore from Definition 2.8 we get the
desired.

Case i = 2

Similar reasoning as in the ¢ = 1 case

o (W'b1,mu1,v)) € |7 o]y AW .02, myuz,v5) € |7 oy:
We get this from (FB-B6), (FB-B9) and Lemma 2.16 we get the desired

19. SLIO*-ref:

Y:U:T k¢ : Labeled ¢/ 7 SRl
;0T F new () : SLIO £ £ (ref ¢/ 7)

To prove: (W,n,new (¢') (v 11),new (¢') (v l2)) € [(SLIO ¢ ¢ (ref ¢/ 7)) o5

This means from Definition 2.5 we need to prove:

Vi < n.new (¢') v L1l vp1 Anew (€') vy |2l vy =

(W,n—i, v, v}) € [(SLIO € £ (vef €' 7)) o]¢}

This means that given some i < n s.t new (€') v l1lli vp1 A new (€') v Jall vpy

From SLIO*-Sem-val we know that vg = new (/) 1, vpo = new (¢/)y lo and i =0

We are required to prove

(W,n,new (e')y L1, new (e')y J2) € [(SLIO £ ¢ (ref ¢’ 7)) o5}

Let v; = new (€')y |1 and vy = new (e’)y ]2

From Definition 2.4 we are required to prove

<Vk: < n, W, 2 W.NH, Hy.(k, Hy, Hy) > Wy AV, 0}

(Hy, o) W (H{, vf) A (Hy, vp) W (Hy, wh) Aj < b =

IW' 2 Wk — j, HL, HY) > W' A ValEq(A, W',k — j, 0,0}, v}, (ref ¢ 7) a)) A
Vi e {1,2}.(\%,96 00, H,j.(k H) >0 A (Hyu) U (H o) Aj < b —
30 3 0.(k—j,H)>0 N0k —j,v)) € |(ref £/ T)|y o A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" AL T V') A

(Va € dom(8")\dom(6.).0'(a) . g))

This means we need to prove the following:

(a) Vk <n, W, 3 W.VHl,HQ.(k‘,Hl,HQ) > W, /\V’U{,’Uﬁ.
(Hy, o) U1 (H{,v)) A (Ho, 00) U (Hg,vh) Aj < b =
AW’ 3 We.(k — j, H{, Hy) > W' A ValEg(A, W' k — j, ¢, v{, v}, (ref ¢/ T) 0):

This means we are given some k < n, W, J W, Hy, Hy s.t (k, Hy, Hy) > W,
Also we are given some vy, v}, j < k s.t (Hy, vy) l}; (H{,v]) A (Ho,vo) {/ (Hy, v5)

And we are required to prove:
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AW’ 23 We.(k—j, H{, Hy))> W' A ValEq(A, W', k—j,0,v1, v}, (ref £/ 7) o) (FB-RO)

IH:

(We, k€ (v 11),€ (v 12)) € [Labeled ¢ 7 o7

This means from Definition 2.5 we need to prove:

Vi <ke vlidlpone vyl o, =
(We,k — f,up1,v},) € [Labeled ¢/ 7 o5}

Since we know that (Hy, v1) l}; (H{,v]) A (Ho,vo) |/ (H}, v3) therefore If < j < k s.t
eyl v Ae v L2l vy

This means we have

(We, k — f,op1,vh,) € [Labeled ¢/ 7 o]} (FB-R1)

In order to prove (FB-R0) we choose W' as W,, where
Wy.01 = W01 U{a; — (Labeled ¢’ 7) o}

Wy.0o = We.05 U {ag — (Labeled ¢' 7) o}

Wn.B = WG.B U{a, a2}

Now we need to prove:

i (k—j, Hl, H) > Wy

From Definition 2.9 it suffices to prove:

dom(W,,.01) C dom(H{) A dom(W,.02) C dom(Hj) A

(Wn.B) C (dom(Wy.01) x dom(W,.02)) A

V(al, CLQ) € (Wn,B)(Wn01(a1) = Wn.eg(ag) A\

(W, (k= 3) = 1, H{(av), Hy(a2)) € [ Wo.1(ar)]{0) A

Vi € {1,2}.VmNa; € dom(W,,.0;).(Wy.0;,m, Hi(a;)) € | Wp.0;(a)]v

This means we need to prove

o dom(W,.01) C dom(H{)Ndom(Wy.02) C dom(H))N(W,,.5) C (dom(W,.01)x
dom(W,.02)):

We know that dom(W,,.01) = dom(W,.601)U{a1} and dom(W,,.02) = dom( We.02)U

{a2}

Also dom(H{) = dom(H;) U {a1} and dom(H;) = dom(Hz) U {az}
Therefore from (k, Hy, Hy) > W, and from construction of W, we get the
desired.

o Y(a],a}) € (Wn.B)(Wn.01(a}) = Wp.02(a}) A
(Wask —j — 1, H{(a), Hy(a3)) € [Wi.01(ai)]3}):

V(a1 ay) € (Wy.0).

A. When af = a; and ay = ay:
From construction
(Wn.él(al) = Wn.eg(ag) = (Labeled E/ T) o
Since from (FB-R1) we know that (We,k — f, vp1, vi,) € [Labeled ¢/ 7 o5}
And since from SLIO*-Sem-ref we know that H{(a1) = vp1, Hy(a2) = vy,
and j = f + 1 threfore from Lemma 2.17 we get
(Wm k—j—1, Hll(al)a HQI(GQ)) € [Wnel(al)—‘é

B. When a] = a; and a} # ap: This case cannot arise

165



C. When a] # a; and a} = ap: This case cannot arise
D. When af # a1 and a} # ag:
Since (k, Hy, Hy) > W, therefore the desired is obtained directly from Defi-
nition 2.9
o Vic {1,2}.YmNa, € dom(W,.0;).(Wy.0;,m, Hi(a})) € | Wy.0;(a))]v

When i =1

Given some m

Vaj € dom(W,,.01).

— when af = a;:
From construction
(Wnﬂl(al) = Wn.QQ(GQ) = (Labeled gl 7’) o
And from (FB-R1) we know that (W, k — f, vp1, vi,) € [Labeled ¢/ 7 o5}
Therefore from Lemma 2.15 get the desired

— Otherwise:
Since (k, Hy, Ha) > W, therefore the desired is obtained directly from Defi-
nition 2.9

When i =2

Similar reasoning as with ¢ =1

. ValEq(A, Wy, k — 4,0, v, 05, (ref ' T) 0):
From SLIO*-Sem-ref we know that v{ = a; and v} = ag
2 cases arise:

A /C A
In this case from Definition 2.3 it suffices to prove that
(Wh,k —j,a1,a2) € (ref £/ 7) o

From Deﬁnitiop 2.4 it suffices to prove
(al, CLQ) e Wn.B A Wnﬂl(al) = Wn.eg(ag) = (Labeled A T) o
This holds from construciton of W,

B. ¢ A:
In this case from Definition 2.3 it suffices to prove that
Vm. (Wy.01,m, a1) € (ref ¢/ 7) o and (W,,.02,m, a2) € (ref £ 7) o

From Definition 2.6 this means for any given m we need to prove that
W,,.01(a1) € (Labeled ¢ 7) o and W,,.05(ag) € (Labeled ¢ 1) o
This holds from construction of W,
(b) Vi € {1,2}.(\7%,9@ 00, H,j.(k, H) o 0 A (H,u) U (H o) A j <k =

30" 3 0..(k—j,H)> 0" N0 k—j,vf) € |[(ref £ 7) o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7/ A1 T 0') A

(Va € dom(6')\dom(0.).0'(a) \, £1):

Casel=1

Given some k,0. 3 W.0y, H,j st (k, H) >0 A (H, u) I (H', o) Aj <k

We need to prove

30" 3 0..(k—4,H)0' A (0, J.v) € [(ref £ 1) o]y A
(Va.H(a) # H'(a) — 300, ( ) Labeled ¢ 7 A ¢; 0 C £) A
(Va € dom(6')\dom(6.).0'(a) \ ¥; o)
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Since (W,n,v) € [T']{ therefore from Lemma 2.24 we know that
Vm. (W.01,m,y 11) € [I']y and (W.02,m,v |2) € [T']y

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k, (ref (')y 1) € [(SLIO £ ¢ (ref ' 7)) o|E

This means from Definition 2.7 we get
Ve < kref (e')y Lille v = (W.01,k —c,v) € |(SLIO £ ¢ (ref ¢/ 7)) o]y

This further means that given some ¢ < k s.t ref (¢/)y 1l v. From SLIO*-Sem-val
we know that ¢ = 0 and v = ref (¢/)y |4

And we have (W.01,k,ref (¢')y 1) € [(SLIO ¢ ¢ (ref ¢/ 7)) o|v

From Definition 2.6 we have

VK < k,0, 3 W.01, Hy, J.(K, H) > 0. A (Hy,ref (¢/)y 1) V) (H ,W)ANJT < K =
30 260K — JH) >0 A0, K — J.0') € |(ref £/ 7) o]y A

(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" Nl; 0 T V') A

(Va € dom(6')\dom(6.).0'(a) \ ¥; o)

Instantiating K with k, 6, with 0., Hy with H and J with j we get the desired

Case [ =2
Symmetric reasoning as in the [ = 1 case above

20. SLIO*-deref:

S0 e cref b7
YU T ke’ SLIO ¢ ¢ (Labeled ¢ 7)

To prove: (W,n,!e’ (v 11),'€’ (7 2)) € [SLIO ¢ ¢ (Labeled £ 7) o4

This means from Definition 2.5 we need to prove:

Vi < nle' v Lidli vir Ale v lall v]’cl —

(W,n—i,vp1,0}) € [SLIO ¢ £ (Labeled £ ) o]}

This means that given some i < n s.t le' v [1{; vy Ale v 2l v}l

From SLIO*-Sem-val we know that vy = le'y |1, vpo =le'y o and i =0
We are required to prove

(W,n,le'y 1,!e'y l2) € [SLIO ¢ ¢ (Labeled £ 7) o]}

Let v; = le/y |1 and vy = le/y |o

From Definition 2.4 it suffices to prove

(w; <n, W, 2 W.NH, H.(k, H, H) > W, AVol, v,

(Hy, o) W (HY, o)) A (Ha, v0) W (Hy, 0) Nj < b =

IW' 2 Wk — j, H, HY) > W' A ValEg(A, W' k — j,¢' o, v, (Labeled £ 1) o—)) A
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Vi € {1,2}.(\1/@,96 00, H,j.(k, H) b 0 A (H,u) U (H o) A j <k —
30" 2 0..(k — j, H') o 0 A0,k — 5,9]) € | (Labeled £ 7) o]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled & 7/ A €' o C £7) A

(Va € dom(8")\dom(6e).0'(a) \, ¢’ 0))

This means we need to prove:

(a) Vk < n, Wo 3 W.VH, Ho.(k, Hy, Hy) > W A0l vl
(Hi, v1) U; (H1/7 U{) A (Hz, 1) llf (H2/7 Ué) Nj<k =
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j,¢' o,v],v}, (Labeled ¢ 7) o):

This means we are given is some k < n, W, 3 W, Hy, Hy s.t (k, H, Hy) > W,
Also given some v;, v5,j < k s.t (Hy, v1) ll;c (H{,v]) A (Ho, vo) |/ (Hj, v5)

And we are required to prove:
AW' 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, ¢’ o,v],v}, (Labeled ¢ T) o)
(FB-DO0)

IH:

(We, kye' (v d),¢ (y2)) € [(ref £7) o7

This means from Definition 2.5 we need to prove:

Vi<ke vyl ne ylel v, =
(We,k — f,on1,v5,) € [(ref £ 7) ol

Since we know that (Hy, v1) l}; (H{,v]) A (Ho,vo) |/ (H}, v3) therefore If < j < k s.t
er v 4l o Aep vy ol vy

This means we have

(We, k — f,op1,vh,) € [(ref £7) o5} (FB-D1)

In order to prove (FB-DO0) we choose W' as W,. Also from SLIO*-Sem-deref we know
that H{ = H; and Hy = Hy. Also we know that v,; = a1 and v;; = as.
o (k -7, Hp, HQ) > We:
Since we know that (k, Hy, Ha) > W, therefore from Lemma 2.21 we get
(k — g, Hy, Hy) > W,
o ValEq(A, We,k — j, U' o,v{, v}, (Labeled ¢ T) 0):
From SLIO*-Sem-ref we know that v] = Hi(a1) and vj = Hs(as)
2 cases arise:
— 0 o C A:
In this case from Definition 2.3 it suffices to prove that
(We, k — j, v, v5) € (Labeled ¢ 7)o

Since from (FB-D1) we know that (W, k — f, a1, a2) € [ref £ 7 o5}
Therefore from Definition 2.4 we know that (a1, a2) € We.f A We.01(a1) =
We.02(a2) = Labeled ¢ 7 o

And since we know that (k, Hy, Ha) > W, therefore from Definition we know
that (W, k, Hi(a1), H2(ag)) € [Labeled ¢ 7 o]}
From Lemma 2.17 we get (W, k — j, Hi(a1), H2(a2)) € [(Labeled ¢ 7) o5}
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—V'IZ A:
In this case from Definition 2.3 it suffices to prove that
Vm. (We.61,m, Hi(a1)) € (Labeled ¢ 7)o and (W,.02,m, Hy(ag)) € (Labeled ¢ 7)o
(FB-B2)
Since from (FB-D1) we know that (W, k — f, a1, az) € [ref £ 7 a}“é
Therefore from Definition 2.4 we know that (a1, az) € We.8 A We.01(a1) =
We.02(az) = Labeled £ 7 o

And since we know that (k, Hy, Ha) > W, therefore from Definition we know
that (We, k, Hi(a1), H2(ag)) € [Labeled ¢ 7 o]f}

Finally from Lemma 2.15 we get (FB-B2)

(b) Vi € {1,2}.(\%,9@ 00, H,j.(k, H) b 0 A (H,u) U (H o) A j <k =
30’ 23 0..(k—j,H)>0 N0,k — j,v)) € |(Labeled ¢ 7) o]y A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢" 7' ANV T V") A
(Va € dom(6')\dom(6,.).0'(a) \ ¥ o):

Casel=1
Given some k,0, J W.0;,H,j st (k,H)>0. N (H,v) ll;-v (H',v))Nj <k

We need to prove

30’ 3 0..(k—j,H)v 0 A0,k —j,v/) € |(Labeled £ 7) o]y A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢" 7" ANV o T ") A
(Va € dom(0')\dom(6.).0'(a) \ ¥ 0)

Since (W,n,v) € [T']{ therefore from Lemma 2.24 we know that
Ym. (W.01,m,y ]1) € [I']y and (W.02,m,v |2) € [T']v

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k,(le'y |1) € | (SLIO ¢ ¢ (Labeled ¢ 7)) olp

This means from Definition 2.7 we get
Ve < kle'y lille v = (W.b1,k —c,v) € |(SLIO ¢ ¢’ (Labeled ¢ 7)) o]y

Instantianting ¢ with 0 and from SLIO*-Sem-val we know that v = le’y |;
And we have (W.01,k, e’y |1) € | (SLIO ¢ ¢ (Labeled ¢ 7)) o]y

From Definition 2.6 we have

VK < k,0, 3 W.01,H,J.(K, H)>0, A (Hy,v) {Lf; (H V)N <K =
30 30..(K—J,H)>0' N0, K — Jv') e |(Labeled ¢7) o]y A
(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7" N0 c T 4") A

(Va € dom(0")\dom(6.,).0'(a) \ ¥ o)

Instantiating K with k, . with 6., H; with H and J with j we get the desired

Case [ =2

Symmetric reasoning as in the [ = 1 case above
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21. SLIO*-assign:

S;W D be:ref 0 7 Y;W;T e, : Labeled ¢ 7 Yol
;W' e := e, : SLIO ¢ £ unit

To prove: (W, n, (e :=e,) (v 1), (e1 :=e,) (7 2)) € [SLIO £ £ unit o]

This means from Definition 2.5 we need to prove:

Vi <n.(er:=er) vl v A (e =er) v 2l vpy =

(W,n —i,vp1,v5) € [SLIO £ £ unit ol

This means that given some i < n s.t (e, :=e;) v L1l vi1 A (e ;=€) v L2l U]/cl

From SLIO*-Sem-val we know that vg = (e :=e,)y l1, vpo = (€1 :=€;)y l2 and i =0
We are required to prove

(W,n, (e == er)y 1, (e := er)y l2) € [SLIO ¢ ¢ unit o]}

Let ey = (e;: —er) v 41 and eg = (e;: —e;) v 12

From Definition 2.4 it suffices to prove

(\ﬂ{; <n, W, 3 WNH, H.(k, Hy, H>) > W, AVol, vl

(Hi,v1) ‘U; (H1/7 U{) A (Hz, 1) llf (H2,7 Ué) Nj<k =

IW' 3 We.(k — j, H, HY) > W' A ValBg(A, W',k — j,0, ], vg,unit)) A
Vi e {1,2}.(\1/@,96 00, H,j.(k, H) b 0 A (H,u) U (H o) A j <k —
3¢’ 3 0..(k—j,H )0 N0,k — j,v)) € [unit]y A

(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' AL T V') A

(Va € dom(€')\dom(6,).0'(a) \, e))

This means we need to prove:

(a) Vk < n, Wo 3 W.VH, Ho.(k, Hy, Hy) > W Aol vl
(H17 Ul) U; (H1/7 U{) N (H27 UQ) llf (H2/7 Ué) N <k =
AW' 3 We.(k — 4, H{, Hy) > W' A ValEq(A, W' k — j, £, v{, v}, unit):

This means we are given some k < n, W, J W, Hy, Hy s.t (k, Hy, Hy) > W,
And finally given some vf, v}, j < k s.t (Hy, v1) U; (H{,v}) A (Ho, vo) ./ (Hj, v5)

And we are required to prove:
AW' 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, £, v{, v}, unit)
(FB-A0)

IH1:

(We, kyer (v41),e1 (7 12)) € [ref £/ 7 oA

This means from Definition 2.5 we need to prove:

Vi<ke vyl neylal v, =
(We, k — f,op1,v},) € [ref £/ 7 o]
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Since we know that (Hj, v1) ll;-c (H{,v]) A (Ha,vo) |/ (H}, v}) therefore 3f < j < k s.t
er v Ly op Aep oy L2l v

This means we have
(We,k — f,op1,vh,) € [ref £/ 7 0]¢  (FB-AL)

TH2:

(We, k — foer (v41),er (7 12)) € [Labeled ¢' T o]
This means from Definition 2.5 we need to prove:

Vs <k—fevlillsumane vl v, =
(We,k — f — 5, upa, vly) € [Labeled ¢/ 7 o]}

Since we know that (Hi, v;) ll;.c (H{,v]) A (Hy,ve) {| (Hj, vh) therefore Is < j — f <
E—fste vlils vmaAer vl vy

This means we have
(We, k — f — s, vpa, v),,) € [Labeled ¢ 7 o5} (FB-A2)

In order to prove (FB-A0) we choose W' as W.. Also from SLIO*-Sem-assign we
know that H] = Hi[vy1 — vp2] and Hy = H[v;, — vj,], and j = f+s+1
We need to prove the following:
i (k- j, Hl, H) > W,:
Say vp1 = a1 and v, = ap
From Definition 2.9 it suffices to prove:
dom(We.01) € dom(H{) A dom(We.02) C dom(Hz) N
(We.8) C (dom(We.Hl) x dom(We.02)) A
V(al, az) S (We.ﬂ).(We.Ql(al) = We.eg(az) A\

This means we need to prove
o dom(W,.01) C dom(H])Ndom(W,.02) C dom(H}NW,.5) C (dom(W,.01)x
dom(We.02)):
Since dom(H;) = dom(H{) and dom(Hsz) = dom(H3), and also we know that
(k, Hy, Hy)> W,. Therefore we obtain the desired direclty from Definition 2.9
e V(ai, a}) € (We.5).(We.01(a)) = We.02(a)) A
(We,k —j = 1, H{(a}), Hy(a3)) € [ We.01(a7)15}):

V(ay, ab) € (We.3).

A. When af = a; and ay = ay:
From (FB-A1) and from Definition 2.4 we get
(We.01(a1) = We.02(az2) = (Labeled ¢ 7) o
Since from (FB-A2) we know that (W, k—f—s, vha, v},,) € [Labeled ¢ 7 o5}
And since from SLIO*-Sem-assign we know that Hj(a1) = vpa, Hy(az) =
vy and j = f + s+ 1 threfore from Lemma 2.17 we get
(Wek —j — 1, Hi(a), Hj(a2)) € [ We.01(a1)]¢}

B. When a] = a; and a) # ap: This case cannot arise

C. When a] # a; and a) = ap: This case cannot arise
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D. When af # a1 and @) # ag:
Since (k, Hy, Hy) > W, therefore the desired is obtained directly from Defi-
nition 2.9
o Vi e {1,2}.YmNa, € dom(We.0;).(We.0;,m, Hi(a))) € | We.6;(al)]v:
When ¢ =1
Given some m
Va; € dom(We.0).
— when o] = az:
From (FB-A1) and from Definition 2.4 we get
(We.01(a1) = We.02(az) = (Labeled ¢/ 7) o
Since from (FB-A2) we know that (W, k—f—s, vpa, v},) € [Labeled ¢ 7 o5}
Therefore from Lemma 2.15 get the desired
— Otherwise:
Since (k, Hy, Hz) > W, therefore the desired is obtained directly from Defi-
nition 2.9
When ¢ =2
Similar reasoning as with 7 = 1
ii. ValEq(A, We,k —3,¢,(), (), unit):
Holds directly from Definition 2.3 and Definition 2.4

(b) Vi € {1,2}.(\#;,96 00, H,j.(k H) >0 A (Hyu) U (H o) Aj < b —
30" 30c.(k— 4, H)>0 A0,k —j,v/) € unit]y A
(Va.H(a) # H'(a) = 3¢'.0.(a) = Labeled ¢/ 7' NL o T V') A
(Va € dom(8')\dom(0.).0'(a) \ £ o):
Casel=1
Given some k,0, 3 W.0;, H,j st (k,H)>0. A (H,v) l}f (H o)A Nj<k

We need to prove

30" 3 0..(k—j,H )0 A0k —j,v)) € [(unit) o]y A
(Va.H(a) # H'(a) = 30'.0.(a) = Labeled " 7" N0 o T 0") A
(Va € dom(6")\dom(0.).0'(a) \ £ o)

Since (W, n,7) € [T']{} therefore from Lemma 2.24 we know that
VYm. (W.01,m,y 1) € |[I']y and (W.02,m,v |2) € [T']y

Instantiating m with k& we get (W.01,k,v 1) € |[T']v

Now we can apply Theorem 2.22 to get
(W.01,k,((e; :=er)y 1) € [(SLIO ¢ £ (unit)) o|g

This means from Definition 2.7 we get
Ve < k.(ep:=e)ydidle v = (W.01,k —c,v) € |(SLIO £ ¢ (unit)) oy

Instantiating ¢ with 0 and from SLIO*-Sem-val we know that v = (¢; := e, )y 11
And we have (W.01,k, (e; :==e;)y d1) € [(SLIO £ ¢ (unit)) oy

From Definition 2.6 we have
VK < k,0, 3 W.01, Hy, J.(K, H)) >0, A (Hi,0) I (H )N T < K =
0 J0.(K—J, H)>0 A0, K — J,v') € |(Labeled € 7) oy A
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(Va.Hy(a) # H'(a) = 3'.0.(a) = Labeled ¢ 7" N0 c T ") A
(Va € dom(0')\dom(6.,).0'(a) \ ¥ 0)

Instantiating K with k, 6, with 6., Hy with H and J with j we get the desired

Case [ =2

Symmetric reasoning as in the [ = 1 case above

O
Lemma 2.26 (SLIO*: Equivalence of values). VA, W, W £, ¢' vy, vo,7,1,7.
ValEq(A, W, 0, i, 01,00, 7) N <iANLCOANWE W =
ValEq(A, W' 0, 4, v, v2,7)
Proof. Given that ValEq(A, W, ¢,i,v1, va, 7). From Definition 2.3 two cases arise
1. /C A:
In this case we know that (W,i, v, 1) € [T]{
2 cases arise
(a) ¢ C A:
Since (W,i,v1,v2) € [T]{ therefore from Lemma 2.17 we know that (W', j, v1, %) €
(713
And thus from Definition 2.3 we know that ValEq(A, W' ¢, j, v1, v2,T)
(b) ¢ IZ A:

Since (W,i,v1, v2) € [7]{ therefore from Lemma 2.15 we know that Vi € {1,2}. Vm.
(W.0;,m,v;) € |[T]v

And from Lemma 2.16 we know that Vi € {1,2}. Vm. (W'.0;,m,v;) € |7]v

Hence from Definition 2.3 we know that ValEq(A, W', ¢ j, v1, ve,T)

2. LI A:
Givenis CV Z A
In this case we know that Vi € {1,2}. Vm. (W.0;,m,v;) € |T]v
And from Lemma 2.16 we know that Vi € {1,2}. Vm. (W'.0;,m,v;) € |7|v
Hence from Definition 2.3 we know that ValEq(A, W', V', j, v1, va, T)

Lemma 2.27 (SLIO*: Subtyping binary). The following holds:
VY, W, o, T, 7.

1.5V Fr <7 ANLEY o = [(T Uﬂ“ég [(r/ 0’)1{4/‘
2.5 VFr<:7TANLEV o = [(TUﬂﬁ [ é

Proof. Proof of statement (1)
Proof by induction on the 7 <: 7/
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1. SLIO*sub-arrow:

Given:
U7 <im YW <7

2;\I/|—7'1—>7'2<:T{—>7'£

To prove: [((r1 = 72) 0)1{} C [((r{ = 73) 0)1¢}

IHL: [(r] o)) € [(11 0)]5} (Statement 1)
[(to 0)]5 C [(14 0)]% (Sub-AO From Statement 2)

It suffices to prove:

Y(W,n, Az.e1, \x.e2) € [((11 = 72) o). (W,n, \z.e1, Av.e2)

This means that given: (W, n, Az.ei, Ax.ea) € [((11 — ™) 0)]

And it suffices to prove: (W,n,\z.e1, A\z.e2) € [((1] = 74) o)

From Definition 2.4 we are given:

VW' 3 W, j <n,v,0.(W,ju,w)enof =

(W', j,er[vi/x], ealva/x]) € [12 o115 A

\v/el .| W-elvja ’Uc-((el?j? ’Uc) € LTl UJV Ed (elajv 61[’[11/1‘]) € LT2 UJE) N

Vo, J W.Hg,j, Uc.((el,j, ’UC) € LTI O’JV - (gl,j, 62[1}(3/3?]) S I_TQ O'JE> (Sub—Al)

Again from Definition 2.4 we are required to prove:

VW 3 Wk < nof, v (W k,of,v5) € [ ol = (W, k,exv]/a], es[v/a]) €
[75 cﬂé) A

VO, 3 W01, k,vl.((0), k,vl) € |7] o]y = (0),k,e1[v./7]) € |
VO 3 W02, k, v.((0), k,vl) € |7} o]y = (0], k,ealv)/x]) € |

This means need to prove:

(a) YW" 2 W,k < n, v, vy.(W" kv, v) € [1] o]} = (W", k,ex[v]/z], ea[v}/x]) €
75 01%) -
Given: W” 3 W, k <n and v],v5. We are also given (W", k,v{,v) € [7] o]{}
To prove: (W”, k,eq[v]/x], ea[vy/x]) € [ |5

Instantiating the first conjunct of Sub-A1 with W”| k, v{ and v} we get

(W kvl 03) € [my olf = (W', k,elv] /], ealvp/a]) € [72 01%) (85)

Since
(11 0]

E4 " kv, v5) € [T a]““} therefore from TH1 we know that (W” k,v],v}) €
A4

Thus from Equation 85 we get (W”, k, e1[v] /], e2[vh/2]) € [12 o]

Finally using (Sub-A0) we get (W”, k, eq[v] /], ea[vh/x]) € [ o]
(b) VO, 3 W.01,k,v..((6],k,v) € |7 o]y = (0], k,e1[v)/z]) € |75 0]E):

Given: ¢, 3 W.01,k, v.. We are also given (6, k,v)) € |7{ o]v

To prove: (0], k,e1[v./x]) € |15 0]k
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Since we are given (0],k,v.) € |7{ o]y and since 7{ ¢ <: 71 o therefore from
Lemma 2.23 we get
0], k,v)) € | o]y (86)

Instantiating the second conjunct of Sub-Al with 6], k, v] and vj we get

(6, k,v.) € [ o]y = (0], erlvi/a]) € |72 o)) (87)
Therefore from Equation 86 and 87 we get (0], k,e1[v./x]) € |72 0]k
Since 1o 0 <: 75 o therefore from Lemma 2.23 we get
(6], k,ex[ve/]) € [ 0]
(c) VO, 3 W.0s,k,v..((0],k,v}) € |1] o]y = (0], k,e2[v)/x]) € |15 0]E):
Similar reasoning as in the previous case
2. SLIO*sub-prod:

Given:
Uk <7 Uk <iTh

U kT X T <:T] X T

IH1: [(11 0)] 17 (Statement (1))

IH2: [(12 0)] 17} (Statement (1))

It suffices to prove: Y(W,n, (v1, w), (v], v5)) € [((11 x 72) )13 (W, n, (v1, %), (v], v))) €
[((r{ x 75) )¢}

This means that given: (W, n, (v, v2), (v],v4)) € [((11 x 72) 0)]{*

Therefore from Definition 2.4 we are given:

(W,n,v1,0]) € [11 o A (W,n, w, v) € [12 0F (88)

And it suffices to prove: (W,n, (vi, v2), (v],v)) € [((7] x 73) o)]5}

Again from Definition 2.4, it suffices to prove:
(W,n,v1,v]) € [1] a1 A (W, n, 02, v)) € [7h o]
Since from Equation 88 we know that (W,n,v1,v]) € [11 o]{ therefore from IH1 we have
(W, n, v, v) € [{ 0T}
Similarly since (W,n,w,v}) € [12 Jh‘} from Equation 88 therefore from IH2 we have
(W,n,w,v) € [ ol

3. SLIO*sub-sum:

Given:
Z;\I/|—71<:T{ E;‘IJI_T2<ZT£

;W bET 41 <2T{+T£

To prove: [((r1 +72) 0)1{ C [((r] +73) 0)1¢
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IHL: [(r1 o)) C [(7] 0)]5} (Statement (1))
IH2: [(r2 0)){ C [(75 0)]5} (Statement (1))
It suffices to prove: V(W ,n, vs1,vs52) € [((11+72) o). (W, n, vs1,vs52) € [((7] +74) o) |5

(
This means that given: (W,n, vs1, vs2) € [((11 + 72) 0)]5}
And it suffices to prove: (W, n,vs1,vs2) € [((7] +75) 0)]{

2 cases arise

(a) vs1 = inl vj1 and v = inl v;a:
From Definition 2.4 we are given:

(W,n, 'Uz‘l,'UZ‘Q) S [Tl 0'—‘“{;‘ (89)

And we are required to prove that:
(W, n,vi1,v2) € [7] O'—|"‘jl
From Equation 89 and IH1 we know that
(W,n, Vi1, Ui2) c [7‘{ U~|""}

(b) vs =inr v;; and vso = inr vja:
From Definition 2.4 we are given:

(W, n,vi1,vi2) € [T2 (ﬂ“\;\ (90)

And we are required to prove that:
(W, n, vi1,vi2) € [75 01““}

From Equation 90 and TH2 we know that
(W, n, vi1,v2) € [75 (ﬂ{}

4. SLIO*sub-forall:

Given:
YU <imy

XU EVar <:Va.r

To prove: [((Va.ri) 0)]¢ C [(Va.m) o]

Vo. [(11 o)]4 C [(2 0)]% (Sub-F2, From Statement (2))
It suffices to prove: Y(W,n, Aer, Aez) € [((Va.m1) o)¢h
(W,n,Aei, Aes) € [((VauTz) o)1

This means that given: (W,n, Ae1, Aes) € [((Ve.(r1)) o)1
Therefore from Definition 2.4 we are given:

VW' 3 W,n' <n,l € LW n' er,e2) € [11[l'/a] a]5) A
VO, 3 W.01,5,0 € L.((61, 7, e1) € [11[l'/a]]g) A
VO, 2 W.0,5, 0" € L.((61,7,e2) € [11[¢"/a]]p)  (Sub-F1)

And it suffices to prove: (W, n,Ae, Aes) € [((VauTs) 0)]¢}

Again from Definition 2.4, it suffices to prove:
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YW" 3 W, n" <n "€ L((W"n" e e) € [rll"/a] o]p) A
VO, 3 W.01,k, 0" € L8],k e1) € [=[l"/a]|E) A
V@Z - W.Hg,k,ell € ﬁ.((@;,k‘,eg) S {TQ[K”/OJHE)

This means we are required to show:

(a) YW" 2 W, n" <nl' € LUW" 0/ e1,e2) € [[l'/a] o]3):
By instantiating the first conjunct of Sub-F1 with W”, n” and ¢’ we know that the
following holds

(W",n",e1,e2) € [11[¢"/a] o7)
Therefore from Sub-F2 instantiated at o U {a — ¢}
(W",n" e1,e9) € [12[l"]a] o5)

(b) VO, 3 W.01,k, 0" € L.(0),k,e1) € |m2["/a]]E):

By instantiating the second conjunct of Sub-F1 with 6 and ¢ we know that the
following holds

(6, k,e1) € [a[t"/a] 0] )
Since 11 o U{a — 0"} <: 19 0 U {a — "} therefore from Lemma 2.23 we know that
((ei,k,el) S LTQ[E///Oé] O’JE)

(C) V@Z _ W.927k7€” S E.((@;,k,eg) S LTQ[E”/O(UE)Z

Similar reasoning as in the previous case

5. SLIO*sub-constraint:

Given:
E;\I/|—02:>cl E;\Ill—T1<:7'2

YUk =m<icg=T

To prove: [((c1 = 7 Uﬂ{‘/‘ C [((e2 = 1)) ‘ﬂé

)
[(t1 0)]A C [(12 0)]% (Sub-CO0, From Statement (2))
It suffices to prove: V(W,n,vej,ves) € [((c1 = 71) o)) (W,n,ver,ves) € [((ca =
™) o)1y
This means that given: (W,n,ver,ves) € [((c1 = 11) 0)]5}
Therefore from Definition 2.4 we are given:

YW D W,n'<nllco = (W, e,e)€[rnalan
Vo, 3 W.b,kLE = (0,k,e1) €110l A

V@l - W.Hg,k.ﬁ ): c1 — (el,k,eg) S LTI O'JE (Sub—Cl)
And it suffices to prove: (W, n,ve,ves) € [((c2 = m2) 0)]{

Again from Definition 2.4, it suffices to prove:

YW" I W,n" <nlLlEco = (W' n"epe) € [120]hA
VG; JW.01,5.L ): Cy —> (92,], 61) S LTQ UJE A
V@Z | W.@Q,j.ﬁ ): Co — (Qz,j, 62) S LTQ O'JE

This means that we are required to show the following:

177



() VW'D W, n" <nLlEcyo = (W' n" ee) € [rola:
We are given W” 3 W,n"” < n also we know that L = cy 0 and co 0 = ¢ 0
therefore we also know that £ =c¢; o

Hence by instantiating the first conjunct of Sub-C1 with W” and n” we know that
the following holds

(W" n" e1,es) € [T ﬂé

Therefore from (Sub-C0) we get (W”,n" e1,e2) € [12 o]

(b) V@Z - W.Hl,k.ﬁ ): Cy — (Gf,k,el) S LTQ UJE:
We are given some 9; J W.01,k, also we know that L |Eco 0 and ¢ 0 = ¢ 0
therefore we also know that £ =c¢; o

Hence by instantiating the second conjunct of Sub-C1 with 6 we know that the
following holds

(9271{7761) € LTl UJE
Since 1 0 <: T2 o therefore from Lemma 2.23 we get
(0, k,e1) € 2 0]E

(C) VG{ g W92>]£ ): Cy — (927]7 62) € LTQ OJE:

Similar reasoning as in the previous case

6. SLIO*sub-label:

Uk <7 S:wkeC
¥; W |- Labeled ¢ 7 <: Labeled ¢’ 7/

To prove: [((Labeled ¢ 7

~—

o)1 C [((Labeled ¢'7') o)1}

IH: [(7 0)1¢ € [(7' 0)]

=

It suffices to prove: V(W ,n,Lb(v1),Lb(v2)) € [((Labeled £ 7) 0)1{}. (W,n,Lb(vi),Lb(w)) €
[((Labeled ¢'7") )]}

This means we are given (W, n,Lb(v;),Lb(v2)) € [((Labeled £ 7) )]}
From Definition 2.4 it means we have ValEq(A, W, ¢ o,n,vi, v2,T 0)
and it suffices to prove (W,n,Lb(vi),Lb(w)) € [((Labeled £'7") o)]5}
Again from Definition 2.4 it means w need to prove that

ValEq(A, W, 0" o,n,Lb(v),Lbs(wa), 7" o)

(Sub-L0)

Since we have (Sub-L0) and ¢ o C ¢’ o therefore from Lemma 2.26 we have
ValEq(A, W, ' g,n,Lb(v),Lbs(w), T o)

2 cases arise:

(a) ¢/ o C A:
In this case from Definition 2.3 we know that (W, n, v, v) € [7 o]{}
From IH we also know that (W,n, v, v2) € [7/ o]{}
And from Definition 2.4 we get ValEq(A, W, ¢ o,n,Lb(v),Lby(vs), 7" o)
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(b) ¢ o IL A:
In this case from Definition 2.3 we know that Vj. (W.01,7,v1) € |7 o]y and (W .02, 7, v12) €
|7 olv
Since 7 0 <: 7' o therefore from Lemma 2.23 we get (W.01,7,v1) € |7 oy and
(W.Hg,j, UQ) S LT/ O’JV

And from Definition 2.4 we get ValEq(A, W, ¢ o,n,Lb(v1),Lby(v2), 7" o)

7. SLIO*sub-CG:

Uk T <7 U C Y UL, Tl
;U F SLIO ¢; ¢, 7 <: SLIO ¢ ¢, 7'

To prove: [((SLIO ¢; £, 7) o)]7+ C [((SLIO ¢, ¢, ') o)]5
IH: [(m 0)1¢ € [(7 0)]¢
It suffices to prove: V(W ,n,e1,e3) € [((SLIO ¢; £, 7) o). (W, n,e1,e2) € [((SLIO £ ¢, ') )11}

This means we are given (W, n,e1,e2) € [((SLIO ¢; €, 7) o)]{}

From Definition 2.4 it means we have

<Vk <n, W, 2 W, H, H.(k, H, Hy) > W, AVl b, .

(Hi,e1) ll;c (Hllv 'U{) A (Hz, e2) Uf (H2,7 ’Ué) Nj<k =

AW 2 Wk — j, H, HY) > W' A ValEg(A, W' k — j, €, o, 0], v, 7 o—)) A
Vi e {1,2}.(\11@,96 0 W0y, H, j.(k, H) > 0c A (H,e) U (H' o) A j <k =
30 30,k — 5, H) >0 A0k —j,0]) € |7 )v A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7' A l; c T U') A

(Ya € dom(0")\dom(8.).6'(a) \ li 0)) (Sub-CC0)

And we need to prove

(W,n,e1,e) € [((SLIO 4 £, ') 0)]¢}

Again from Definition 2.4 it means we need to prove

(Vk <n, W, 2 W, Hy, Hy.(k, Hy, Hy) > Wo AVl v, J.

(Hy,ex) U (H{,v() A (Ho,e2) 4 (Hg, v§) N j <k =

IW' 2 Wk — j, H, HY) > W' A ValEq(A, W',k — 0. 0,0, v}, 7' a)) A
Vi € {1,2}.(\%,96 0 W0 H,ju(ky H) > 0o A (Hou) U (H ) Nj <k =
30 0. (k—j, H)Y o 0' A0k — j, ) € |7 o]y A

(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N0, 0 T V') A

(Va € dom(6)\dom(6e).0'(a) \, 0} a))

It means we need to prove:

(a) Vk <n, Wo 3 W.H, Ho.(k, Hy, Hy) > W AVl ), J.
(Hi,e1) ll; (Hllv 'U{) A (Hz, e2) ‘Uf (H217 ’Ué) Nj<k =
AW’ 3 We.(k — 4, H{, Hy) > W' A ValEg(A, W' k — j, 4, o,v], vy, 7" 0):
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This means we are given k <n, W, I W, Hy, Ha, vj, v}, j < k s.t
(ka H17 HQ) > W87 (Hla 61) ‘ujf (Hllﬂ U{) A <H27 62) ‘uf (HQI? Ué)

And we need to prove

AW’ 3 We.(k — j, H{, Hy) > W' A\ ValEg(A, W'k — j, 0. o,v],v5, 7" 0)

Instantiating the first conjuct of (Sub-CGO) to get
AW’ 3 We.(k — 4, H{, Hy) > W N ValEg(A, W'k — j, 4, o,v], v, T 0) (Sub-CG1)

Since from (Sub-CG1) ValEq(A, W' k — j, 4, o, v], v}, T 0)
Therefore from Lemma 2.26 we get ValEq(A, W' k — j, t, o, v, v}, T o)

(b) Vi e {172}.(\&;,96 00, H,j.(k H)> 0. A (Hye0) U (B o) Aj < b =
30" 3 0..(k—j,H)> 0" N0 k—j,v) € |7 olv A
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢/ 7" N 4; 0 T 0') A
(Va € dom(6')\dom(0.).0'(a) \, t; o):
Casel=1
Here we are given k,0, J60,H,j <ks.t (k,H)>0. N (H,e) U; (H',v))

And we need to prove

i 30" 30c.(k—4,H) 0 N0, k—j4,9)) € |7 o]y:
Instantiating the second conjunct of (Sub-CGO0) with the given k, 0., H, j to get
30" 30..(k—j,H) & N0 k—j,v)€|T o]y
Since 7 ¢ <: 7’ ¢ therefore from Lemma 2.23 we get (¢, k — j,v)) € [T/ o]v

ii. (Va.H(a)# H'(a) = 3'.0.(a) = Labeled ¢' 7" N0 0 T 1'):
Instantiating the second conjunct of (Sub-CGO0) with the given v,i,k, 6., H,j to
get
(Va.H(a) # H'(a) = 3'.0.(a) = Labeled ¢' 7" N4; 0 T )
Since ¢, o C ¢; o therefore we also get
(Va.H(a) # H'(a) = 3 .0.(a) = Labeled ¢/ 7" Nl o T V')

iii. (Va € dom(0')\dom(6.).0'(a) \ ¥, 0):
Instantiating the second conjunct of (Sub-CGO0) with the given v,i,k, 6, H,j to
get
(Va € dom(6')\dom(6.).0/(a) \ ¥; o)
Since ¢; o C {; o therefore we also get

(Va € dom(6")\dom(0.).0'(a) \, C; o)

Case =2
Symmetric reasoning as in the previous [ = 1 case

8. SLIO*sub-base:
Trivial

Proof of Statement (2)
It suffice to prove that
V( Wa n, ey, 62) € [(T Uﬂé (Wa n, ey, 62)

€ [(r' o)l
This means given (W, n,eq,e2) € [(T 0)]5
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From Definition 2.5 it means we have

Vi<n.e §ivAeyl v = (W,n—i,u,wn) € [T JH} (Sub-E0)

And it suffices to prove (W, n,e1,e2) € [(7' 0)]5

Again from Definition 2.5 it means we need to prove

Vi<ne inAedbvo = (W,n—i,v,mn)e|r 01““}

This means that given i < ns.t e; {; v1 Aez |} v2 we need to prove (W, n—i, v, v) € [7/ (ﬂ(}
Instantiating (Sub-E0) with the given i we get (W,n —i, v, %) € [T o]{}

From Statement (1) we get (W,n —1i, vy, w) € [7/ o] O

Theorem 2.28 (SLIO*: NI). Say bool = (unit + unit)
Yo, v2,€,T,n.
0 vy : Labeled T bool A @ - vy : Labeled T bool A
x : Labeled T bool e : SLIO L L bool A
(0, e[vr/a]) UL, (=, v]) A (0, elwa/a]) b1, (=, 05) =

/A |
V) = Vg

Proof. Given some
0 vy : Labeled T bool A @ I vy : Labeled T bool A
x : Labeled T bool F e : SLIO L L bool A

(0, elvr/2]) 4, (=, v]) A (0, eva/a]) 4L (=, v3)
And we need to prove
v] = v}

From Theorem 2.25 we know that

Vn.(0,n, v, v2) € [Labeled T bool]%

Similarly from Theorem 2.25 and Definition 2.14 we also get
Vn.(0,n, e[vi /], e[va/x]) € [SLIO L L bool]%

From Definition 2.5 we get
Vn.Vi < n.efvr/z] Ui vi1 A elve/x] I 102 = (0,n — i, 011, 12) € [SLIO L L bool]{:

Instantiating it with n’ + 1 and then with 0, from CG-val we have v11 = e[v1/x] and vy =
elva/x]

Therefore we have

(0,7 + 1,e[v/x], e[va/z]) € [SLIO L L bool]:

From Definition 2.6 we have
(Vk < (0’ +1), W, 20, Hy, Ho.(k, Hy, Hy) > W, A

Vol v g.(Hy,elvr/x)) U (HY, o) A (Ho,e[va/a]) W (HY, o)) A j <k =
IW' 2 Wk — j, B, H)) > W' A ValBg(L, W',k — j, L, v, vé,b)) A

Vi e {1,2}.(%,96 O W0 H,j.(k H) > 0 A (H,0) U (B o) A j <k =
30" 3 0e.(k —j, H) o 0 A (0, — j,v)) € |b]y A

(Va.H(a) # H'(a) = 3¢ .0.(a) = Labeled ¢/ 7/ A L T 0') A

(Va € dom(0")\dom(6.).0'(a) \, L))
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Instantiating the first conjunct with n’ + 1,0, 0, (.
Since we know that

(@ clur/al) ¥, (= of) A < A @.loa/a]) U, (— uh)

Therefore we instantiate v{ with v, v§ with v}, j with n’ to get
AW' 3 0.(n—n',H{, Hy))> W' A ValEq(L, W',k — j, L, v], v}, bool)

From Definition 2.3 and Definition 2.6 we get v] = v
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3 Translations between FG and SLIO*

3.1 Translation from SLIO" to FG
3.1.1 Type directed translation from SLIO* to FG

SLIO* types are translated into FG types by the following definition of [-]

)=t [ref € 7] = (ref ([r] + unit)®)*
[ = 7] = (In] = [RD)* e T = e A
[oxml= (< oD [SUI0 4 6o 7] = (onit % ([r] + urit)e)
[r1 + 7] = ([n] + [])* [e= 7] = (c= [r])*
[Labeled ¢ 7] = ([7] + unit)* [Voa.r] = (Yo (T, [r])*

The translation judgment for expressions is of the form ’ ;U T Fpe ec i 1o~ er ‘ Its rules

are shown below.

var

YU le:thx:7~2x

S:U:lz:7he: T ~ep

1
Y;U:TFAze: 7 — 7 ~ Azep o

S;UiTke :7 =7 ~ep Yo T Feg: 7~ e

app
Z;\I/;FFel 62:T,M->6F1 €2

XU I'kFer i1~ ep XU Feg: o~ epg

prod
;U T F (er,e2) : (11 X T2) ~ (ep1,€r2)

;Ui e:m X~ ep
5,0 T - fst(e) : 7y ~ fst(ep)

fst

XoU;T'Fe:m X1~ ep
Y, U;T' Fsnd(e) : 71 ~~ snd(ep)

snd

X:U:I'ke:m ~ep
;U Finl(e) : 71 4+ 12~ inl(er)
X;Ui'kFe:m ~ep
;U T Finr(e) : 11 + 2 ~> inr(er)

inl

inr

Y3UiT'Fe:m+ 1~ ep 23Ul :mbe 7~ ep Ui y:mbex: 7~ e

case
;W T F case(e, x.e1,y.e2) : T ~> case(ep, T.ep1,Y.€p2)

YX;U:I'ke: 7~ ep
;U T F Lby(e) : (Labeled £ 7) ~ inl(ep)

label

X;U;I'e: Labeled £ 7~ ep
¥, U T F unlabel(e) : SLIO ¢; (6; U L4) T~ A_ep
XU e:SLIO Y; 6, 7~ ep
Y; U;T' F toLabeled(e) : SLIO ¢; ¢; (Labeled ¢, 7) ~> A_.inl(er ())
Y:U:T'kFe:7~ep
Y, U T Fret(e) : SLIO ¢; £; T ~ A_inl(er)

unlabel

toLabeled

ret
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X,W:T'keq : SLIO 4; £ 7~ epq YUl z:7Fey:SLIO L b, 71~ epo
¥;U; T F bind(ey, z.e2) : SLIO ¢; £, 7' ~ \_.case(er1(), z.ep2(), y.inr())
Y;U:T Fe: Labeled ¢ 7~ ep Ul
;0T Fnew e : SLIO ¢ £ (ref £/ 7) ~ A_inl(new (ep))
XU I'ke:ref £ 7~ ep
;0T Hle : SLIO ¢ ¢ (Labeled £ 7) ~ A_inl(ep)
S;U:T ey :ref 0/ 7~ epy Y;U:T Feg: Labeled ¢/ 7~ epo SOl
;0T Feg :=eg : SLIO £ £ unit ~ A_inl(ep1 := ep9)
S;U:TkFe: 7 ~ep SO <iT
YoUiI'Fe:m~ep
Y,a;U;T'Fe:T~ep
;U 'E Ae - Va.r ~ Aep
Y, U;I'Fe:Var ~ep FV() e &
ST kel :7[l/a] ~ ep]
oW 'kFe:7~ep
Y,U:T'kFve:ic=>17~verp
Y;UiT'Fetc=> 7~ e Z;\IH—CCE
;U 'Feeo: 7~ epe

bind

ref

deref

assign

sub

FI

CI

3.1.2 Type preservation for SLIO* to FG translation

Assumption 3.1. Ve, 7, %, W, T, 0;, £,.
XUk e:SLIO Y b, 1 = 4; £ 4,

Theorem 3.2 (SLIO* ~» FG: Type preservation). VX, U, T' ec, T.
XU T F eo i 7 is a valid typing derivation in SLIO* —>
Elep.

XiUiT'keo:7~ep A
Y, U U] b1 oep : [7] is a valid typing derivation in FG

Proof. Proof by induction on the translation judgment. We show selected cases below.

1. label:
IH
S, U] Froer: [7] )
- — FG-inl
;U [I] 1 inl(er) = ([7] + unit)
- —7 FG-sub
;0 [T] 1 inl(ep) : ([7] + unit)
2. unlabel:
P1:
SWHLC UYL Lemma 1.1

;0 F ([7] + unit) <: ([7] + unit)

—7 — 700 FGsub-label
;U ([7] + unit)” <: (7] + unit)™
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Main derivation:

- — 1H, Weakening YU EHELET P1
X0 [T], - : unit b1 ep = ([7] + unit)

S [T, - ¢ unit by, ep - ([7] + unit)%2*
YW [T], - : unit 1 Aep : (unit 5 ([r] + unit)=6)+

FG-sub

FG-lam

3. toLabeled:
P2:

. TH, Weakening UL ET
30 [, - ¢ unit 1 ep : (unit = ([7] + unit))*

n FG-sub
S W; [T], - : unit b4, ep : (unit = ([7] + unit)®)*

P1:

P2
SUHLULT G S W E ([r] 4 unit)fe N\, L

;W [T, - : unit 4, () @ unit
YW [T, - : unit by, ep() : ([7] + unit)®

FG-app

Main derivation:

Pl S UFLCY .
: - —7 —7 FG-inl, FG-sub
;0 [T, - : unit b4, inl(ep()) = (([7] + unit)®™ 4+ unit)™

FG-lam
S0 [T] Fr Aoinl(er()) : (unit 5 (([7] + unit)’ + unit)%)*:

4. ret:

TH, Weakeni SUHGET
;U5 [T, - : unit b1 oep : [7] cakemne ’

;U5 [0, - : unit b4, ep 2 [7]

FG-sub XU ELCY

- - —7 FG-sub, FG-it
;0 [T, - : unit 4, inl(er) = ([7] + unit)™
S 0; [I] Fr Ainl(er) : (unit 5 ([r] + unit)%)*

5. bind:

P1.1:

. IH1, Weakening XU HLGET
¥, W3 [T], - : unit 1 epy : (unit = ([7] 4 unit)®)*
FG-sub

;W [T, - - unit k4, epr ¢ (unit 4 ([r] + unit)®)*+

P1:

P1.1 - — FG-var
;0 [T], - : unit By, () @ unit

Sk LT/
S0 ([r] 4+ unit)® N\, L
S W [T], - : unit by, epr() : ([7] 4 unit)®

FG-app
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P2.1:

7 [H2, Weakening
S [O], - ¢ unit,z 2 [7] BT epo : (unit = ([7'] 4 unit)?)*
S;UHLC T

7 FG-sub
;03 [T], - : unit, < [7] F/ era : (unit = ([7'] + unit)f)*

P2:

P21 FG-

0[], -z unityz : 7] o () < unit o
S0 LT/,
YUk (ulL)Ccoe - —
;0 (7] + unit)™ N\, L a
-a

YW [T], - : unit, 2 [7] Fee er2() : ([7] + unit)® PP

P3:

- ; — FG-var U E1LCY,
;05[] -« unit,y = unit F4 () @ unit

> W; [T, - : unit,y : unit ¢ inr() < ([7'] + unit)’e

FG-sub, FG-inr

Main derivation:

Given

;W' Feo: SLIO L ¢, T
SUF(C L,
0 F (7] 4 unit)fe N\ ¢
3 W; [T], - : unit 4, case(eri (), z.epa(), y.inr() : ([7] 4 unit)*e

Assumption 3.1

P1 P2 P3

FG-case

7 FG-lam, weak
S0 [0 F+ Acase(eri(), z.epa(), y.inr() : (unit = ([7'] + unit)®)+
6. ref:
P1:
. — 1H, Weakening S,2UWHILCET
S0 [T, - unit B1 ep : ([7] + unit)
- — FG-sub
;0[] - unit kg ep 2 ([7] + unit)
SR/
YU + unit)? N\, ¢
(I7] )"\ FCref

S W3 [T, - : unit by new ep : (ref([7] + unit)?)*

Main derivation:
Pl S0+ 1CV/
S W [, - : unit b4 inl(new ep) : ((ref([r] + unit)” ) + unit)’
S50 [T Fr A_inl(new ep) : (unit 5 ((ref([7] + unit)®)* + unit)))*

FG-inl, FG-sub
FG-lam

7. deref:
P2:

- —1 1H, Weakening ORI CT
;W5 [T], - : unit b1 ep : (ref ([7] + unit)®)

- — T FG-sub
YW [T], - : unit bgoep o (ref ([7] + unit)®)
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P1:

P2 — — Lemma 1.1 —
;0 F ([r] + unit)” <: ([7] + unit) X0k ([r] +unit)” N\ L FCdref
-dere
¥ W [T], - : unit Fplep o ([r] + unit)
Main derivation:
, ;U HAC Y
P1 YU ELC/ =y, —
;U ([r] + unit)® <: ([7] + unit) .
- - — 7 FG-inl, FG-sub
;05 [T, - : unit g oinl(lep) @ (([7] + unit)® + unit)
7 - FG-lam
S W [T] Fr Aoinl(lep) : (unit = (([7] + unit)® + unit)?)+
8. assign:
P3:
: — 1H2, Weakening XU HACT
;U5 [T, -« unit B epo : ([7] + unit)
- — FG-sub
XU [T, - : unit by epo = ([7] + unit)
P2:
. — 1H1, Weakening Z;2UWHACE T
YW ], - : unit B epy : (ref([7] + unit)®) FCosul
- -su
3 W; [T, - : unit b epy : (ref([7] + unit)® )+
P1:
< T = Given
SUHLC Y
P2 7
;U ([r] 4 unit)” N\ (LU L)
. - FG-assign
;05[] - : unit g epq == epo : unit
Main derivation:
P1 DI e
- - - —7 FG-inl, FG-sub
X U5 [T, -« unit 4 inl(ep1 == ep2) : (unit + unit)
7 FG-lam
S [ F1 Ainl(epr = era) : (unit = (unit 4 unit))*
9. sub:
SURT <7
— IH X, UETCET ; Lemma 3.3
S5, [T Frer: [7] S50 [r]) < 7]
FG-sub

S50 [T Froep: [7]

10. FI:

TH
S, W [ Froep - 7]

S [T] Fr Aep : (Vo (T, [7]))* FG-H
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11. FE:

S50 [I] b1 ep o (Voo (T, [7]))* H
FV) €Y S0FTULCT S0 F[r[¢/a]] \ L
W [ 7 ep [ : [7]16/0]
5[] 7 ep []: [7[6/a]]

FG-FE

Lemma 3.6

12. CI:

IH
;U e [T Froep: 7]
S50 [T Frver: (e iy [[7']])L

FG-CI

13. CE:

= H ;U ke S UFETULCET SR N\ L
S0 [C) Froep: (e = [7])*h

FG-CE
;U [C) Frep o 7]

O

Lemma 3.3 (SLIO* ~» FG: Subtyping). For any SLIO* types 7 and 7', X, and ¥, if ¥; ¥ +
T <: 7', then ;U F [7] <: [7].

Proof. Proof by induction on SLIO*’s subtyping relation

1. SLIO*sub-base:

Lemma 1.1

XU F 7] <: [7]

2. SLIO*sub-arrow:

1

H H2 S, 0FTCT
Uk [r] <[] Uk ] <[] -

S0 E (In] & [nD)* < (4] 5 [#])*
SO [ 5S m)] < [ 5S )]

FGsub-arrow

Definition of [-]

3. SLIO*sub-prod:

2

Surnl <A Serml<]
S0 E ([r] x [r]) < ([r1] x [7])*
U E (1 x )] <: [(71 x 13)]

FGsub-arrow

Definition of [-]
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4. SLIO*sub-sum:

IH1 TH2
YU F ] <[] U F ] <[]

S50 E ([r] + [rD) ™ <: ([7] + [mD)*
S0 E (114 )] <: [(1) 4+ 73)]

FGsub-arrow

Definition of [-]

5. SLIO*sub-labeled:

~— TH1 - — FGsub-unit
5,0k [n] < [7] ¥; U F unit <: unit

YU F ([ry] + unit) <: ([r1] + unit)
Given
Labeled ¢; 71 <: Labeled ¢ 71
(T
S0k ([r] + unit)* <: ([r]] + unit)&
¥; U [Labeled ¢1 7] <: [Labeled ¢} 1]

FGsub-sum

By inversion

FGsub-arrow

Definition of [-]

6. SLIO*sub-monad:

P3:
— IH - — FGsub-unit
50 ] <[] ;¥ F unit <: unit
. 7 - FGsub-sum
;W F ([m1] 4 unit) <: ([r1] + unit)
P2:
—— Given
;W FSLIO ¢; ¢,  <: SLIO ¢; £, 11
P3 ; By inversion
DRV e A
— ; — FGsub-label
;0 F (1] 4 unit)® <: ([r;] + unit)®
P1:
—— Given
;U SLIO ¢; ¢, 7 <: SLIO ¢; ¢, 7
P2
;W unit <: unit DOV S A

; 7 FGsub-arrow
30 F (unit =5 ([r] + unit)®) <: (unit = ([7]] + unit)?)
Main derivation:

= R —
SO L1C L

7 FGsub-label
;W b (unit & (Ir1] + unit)®)t < (unit = ([{] + unit)%)*
S W b [SLIO ¢ €, 1] <: [SLIO £, £/ 71]

Definition of [-]

7. SLIO*sub-forall:
P1:

TH, Weakeni
Y, a0 - [7] <: [7'] cakening Y, UETLCET

Y0 (Vo (T, [7])) <: (Vo (T, [7]))

FGsub-forall
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Main derivation:

P1
S,a;UF 1 C L

20 (Yo (T, [7]))F <: (Voo (T, [7]))
YU F [Va.r] <: [Va.r']

n FGsub-label

8. SLIO*sub-constraint:
P1:

Given
S Ukce=r<id =T

TH
0[] <: [7] SUFETCT Uk = ¢
S0 F (e = [r]) <: (¢ = [7])

By inversion

FGsub-constre

Main derivation:
P1

S, U1 C L
S0k (e = [7])* < (¢ = [F])*
SiUkfe=1] < [d = 1]

FGsub-label

Lemma 3.4 (SLIO* ~» FG: Preservation of well-formedness). V3, ¥, 7.
55Uk WF = SV F[r] WF

Proof. Proof by induction on the 7 W F relation.

1. SLIO*-wff-base:
——— FG-wff-base
;b WF

T FG-wil-label
;U kbt WF

2. SLIO*-wff-unit:

FG-wif-unit

;U unit WFE

3. SLIO*-wff-arrow:

H2

IH1 I
;U E ] WF ;U E ] WF
S0 ([r1] > [r]) WF
%0 F ([n] = [n])t WF

FG-wif-arrow

FG-wif-label

4. SLIO*-wff-prod:

H2

IH1 I
S, Uk [n] WF S, Uk [re] WF
S0 [(Jr1 x [r2]) WF
S0 [(n x [R])T WF

FG-wif-prod
FG-wit-label
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5. SLIO*-wiff-sum:

TH1 TH2
LUk [n] WF LUk ] WF

S5, U F [n] + [re] WF
S0k [(Jr + [R])*t WF

FG-wif-prod
FG-wff-label

6. SLIO*-wif-ref:

Given

X;Ukref b T WF

FV(r)=10
FV([r]) =0

X;Uhkref b T WF
FV(unit) =0 FV() =0

YW F FEV(([7] + unit)?) = 0

S0 b ref ([7] + unit) WEF
;0 b (ref ([r] 4 unit)))t WF

By inversion

Lemma 3.5

Given

By inversion

FG-wif-ref
FG-wit-label

7. SLIO*-wif-forall:

Y,V F 7] WF E
S0 F Vo (T, [7]) WF
20 (Yo (T, [7])t WF

FG-wit-forall

SLIO*-wff-label

8. SLIO*-wff-constraint:

H

I
S5, U,ck[r] WF
S0k (¢ = [7]) WE
S0 F (= [7])t WF

FG-wif-constraint

SLIO*-wff-label

9. SLIO*-wif-labeled:

FG-wif-unit

TH
S, Uk [r] WF Y0 b unit WF
;W ([r] + unit) WE
S50k ([r] + unit)! WE

FG-wif-sum
SLIO*-wft-label

10. SLIO*-wff-monad:

P1:
FG-wif-unit

IH
S0 7] WF S U F unit WE
;W F ([r] + unit) WE

FG-wif-sum
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Main derivation:

P1
- FG-wif-unit —7 FG-wif-label
;U unit WF ;U F ([r] + unit)™ WF

S0k (unit 2 ([r] + unit)®) WE
S0k (unit 5 ([r] + unit)fe)t WF

FG-wif-sum

SLIO*-wit-label

O]

Lemma 3.5 (SLIO* ~» FG: Free variable lemma). V7. FV([r]) C FV(7)
Proof. Proof by induciton on the SLIO* types, 7

1. 7=b:
FV([b])
= FV(b')  Definition of [-]
= 0
= FV(b)

2. T = unit:

FV([b])
= FV(unit')  Definition of []
0

= FV(unit)

3. T=T1] = T

FV([[Tl — 7'2]])
FV([r] N [+ Definition of [-]
EV([n]) UFV([r])
FV(r) UFV(12) IH on 7 and 7
FV(T1 — TQ)

N

4. T =T X To:
FV([[Tl XTQ]])

= FV([n] x [=])* Definition of []
= FV([n]) UFV([r])

C FV(m)UFV(m) IH on 71 and m
= FV(Tl X 7’2)

5. T =11 + T2:
FV([[Tl —|—’7’2]])

= FV([n] +[=]* Definition of [-]
= FV([n]) UFV([r])

C FV(r)UFV(r) IH on 7 and 7
= FV(r +m)

6. T =ref {; Ty

FV([ref ¢; 7i])

= FV(ref ([7:] + unit)%)+  Definition of [-]
FV([n]) U FV ()

FV(r;) UFV(4;) IH

FV(ref ¢; 7;)

in 1
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7. 7'fVom'Z

FV([Va.7;])
FV(Va.(T, [[Tz]])) Definition of [-]
FV([n]) —{a})

FV(r;) — {a}) IH

FV(Ya.7;)

N

8. 7=c=1;
FV([c= n])

= FV(c N [=])*+ Definition of [-]
= FV([c]) UFV([r])

C FV([c]) UFV(m) 1H

= FV(ie=1)

9. 7 = Labeled ¢; 7;:
FV([Labeled ¢; 7;])

= FV([r;] + unit)® Definition of [-]
= FV([n]) UFV(¢)
C FV(r) UFV(4) IH

FV(Labeled ¢; 7;)

10. 7 = SLIO & ZO Ti-
FV([[SIL]I@ li Ly i])
FV(unlt 4 ([:] + unit)®)+  Definition of [-]
FV([n]) UFV(£:) UFV (L)
FV(r) UFV(4;) UFV(4,)
FV(SLIO ¢; £, 7;)

IH

i

Lemma 3.6 (SLIO* ~» FG: Substitution lemma). V7. s.t - 7 WF' the following holds:
[r1lt/a] = [rt/ed]

Proof. Proof by induciton on the SLIO* types, 7

1. 7=b

(IbD[¢/o!
(bL) [0/l Definition of [-]
(bt

)
[b]
[(b[e/a])]
2. T = unit:
([unit])[€/e
(unith)[¢/a]  Definition of [-]
(unitt)
[unit]

[(unit[¢/a])]
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. T =T — T2:

([r1 — ][/
= ([r] N [m=])*[¢/a] Definition of [-]
([ru]1¢/a] > [r2le/a])*
([rle/a]] & [mle/a])t  IHon 1 and
[(1]¢/a] = r2[t/a))]
[(r1 — m2)[¢/a]]

. T =T1 X T2

(I x 2])[€/ 0]

(1] x [=]D*[¢/a] Definition of [-]
([rllé/a] % [r2][¢/a))*

(In[e/a]] x [r[¢/a]])*  TH on 71 and 7
[([t/ ] x m2[t/a])]

[(r1 % 72)[£/ ]

. T =T+ T2:

([ +7])[¢/q]

([r1] + [r=])*[¢/a] Definition of [-]
([nllE/a] + [r2](¢/a))*

([r1[t/a]] + [2[¢/a]])* THon 7 and 7
[([t/ ] + m2[t/a])]

[(r1 +72)[¢/]]

. T =ref {; 7;:

([ref £; m])[¢/ ]

(ref ([;] + unit)%)L[¢/a]  Definition of []
(ref ([r;] + unit)%)+ Lemma 3.4
[(ref £; )] since -7 WF
[(ref £ 7)[€/a]]

. T =VYa.7;:

(IVa.mi])[e/al

(Ya.(T,[m]))*[¢/a]  Definition of []
(Yo (T [rllitfe]))"

(Va.(T, [n[t/a)]))t  IH

(Var;[€/ )

(Ve.3)[4/

. T =C=T;:
([e = )[¢/a]

= (c i\ [=D+1¢/al Definition of [-]

= (c[t/a] & [n][e/a])*
(cle/a] = [mle/a]])t  1H
(c[t/a] = m[t/a))

(c=m)[l/a]

. 7 = Labeled ¢; 7;:
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([Labeled ¢; 7;])[¢/ ]
= ([=]+ unit)ei [¢/al Definition of [
= ([n][t/e] + unit)tlt/ed
= ([nlt/o]] + unit)l/e] H

= [(Labeled ¢;[¢/a] 7;[¢/a])]
= [(Labeled ¢; 7;)[¢/a]]
10. 7 = SLIO 4; £, 73:
([[SLI[@ 4 o mi])[e/

unit 5 ([7:] + unit))L[e/a] Definition of [-]

unit " ([rle/a] + unit)ole/ely L

(
(
= (unit Zu> ([[TZ[E/Q]]]+umt)€o[£/a])L TH
(
(

SLIO 4;[¢/a] £o[t]a) 7€/ )
SLIO ¢; £, 7;)[£/ ]

3.1.3 Model for SLIO* to FG translation
W : ((Loc — Type) x (Loc — Type) x (Loc <> Loc))

Definition 3.7 (SLIO* ~» FG: *f extends *67). %61 C %0y =
Va € 891.891((1) =7 = 392(0,) =T

Definition 3.8 (SLIO* ~ FG: f; extends f1). 51 C B2 £
V(a1, a2) € Br.(a1, az) € B

Definition 3.9 (SLIO* ~» FG: Unary value relation).

bJy 2 {0, m,%v, ") | *v € [b] Atv € [b] Av = v}
unit | ¥ = 50, m,%v, ') | Sv € [unit] Atv € [unit
\%
|71 X T2l = {0, m, (Cv1,*w), (o1, "v2)) | )
) (¢ 9 m,Svy,toy) € {ﬁj‘ﬁ/ A (50, m, vy, ") € LT2J€}
|71 +72J€ 2 {(*0,m,inl *v,inl tv) | (°0,m,v,'v) € LT1J€} U
) {(56, m,inr Sv,inr tv) | (50, m,%v,tv) € Lmhﬁ/} A
|7 — 7—2J€ 2 (%0, m, \x.es, \x.e;) | V0 3 Sﬁ,sv,tp,j <m,BC B.(5¢,j,5v,tv) € Lﬁj‘ﬁ//
A = (0. j.eslv/al eif'v/a]) € 2]}
[Va.r]y 2 (%0, m, e, Aey) | V°0' 30,5 <m,l € L,FT B.(50, j,es,e;) € |7 [e'/aug}
Lc:>TJ€A £ {(*0,m,ves,vey) | LIEc = V0 O 593<m5§5'~(9,3,€s,6t)€LTJ }
ref £7)) & {(*0,m,%a,"a) | *0(*a) = Labeled £ 7 A (*a,%a) € (3}
|Labeled £ 7]5 2 {(0,m,%v, ) |

I/ b Sv = Lbp(5v") Atw =inl Lo’ A (50, m, 0/, 1)) € LTJ@}
{(%0,m,%v, ) | V30, 3 %0, Hy, Hy,i,5v', k <m,3 C j'.

(ky oy H) B (*00) A (Hy*0) U (L o0 i < b =
3H!, ' (Hy,'o() b (H],"') A3 3%6., 6" C B".(k — i, H, H, )% son
Fo" " =inl " A (30 k — 4,50, 00") € LTJ?/”}

lI>

|SLIO ¢, £y 75,
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Definition 3.10 (SLIO* ~» FG: Unary expression relation).
LTJ% £ {(897n7 687615) ’ .
VH,, Hy.(n, Hy, Hy) £ 50 AV < n,5v.eg s 50 —>
SH, Yo.(Hy,er) b (HL ') A (50,0 — i, %0, ) € |7)0 A (n — i, Hy, H]) 50}
Definition 3.11 (SLIO* ~» FG: Unary heap well formedness).
(n, Hy, H)B50 2 dom(*0) C dom(Hs)A

B C (dom(*0) x dom(Hy;))A )
(a1, az) € B.(°0,n — 1, Hy(ar), Hy(az)) € [*0(a) ]},

Definition 3.12 (SLIO* ~» FG: Label substitution). ¢ : Lvar — Label
Definition 3.13 (SLIO* ~» FG: Value substitution to values). 6% : Var — Val, 6' : Var — Val

Definition 3.14 (SLIO* ~» FG: Unary interpretation of T").

D8 2 {(°0,n,8°,6%) | dom(T) C dom(5*) A dom(T') C dom(s*)A

Vo € dom(I).(*0,n,6%(x),8"(x)) € [D(x) |5}

3.1.4 Soundness proof for SLIO* to FG translation

Lemma 3.15 (SLIO* ~~ FG: Monotonicity). V¢, %0, n,*v,'v,n’, 3, 3.
(*0,n,%v, %) € [7]5 AT ABT B A <n = (30,0/,%v,%0) € |75

Proof. Proof by induction on 7
1. Case b:
(%0,n,%v,%v) € Lbjev ASOC S0 ABC B An! <n
To prove:
(50, v, ') € [b]!)
Since (%6,n,%v,') € LbJ€ therefore from Definition 3.9 we know that *v € [b] A v € [b]

Therefore from Definition 3.9 *v € [b] A ‘v € [b] we get the desired

2. Case unit:
(%0,n,%v, ') € LunitJ‘B/ ANOC 9 ABC B An! <n
To prove:

(50", n',5v, ) € Lunitjg
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Since (°0,n,%v,'v) € Lunitje therefore from Definition 3.9 we know that v € [unit] Afv €
[unit]

Therefore from Definition 3.9 v € [unit] A ‘v € [unit] we get the desired

. Case 11 X To:
(*0,m,%v, ') € |1y x T2J€ NSO C 0 ABC B A’ <n
To prove:
(30, n' Sv,t) € |1y x T2J€/
From Definition 3.9 we know that $v = (vy,%12) and ‘v = (*vy, tug).
We also know that (°6,n,%v,%v) € L7'1J€ and (°0,n, 5w, ) € LTQJ(J;
IHL: (0,0, vy, 'or) € |7y
IH2: (0,0, vy, ') € |7a ]y
Therefore from Definition 3.9, IH1 and IH2 we get
(50,0’ Sv, ') € |1y x ngg
. Case 11 + mo:
Given:
(*0,n,%v,') € |1 + ng€ ASOT 0 NBC B A/ <n
To prove:
(0’0, %v,') € | +7‘2J‘B/l
From Definition 3.9 two cases arise
(a) Sv =inl(*v’) and ‘v = inl(*v'):
IH: (sel’n/’s,ulvt,ul) c L7'1J€
Therefore from Definition 3.9 and IH we get
(0',n',%v,') € | +72J€l
(b) v =inr(*v') and ‘v = inr(*v’):

Symmetric reasosning as in the previous case

. Case 11 — 79:

Given:

(*0,n,%v,'v) € |11 — ngf/ AOT S0 NBC B Al <n

To prove:
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Q!

(0", n',%v,'v) € |1 — TQJ‘B/
From Definition 3.9 we know that

Voo | Sg’svlvt’ul?j < naB L B,'(89,/7j7svlatvl) € L71J€/ = (Seﬂaja 65[8v1/$]76t[t7}1/x]) €
kI (A0)

Similarly from Definition 3.9 we are required to prove

\v/Se/lAg 89/’8,02’751)2"7' < nlaﬁA/ C B”'(selbj,SUQath) S LTlJ“é' - (8933]’, GS[SUQ/ZE],et[t’UQ/QTD S
2] 5

This means we are given some *6] 3 50’ Svy,tv9, j < n', B C A" st (501, 7,512, t10) € L'rﬂ@

and we are required to prove
(501, jy es[Pw/al, el /) € [},

Instantiating (A0) with 56/, 5wy, tvy, j, 3" since 3¢} 350’ 350, j <n' <nand fC 3 C 3"
therefore we get

(0}, 4 es[va /), ecltva/a]) € [72) )
. Case Va.T1:

Given:

(*0,m,%v, ') € Wan'f, AOC S0 ANBC B An! <n

To prove:

(0,0, 50, M) € Wa.ﬂé/

From Definition 3.9 we know that v = Ae/, and v = Ae}. And
¥S0" 3°0,5 <n, 0 € L, BT B.(50",j, ¢ el) € |7[¢/a))? (FO)
Similarly from Definition 3.9 we are required to prove

WO 350, j <, € L, B C BL.COY, G el ) € 7l /al)s

This means we are given some %07 3¢, j < n', 0" € L, C B

and we are required to prove
. B//
(°01, 7€ €er) € [T[0'/a]]p

Instantiating (F0) with * ’{,j,BAi’ since *0f J 0’ 1 °0, j < n’ < n and pCcpc /3’{’
therefore we get

. é//
(°07, J, €5, e) € [T[0'/al]y
. Casec=> T

Given:

(*0,n,%v,') € |c = Tj€ NSO S0 ABC B AR/ <n
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To prove:

(30, 0/, Sv, ') € |c = ij//

From Definition 3.9 we know that v = v (€/) and ‘v = v (e}). And
LlEc = V0" 3%0,j <n B CHL.COj e} elr]s  (Co)
Similarly from Definition 3.9 we are required to prove

1

LlEc = VO[30, j<n,B CH.CHJ e e) € 7]

This means we are given some L |= ¢, %07 J %0’ j < n/, B C BA{’

and we are required to prove
sl 5 o / Bi/
( lvjaesvet)e LTJE

Since £ = ¢ and instantiating (C0) with S@i’,j,Bi’ since *07 30" 3 %0, j < n’ < n and
B C 3 C B therefore we get

(6, j el € L)

. Case ref £ 7:

(*0,n,%0, ') € [ref £ 7|0 NSO T30 ABC B An' <n
To prove:

(50,0’ $v, ') € |ref ¢ TJ‘B/,

From Definition 3.9 we know that v =° a and v =! a. We also know that
0(*a) = Labeled £ 7 A (*a,'a) €

From Definition 3.9, Definition 3.7 and Definition 3.8 we get
(30,0’ Sv, ') € |ref ¢ TJ'?//
. Case Labeled ¢ T:

Given:

(*6,n,%v,"v) € |Labeled £ 7|7 A9 C 56" ABT 3 A0/ <n
To prove:

B/
(0,0 ,*v,"'v) € |Labeled ¢ 7]y,

From Definition 3.9 it means

I P Sv = Lby(Sv') Atw =inl T’ A (50, n, 50", ') € LTJ€
1H: (selvnlvsvlvtvl) c LTJ€

Similarly from Definition 3.9 we need to prove that
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EIS,U// t " S,U — Lb((s //) /\ v = |n| t /l/\ (Sel’n/’svl/’t,u//) c LTJ€

We choose *v”" as v’ and ‘v as v/ and since from TH we know that (¢, n’, v/, %v’) € LTJ@

Therefore from Definition 3.9 we get
(%6, n’,v,'v) € |Labeled ¢ 7|7
10. Case SLIO ¢4 ¢ T:
(*6,n,%v,tv) € |SLIO £y fo 7|0 NSO T30 ABC B An/ <
To prove:
(50,0, 50, ') € |SLIO &1 £y 7)7

This means from Definition 3.9 we know that
vse :lse HS)Hh.aS ,t v k<n /Blzﬁl
(k, Hs, H) 2 (*6,) A (H,, *v) W (HL VYN < k=
o' (Hy,'v()) 4 (H/,'0') A 350" 2 50,, 51 C Bo.(k — i, H!, H ) > 59" A
Sty = inl " A (50,10, k — i, 50 t") € (7] A
(Va.Hs(a) # Hl(a) = 3¢'.%6.(a) = Labeled ¢/ 7/ N t1 T ') A
(Va € dom(°0")/dom(°6.).50'(a) \ £1) (CGO)
Similarly from Definition 3.9 we need to prove
\v/sele 3 5‘9/’ Hs/7 Ht/,’i/,svﬁ,tv”, 2 < n/78/ C Bi
B/
(' HL HY) 'S (00) A (HL o) U (B0 A CHEL S0 0) & (L ) AT < K =
Elt’l)”.(Ht,,tU()) u (Ht/l7t,U/I) A 359" 3 59/ Bi C Bé ( 4! H// H//) 259//
Elt’()”.t I |n| t’U”/\ (80/ k‘/ . SUI t l/) L J
(Va.Hs(a) # Hl(a) = 36’.596( ) = Labeled E/ T AN TN
(Va € dom(°0")/dom(°0.).50'(a) \ £1)
This means we are given some *0, 3 3¢/, H! H/ i/, 5v" k' < n/,§ C B, s.t (¥, H., H)) >
(0)) A (H., 5v) VI (H! sv") N < K
And we need to prove
HtU”.(Ht/,tU()) ll (Ht”7t //) A 359" O 30/”31 C BQ ( H// H//) 230//
Jto" ty! = inl tv”/\( 0" k' —i, st V") € LTJﬁQ

(Va.H,(a) # H!(a) — 30 89 ( ) = Labeled £ 7/ A £ C £) A
(Va € dom(°0")/dom(%6,).50' (a) \, £1)

Instantiating (CGO) with 50, 3 5¢’, H., H/, i’ ,sv" ,*v" k' <n/, ' C B{ we get the desired
[
Lemma 3.16 (SLIO* ~ FG: Unary monotonicity for I). v$0,%0',6,T, n,n',j, fi’.
(*6,n,0%,6") € [T|P A/ <n A0 ABCH = (*6',n/,6% 6 e |T|F
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Proof. Given: (%0,n,6%,6%) € LFJ€ An' <nASOC9 ABC S

To prove: (5¢',n/,0%,0%) € LI‘J‘B//

From Definition 3.14 it is given that A
dom(T) C dom(5%) A dom(T') C dom(8*) AVz € dom(T).(50,n,6%(x), 64 (z)) € LF(m)J‘B/

And again from Definition 3.14 we are required to prove that A
dom(T') C dom(6%) A dom(T') C dom(8*) AVz € dom(T).(5¢",n/, 5% (x), 6% (z)) € LF(CL‘)J@I
e dom(T") C dom(6°) A dom(T') C dom(d*):

Given
o Vz € dom().(50', 0/, 6% (x), 6 (z)) € |T(x) |5

Since we know that Va € dom(T).(*0, n, 6*(z),6'(z)) € |[(z)|% (given)

Therefore from Lemma 3.15 we get

Vz € dom(T).(5¢", 0/, 8% (x), 6 (z)) € LF(@J@V

Lemma 3.17 (SLIO* ~» FG: Unary monotonicity for H). V*6, H;, H,on,n', B3, 5.

(n, Hy, Hy) 2o A <n — (n', Hy, Hy) L sp
Proof. Given: (n, Hs, Hy) S5 A n/ <n
To prove: (n', Hs, Hy) Bl> 50

From Definition 3.11 it is given that X
dom(°0) C dom(Hg) A B C (dom(®°0) x dom(H;)) A¥(a1, a2) € B.(°0,n — 1, Hs(a1), Hy(ag)) €

1°0(a)]y

And again from Deﬁnit}on 3.11 we are required to prove that )
dom(%0) C dom(Hg) A3 C (dom(%0) x dom(H;)) AV(a1, a2) € B.(°0,n" — 1, Hs(a1), H(az)) €

RO

e dom(®0) C dom(Hg):
Given

o 3C (dom(®0) x dom(Hy)):
Given

o V(a1 a) € 5.(°0,n' — 1, Hy(a1), Hi(az)) € |*6(a) |}
Since we know that V(ay, ap) € B.(50,n — 1, Hy(a1), Hy(ap)) € LSQ(a)Jé (given)
Therefore from Lemma 3.15 we get

(a1, a3) € B.(50,10' — 1, Hy(ar), Hy(a)) € [*0(a)]?
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Theorem 3.18 (SLIO* ~ FG: Fundamental theorem). VI, 7, e, 6%, 6%, 0, %0, n.
YUl kes:Tm e A A
LEY oA (%0,n,668) €|l aJ@
= R
(%0,n,es 6%, ¢4 6') € |T O'J%

Proof. Proof by induction on the ~~ relation

1. CF-var:

CF-var

XU le:thx:7~2x

Also given is: LE W o A (°0,n,0%,6") € [TU{z— 7} JJ‘B/

To prove: (%0,n,z 0%,z §') € | ajg

From Definition 3.10 it suffices to prove that

VH,, Hy.(n, Hs, Hy) lésé? AV <n,Sv.ax 0 ;v = )
SH],v.(Hy,x %) b (HY, ') A (0,0 — i,%0,%0) € |7 o) A (n — i, Hy, H]) B0

This means given some Hg, H; s.t (n, Hy, Hy) @50. Also given some i < n,*v s.t © §° {; *v

From SLIO*-Sem-val we know that ¢ = 0, v = x §°.

And we are required to prove

SHY, 'v.(Hyx 8%) U (HY,"0) A (*0,n,%0,%0) € |7 o)P A (n, Hy, B)B 59 (F-V0)

From fg-val we know that ‘v = z §' and H/ = H;. So we are left with proving
(*0,n,x 6%, 2 &) € |7 O'J‘ﬁ/ A (n, Hs, Ht)gsﬁ

Since we are given (%0,n,§%,6') € [T U {x — 7 o} O‘J‘B/, therefore from Definition 3.14 we
get

(*0,n,x 6%, 2 &) € |7 O'J‘B/. And we have (n, Hy, Hy) 250 in the context. So we are done.

2. CF-lam:

X:Ulr:mbes:m~e

lam
XU Axees : 1 — o~ Ax.ep

Also given is: LW o A (%0,n,0%,8") € [T O'J’B‘;
To prove: (50,n, (\x.es) 6%, (A\x.ey) &%) € |7 O'J%
From Definition 3.10 it suffices to prove

VH,, Hy.(n, Hy, Hy) 550 AVi < n, *0.(Az.e) 6% Ui fv —>
JH], 'v.(Hy, (Ax.e) 6Y) 4 (H.,'0)(50,n —i,%v, ') € [(11 — T2) O‘J‘B/ A (n—1i, Hy, H)) @‘30
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This means that given some Hs, H; s.t (n, Hs, Hy) @ %9 and given some i < n,%v s.t
(Ax.es) 0% ; *v

From SLIO*-Sem-val and fg-val we know that $v = (Az.e5) 6%, ‘v = (\z.e;) &, H/ = H,
and ¢ =10

It suffices to prove that
3 B
(*6,n, (Az.es) 6%, (Az.e;) 6%) € [(11 — ) 0¥ A (n, Hy, Hy) >0
We know (n, Hy, Hy) l§50 from the context. So, we are only left to prove
(50, n, (\z.e5) 6%, (A\x.er) &%) € [(11 — T2) O'J‘ﬁ/
From Definition 3.9 it suffices to prove
\v/sel ; SQ’S,U’t,Ujj < nuB E B/'(80/7j781{5tv) S LTl O-J,\é;l
— (0. j,esl*v/a) el v/a]) € |2 o],

This means that we are given ¢’ J6,%v,tv,j < n,BC ' s.t (50',7,%v,%0) € |7 O'J‘B/,
And we need to prove

(0 j.eslv/a] 8% eiltv/a) 6 € [ma oy (F-LO)

Since (%60,n,6%,6%) € |T° aJé therefore from Lemma 3.16 we also have

(0',5,0%,6") € T o]y

IH:

(50’ j,es ° U{xz = S} e U{z =t }) € |1 ajg s.t

(59/,]”8,01715,01) S LTl O-Jxﬁ/l

We get (F-LO0) directly from ITH

. CF-app:

ST esy i (11— T2) ~ e Wi ego 11~ e

. . . app
Y;Ui T esr es2 1 T2~ €1 €2

Also given is: LE ¥ o A (50,n,0%,8") € [T O‘J€
To prove: (50,n, (es1 es2) 8%, (e er2) 0') € |72 UJ%
This means from Definition 3.10 it suffices to prove

VH,, Hy.(n, Hs, Hy) IQSH AV < n,®v.(es1 es2) 0° i Sv =
IH], 'v.(Hy, (en er) 8) U (HY, ') A (50,n — 7,50, %) € | 0|2 A (n— i, Hy, H}) 50

This further means that given some Hs, Hy s.t (n, Hs, Hy) @SH and given some i < n,*v s.t
(es1 es2) 6° {4 *v
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And we need to prove

JH], 'v.(Hy, (er1 er2) 6°) U (H.,'v) A (50,n —i,%v,%0) € |1 O'J‘B/ A (n — i, Hy, H}) é 50
(F-A0)

IH1:

(50,n, €01 0% €01 0) € (11 = ) o5

This means from Definition 3.10 we have

VHs1, Hy.(n, Hs, Hﬂ)ésﬁ AV <n,%v.eq 6° ;S =

Y, or.(Hyen 6) U (Y fon) A GOm0, toy) € (1 — 1) 0 )5 A (n— g, Hor, HYy) o6

Instantiating with Hg, H; and since we know that (es) es2) 6° {; *v therefore 3j < i < n
s.t €51 o8 Uj S’Ul.

And we have
3I{t/17tvl'(1{1fa6151 5t) ll (Htllatvl)/\(s‘gvn_j7SUlatvl) € \_(7—1 — 7_2) UJI@/\(”_‘L Hsth/l)@SH
(F-A1)

IH2:

(50,n — j,eso 0%, €12 0F) € |1 aj%

This means from Definition 3.10 it suffices to prove

V' Hso, Hys.(n, Hso, Hy2) é SO AVE <n—j,%m.esxn ‘v = )
SHY, b (Hig, ) 4 (Hly, 'va) A (50,1 — G — b, vy, t1) € |11 08 A (n— j — ki, Hao, Hly) 550}

Instantiating with Hs, H}; and since we know that (es1 es2) 6° |J; *v therefore Ik < i—j <
n—js.tes 0° Yg Swo.

And we have
JHy, Y. (Hyay er0) I (Hfy, too) A (50,n — 5 — k,Sva,'n) € |7 O‘J‘B/ A(n—j—k,Hy, H)) @30
(F-A2)

Since from (F-A1) we know that (*0,n — j,%v1,'v1) € [(11 = T2) O’J‘B/ where

Sp; = Az.el and tv) = \w.e}

From Definition 3.9 we have

VE0L 3560, 5v,'v,l <n fj,ﬁAg J B.(Seé, v, ) € |ny O'J"B/S
= (%04,1,¢,[*v/a],e}['v/a]) € |72 |}

Instantiating with *6, Sve, tve,n — j — k, 8 we get
(0,0 — j — k. e, [*w/a], €}['wa/x]) € |72 0|

From Definition 3.10 we have
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VHgy, Ht4.(n —j— k, Hgy, Ht4) 559 AVE <n— j— k, 51)4.6;[502/.%] *U'k’ Sy A:>
3H,, Loy (Hya, €)[ va/x]) I (Hly bog) A (30,n — j — k — K Sog,toy) € |72 0] A

(n—j—k— K, Hy, Hl,) b0

Instantiating with Hy, H/,, from (F-A2) we know that (n—j—k, Hy, H&)@SG. Instantiating
Suy wiht *v and since we know that (es1 es2) 0% {}; *v therefore I’ <i—j—k<n—j—k
s.t el [fve/x] §° Yy Sv. therefore we have

EII{1€,4’th4'(}It47 e:&[tv2/x]) \I% (Ht/4atv4) A (Sevn —-J- k — k,’svvtv4) € \‘7—2 O-J\B/ A (TL —-J- k —
K, Hy, H,) %0 (F-A3)

Since from SLIO*-Sem-app we know that i = j + k + &k’ and H/ = H/,, 'v = ‘v, therefore
we get (F-A0) from (F-A3) and Lemma 3.15 and Lemma 3.17

. CF-prod:

XU T Feg i~ e YU T Fegn:mo ~ e

prod
oW T F (es1,es2) : (11 X 2) ~ (€41, €42)

Also given is: L E ¥ o A (°0,n,06%,8") € [T O'J‘E/
To prove: (50,1, (es1,es2) 0%, (€1, er2) 0) € [(11 X T2) O'J%

From Definition 3.10 it suffices to prove

~

VH,, Hy, B.(n, Hy, Hy) 550 AV < n,%0.(e51, e52) 0% s S0 —>
JH],'v.(Hy, (er1, e2) 0°) I (HY,'v) A (50,n —i,%v,%v) € [ (11 X T2) O‘J‘B/ A (n —1i, H, Ht’)gsé
This means that we are given some Hg, Ht,B s.t (n, Hs, Hy) @ %9 and given some i < n s.t

(es1,es2) 0° i *v

And we need to prove

JH] tv.(Hy, (eq1, e2) 6) I (H., P0) A (PO ,n—i,%0,tv) € (11 X 2) UJ‘B,/\(n—i, H,, Ht')ﬁ sg!
(F-P0)

IH1:

(%0, m,es1 0%, €41 6Y) € |1 ajg

From Definition 3.10 we have

VHs1, Hyy.(n, Hs1, Hyp) l[>3 SOAV] < n.es 0°|; vy =

JH,,,'v.(Ha,en 6°) 4 (Hfy, tor) A (B0, n— 4, 5vr,toy) € [(T1 X T2) ajé/\(n—j, Hsl,Ht’l)é‘SG

Instantiating with H, H; and since we know that (es1,es2) 0% |} (Pv1,v2) therefore 35 <
1< ns.teg 0° U]’ 1.

Therefore we have
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JH],,'or.(Hy, e 0Y) U (Hf L, Tor) A (50,n — 4, 5v, M) € |1y O'J€- A (n — j, Hs, Hf;) IE 50
(F-P1)

TH2:

(%0,m — j,esa 6%, e 0') € |72 aJ%

From Definition 3.10 we have

V' Hso, Hys.(n, Hso, Hy2) é SONAVE <n—jes 6° g S0 — )
B

E'Ht/Q,tUQ.(HtQ,etQ (5t) [} (Ht/2,t1)2)/\(39,n—j—k,sz,tvg) € LTQ UJ‘B//\(TZ—j—k, Hyo, Ht/2)1>89

Instantiating with Hs,Ht’l,Bi and since we know that (es1,es2) 0° §; (Sv1,°v2) therefore
dk<i—j<n—jstesd I .

Therefore we have

E'Ht/Q,tUQ.(HtQ,etQ 5t) (3 (Ht/Q,tvg)/\(sé?,n—j—k,svg,tvg) € LTQ aJé/\(n—j—k,Hs, Ht/2)1§89
(F-P2)

From SLIO*-Sem-prod we know that i = j + k + 1, H/ = H/, and v = (*v1,%vy) therefore

from Definition 3.9 and Lemma 3.15 we get (°0,n —4,%v,%v) € [(11 x T2) 0J€
And since we have (n — j — k, Hy, H,) 589 therefore from Lemma 3.17 we also get
(n — i, Hy, HYy) 550

. CF-fst:

XU e 71 X T~ ey
0T fst(es) : 71~ fst(er)

fst

Also given is: L E ¥ o A (50,n,06%,8") € [T O'J‘E/
To prove: (%0,n,fst(es) 0%, fst(er) 0') € |11 UJ% (F-F0)
This means from Definition 3.10 we need to prove

VHs, Hy.(n, Hs, Hy) 559 AVi < n,*v.fst(es) 6° J; Sv =
SH], bv.(Hy, fst(er) 6°) b (HL,Po) A (30,0 — i, %0, '0) € |7y o) A (n — i, Hy, HY) £ 50

This means that we are given some Hg, Ht,B s.t (n, Hs, Hy) g %9 and given some i < n,%v
s.t fst(es) 0° ; v

And we need to prove

JH], . (Hy, fst(er) 6%) | (H,'o)A((0,n—1i,%v,%v) € |y ajé/\(n—i, HS,Ht/)é% (F-F0)

TH:
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(%0, m,es 6%, e, 0F) € [ (11 X T2) O'J’g

From Definition 3.10 we have

VHs1, Hyp.(n, Hg, Hﬂ)ésH AV <n,dvi.es 6° | (Pu,—) =

3H, o (Hyy, (e, ea2) 60 & (Hfy, (o, =) A (0, n =g, (o, =), (fon, =) € (71X 72) ol A
(n— j, Hy, H}) 6

Instantiating with Hs, H; and v} with v since we know that fst(es) d° |}; ®v therefore
Jj<i<nstes 6°d; (Pv,—).

Therefore we have

JH,,'v.(Hp, (?tl,etg) 6 U (HYy, (v, =) ACO,n— g, (Pv,—), (o1, —)) € [(T1 X T2) Jjé A
(n—j, Ho HY) B0 (F-F1)

From SLIO*-Sem-fst we know that i = j + 1, H/ = H}; and v = 'v;. Since we know

(*0,n— j,(Cv,—), (*v1,—)) € [ (11 X T2) aje therefore from Definition 3.9 and Lemma 3.15
we get

(50,n —i,%v,'v) € |7 O'J"B/

And since from (F-F1) we have (n — j, Hy, H,) 530 therefore from Lemma 3.17 we get
(n—1, Hy, H],) 559

. CF-snd:

Symmetric reasoning as in the CF-fst case

. CF-inl:

XUk es:m ~ e
;U T Finl(es) @ (11 + 72) ~> inl(e)

prod

Also given is: L= o A (°0,n,6%,6%) € [T O'J‘B/
To prove: (50,n,inl(es) 6%, inl(e;) 6%) € [ (11 + T2) ajg
From Definition 3.10 it suffices to prove

VH,, Hy.(n, Hy, Hy) B %0 A Vi < n,*v.inl(ey) 6° s inl(*0) —> A
JH,,'v.(Hy,inl(e;) 6%) U (H/,inl(*v)) A (°0,n — i,inl(*v),inl(*v)) € (11 + T2) JJ"B/ A (n —

i,Hs,Ht')IESQ

This means that we are given some Hg, Ht,B s.t (n, Hs, Hy) @ %9 and given some i < n,%v
s.t inl(es) 0% I inl(®v)

And we need to prove
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EIHt’,tv.(I{t,inl(et) Y U (H,inl(*v)) A (50,n — i, inl(3v),inl(*0)) € [(11 + 72) O'J‘B/ A (n —
i Hy, H) B9  (P-ILO)

IH:

(50,n,e5 0%, ¢, 0) € |11 crjg

From Definition 3.10 we have

VHs1, Hyp.(n, Hs, Htl)ésﬂ/\Vj <n,’v.es 6° ;v = JH],, bor.(Hy, e 6°) U (Hf P A
(0.n — j, 50, t0) € |71 08 A (n— g, Hyy, HY) B0

Instantiating with Hs, H; and since we know that inl(es) 6° {; v therefore 3j < i < n s.t
es 0° | *v.

Therefore we have

JH],,'or.(Hey, e 6) 4 (HfPo) A (B0,n— 4,50, M0y) € |1y O'J(j/ A (n—j, Hs, Ht’l)ése (F-
IL1)

From SLIO*-Sem-inl we know that ¢« = j + 1 and H/ = H/,, ‘v = 'v;. Since we know

(%0,n — j,%v,'v) € |1 UJ‘B/ therefore from Definition 3.9 and Lemma 3.15 we get

(#0,n — 4,inl(*v), inl(*v1)) € | (11 + 72) o]0,

And since from (F-IL1) we have (n — j, Hy, H/) 559 therefore from Lemma 3.17 we get
(n—1, Hs, H])) 559

. CF-inr:

Symmetric reasoning as in the CF-inl case

. CF-case:

XU Feg:m+ 70~ ey
YUl r:mbeg 7~ en XUl y:mbesn: T~ e

case
;W T F case(es, z.€51,y.€52) : T~ case(ey, x.€1,Y.€2)

Also given is: LE W o A (°0,n,6%,6%) € [T UJ‘@
To prove: (%0,n,case(es,x.€s1,y.€52) 0%, case(es, x.e41,y.e2) 0') € | T UJ%

This means from Definition 3.10 we need to prove

VH,, Hy.(n, Hs, Hy) gsﬁ AVi < n,’v.case(es, x.€s1,y.€52) 0° | v =
JH!,'v.(Hy, case(er, x.€11,y.€12) 6°) I (H., '0)A((0,n—i,%v,'v) € |1 aﬁ//\(n—i, H, Ht’)ésﬂ

B
)

This means that we are given some Hs, Hy s.t (n, Hs, H;) > ®0 and given some i < n s.t

case(es, T.€51,y.€52) 0° |; *v

208



And we need to prove

JH],'v.(Hy, case(et, x.e41,y-e2) 0Y) I (H.,'v)A(50,n—i,5v, ') € |T JJ‘B//\(n—i, Hs,Ht’)ESH
(F-C0)

IH1:

(50, m,es 6%, e 0Y) € [(11 + T2) UJ%

From Definition 3.10 we have

VHs1, Hy.(n, Hs, Hﬂ)ésﬁ AYG <n,%v.es 6° | S =

SH,, for(H, e 61) 4 (H, fon) A (0, — %01, ) € [(r1+12) 0|9 A (n— g, Hyy, HY) B0

Instantiating with Hs, H; and since we know that case(es, x.€51,y.€52) 0° {; v therefore
Jdj<i<nstesd® ;v

Therefore we have

4 3 . 3
3H], o (Hy, e 6Y) U (HY Po) A (B0, — §, 501, Poy) € (114 72) UJ€ A (n—j, Hs1, H)))>%0
(F-C1)

Two cases arise:

(a) Svy =inl(*v]) and *v; = inl(*v]):
IH2:
(50,n —j,e1 8 U{z — Sui},en ' U{z — 'u}) € |7 O‘J%
From Definition 3.10 we have
VHso, Hia.(n, Hsa, Hy2) g SOANVE <n—j,°m.es °U{x— v} g v =
JH/, tvo.(Hyz, e 0P U{m st }) | (Hf, too) A(P0,n— § — k, 5w, twg) € |7 UJ€ A(n—
7 —k, Hgo, Ht,Q) @ 50

Instantiating with Hy, H/; and since we know that case(es, z.€51,y.€52) 0° {; *v there-
fore Ik <i—j<n—jstes °U{z— v} *v.

Therefore we have R
JH/y, tvo.(Hyz, e 68U {z = tor}) I (Hfy, toe) A (50,m — 5 —k,%v,tw) € |7 O'J‘ﬂ/ A(n—

-k Hy HYy) b0

From SLIO*-Sem-casel we know that i = j + k+ 1 and H/ = H,, 'v = "vy. Since we

know (50,n — j — k,%v,'w) € |7 O‘J‘ﬂ/ therefore from Definition 3.9 and Lemma 3.15
we get

(*0,n —i,%v, ') € |71 UJ€

we have (n — j — k, Hy, H);) 2 %9 therefore from Lemma 3.17
50

And since from (F-C2

~—

Vo

we get (n — i, Hs, H),)
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(b) *v; = inr(*v]) and tv; = inr(*o]):

Symmetric reasoning as in the previous case

10. CF-FIL:

Yooy Ui et 7~ ey
YW T Aeg : Va.T ~ Aey

FI

Also given is: L E W o A (50,n,06%,8") € [T UJ‘B/

To prove: (%0,n, Aes 0%, Aey 6¢) € | (Va.T) UJ%

This means from Definition 3.10 we know that

VHs, Hy.(n, Hg, Hy) 589 AVi < n,Sv.Aeg |; v = )
SH!, bo.(Hy, Aer) 3 (B, ') A (50,1 — i, %0, ') € [(Yar) 0|8 A (n— i, Hy, HY) 550

. . B . .
This means that given some Hy, H; s.t (n, Hs, Hy) > ®60 and given some ¢ < n s.t

(Aes) 0% 1) Sv

From SLIO*-Sem-val and fg-val we know that v = (Aes) 6%, 'v = (Aey) 6, i = 0 and
H = H,

It suffices to prove that
(°0,m, (Aey) 8, (Aer) &) € [(Vaur) o2 A (n, Hy, Hy) B 50

We know (n, Hy, Hy) @‘30 from the context. So, we are only left to prove
(50,n, (Aey) 8%, (Aey) 6) € | (Va7) o]0

From Definition 3.9 it suffices to prove

W0 30,5 <l € L,BT B.(0,jes 6, e, 8Y) € |70 /0] |5

This means that we are given ¢’ 3%0,j <n,¢' € L,3C '
And we need to prove

SG/?jves 587615 5t S Tl o Bl F-FI0
E

Since (%6,n,6%,6") € |T O’J‘B/ therefore from Lemma 3.16 we also have
. Jei

(50',4,0°,6") € [T o]}

IH:

(0, j,es 5% e 8Y) € |7 o Ufa s £}]5

We get (F-FI0) directly from TH
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11. CF-FE:

;U T e : Vaur ~ e FV() e &
S;UiThes [ 7[l/a] ~ e]

Also given is: LE ¥ o A (50,n,0%,8") € [T O‘J‘B/

To prove: (*0,n, ¢, [| 6%, ¢ | 8%) € |7[¢/a] 0|2

From Definition 3.10 we need to prove

VHs, Hy.(n, Hs, Hy) 559 AV <n,Sves | ;i v =

3], b (Hyy e [) U (HY ) A (0,m — 0,50, ) € |7[6/a] o)P A (n— i, Hy, ) & 56

This further means that given some Hs, Hy s.t (n, Hs, Hy) 589 and given some ¢ < n,*v s.t
es [] 0° i Sv

And we need to prove

JH] 'v.(Hy,ee [)) U (H.,'0)A (SO, n—i, 50, 0) € |T[¢/a] UJ@/\(?’L*?J,HS,H{)@SH (F-FEO)

IH:

(%0,n,es 6%, e 8') € | (Vo 7) O'J%

This means from Definition 3.10 we have

VHg1, Hyp.(n, Hg, Hﬂ)é% AV < n,%v.es 6° | S =

JH,,, bo.(Hy, e 6%) ) (Hfy L, Por) A (0, — 4,501, b)) € | (Vo) UJ?/ A (n —j, Hs1, HYy) ésﬁ

Instantiating with Hs, H; and since we know that (es []) 6° {}; v therefore 3j < i < n, v
s.tes 6° I *vr.

And we have

JH!,, b (Hy er 8Y) 4 (HY,to) A (30,n — j, %1, b)) € | (Vo) UJ‘B/ A (n — j, Hs, H])) é 50
(F-FE1)

From SLIO*-Sem-FE we know that *v; = Ae/, and "v; = A€
Therefore we have
(*0,n — j, Al Aep) € [ (VeuT) oy,

This means from Definition 3.9 we have
Vo' 350,k <n—j, 0 € L,BC 3.0 k, ¢l e)) € |7]0')a] o |

Instantiating 56’ with %0, k with n — j — 1, ¢ with ¢ o and 2 with 3 and we get
(0.n—j—1.e,.¢) € |7l/o] o}

P )

From Definition 3.10 we get
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12.

\V/HSQ, Htg.(n *j — 1,H52,Ht2) % 59,1 /\Vk <n *j — 1,8’02.€ig Uk S'UQ —
JHy, 'vo.(Hyas €)) I (Hfp, 'v2) A (50,n — j — 1 — k, 5w, ') € |7[¢/q] O‘J‘B/ ANn—j5—1-

8
k, Hy, H,) >0

Instantiating with Hy, H/;. Since from (F-FE1) we know that (n — j, H, Ht’1)§89 therefore
from Lemma 3.17 we get (n — j — 1, Hy, H;) @SG

Since we know that e [] 0° {}; *v and from SLIO*-Sem-FE we know that i = j +k+ 1 (for
some k) and i < n therefore we have k <n —j — 1 s.t €, 6% | Svo.

Therefore we have
IH/y, tvo.(Hya, €}) I (Hly o) A ((0,n — j — 1 — k, 5w, twy) € |7[¢/q] UJ€ ANn—j5—1-
k,Hy, H,) £  (F-FE2)

Since H! = Hyor, v = 1y and ‘v = 'y therefore we get (F-FE0) directly from (F-FE2)

CF-CI:

XU,k eg: 1~ e
YSoUi'Fves:c=17~ e

CI

Also given is: L= WU o A (°0,n,6%,6%) € [T O'J‘B/

To prove: (50,n,v es 6%,ve; 6') € |(c = 7) aJ%

This means from Definition 3.10 we know that
VH,, Hy.(n, Hy, H) 5% AVi < nvey I; v —>
SH],'o.(Hy,ver) U (H,'0) A (0,0 — 0,50, %) € [(c = 7)8 o |8 (n — i, Hy, H]) &8

This means that given some Hj, Hy, B s.t (n, Hg, Hy) @59 and given some i < n 8.t
(ves) 0% I v

From SLIO*-Sem-val and fg-val we know that $v = (ves) &%, tv = (ve;) 6%, i = 0 and
Ht/ — Ht

It suffices to prove that

(%0, n, (ves) 6%, (ver) 8') € [(c = 7) O'J‘B/ A (n, Hs, Hy) 559

We know (n, Hy, Hy) 550 from the context. So, we are only left to prove
(50, (ves) 8, (vey) 8Y) € |(c = 7) o]0
From Definition 3.9 it suffices to prove

LlEco = V0 3%, <n,BCR.(0,j.es 6% e, 0) € |7 0)h
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13.

This means that we are given £ |= ¢ o and ¢’ 30,5 <n,3C

And we need to prove

(80/7j7 €s 587615 6t) € \_7’ UJ% (F—CIO)

Since (%0, n,6%,0%) € |T O'J‘B/ therefore from Lemma 3.16 we also have

(03,08 € [T o)

And since we know that £ |= ¢ o therefore
IH: (*¢/, j,e, 6% ¢, ) € |7 0|

We get (F-CI0) directly from IH

CF-CE:

XiUiTFes:c= 7~ e XU ke
CE

XU T eso: 7~ er0

Also given is: LE ¥ o A (50,n,0%,8") € [T UJ‘é/

To prove: (50,n,e;® 6% e; @ 0Y) € |7 UJ%

From Definition 3.10 we need to prove

VHs, Hy.(n, 