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1 Development for dIPCF’s embedding

1.1 Syntax

Expressions

Values

Index

Sort
Kind
Types

Constraints

Lin. context

for term variables
Bounded Lin. context
for term variables
Unres. context

for sort variables
Unres. context

for type variables

Definition 1 (Bounded sum of context for dIPCF). )]
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Definition 2 (Bounded sum of multiplicity context). >’

a<l*® ~ -

Za<] Dz ey 7= (Za<l Q),z e<Ngerd 7
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7= 0[(Xg<q J1d/a] + b)/c]

Definition 3 (Binary sum of context for dIPCF).

I'y
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Definition 4 (Binary sum of multiplicity context).
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Definition 5 (Binary sum of affine context).

Ty I =.

FIC—BFQ:{(I’&(—BFQ),:U:T Iy =T,z:7A(z:—)¢Dy



1.2 Typesystem

Typing ¥; 0; A; e 7

O,AET>1
T-varl T-var2
AN, z:THa:T U:0;A;Q 2 :(qcr ;T 22 7[0/a]
T-unit T-base
U0, AT - (): 1 U;0;A; 0T —c:b
T-nil

U 0;A; T - nil : LY 7

U:0;A: ;T e T WU:0;A; ;9 eg: L1 O;AFn:N
U 0:A; 0 DN Ty DLy e eg: L7

T-cons

U, 0; 00T —e: L™ T
U:0;A,n=0QT9 —e1:7 U 0:A,n>0:Q:T9. h:7m,t: L" ' -eg: 7
U;0; A; Q1 @ ;T @T9 - match e with |nil — ey |h it —eg: 7’

T-match

U;0;A; 4T - e:1[n/s] ;A Fn:S
U0 AT He:3s:S .7

T-existl

U:0;A; QT He:ds:S .7 U:0,5:5;A; g, x:7¢ 7

T-existE
U0, AT @y —e;xe i 7 s

U0, AT c:mHe:m
U:0;A; T - Azee : (11 — T2)

T-lam

U:0;A;Q1;T1 ey (11— ) U:0;A; Q99 -ex i1y
U 0;A; Q0 Qo[ PIa-erex:m

T-app

U:0:;A; T e T U:0:A T <7

T-sub
U0 AT e 7 ot

U:0:A:; ;T e :m U:0;A; Q9T eg:my
U:0;A;0 @ Q1 @12 - Cer,e2) : (11 @ m2)

T-tensorl

U;0;A; Q1T e (1 ®12) U:0;A; Qo To,z:m,y:mb¢€:7

T-t E
V0 A Q@01 @D - letdz,y)y —eine : 7 ensor

U 0:A; T e :m U:0:A; T et . U 0; A; T e (g & 72)
T-withl T-fst
U0, A; T - ler, e : (11 & 72) U:0;A; T - fst(e) : 7y

U:0; A; T e (g &)

T-snd
U:0;A; T - snd(e) : 7o




U:0;A; 0T —e:m U:0;A; 5T He:m
- T-inl - T-inr
U;0; A; T inl(e) : 1 @ 7o U:0; A; T inr(e) : 11 ® 7o

U:0; A QT et (1 @)
U:0;A; Qg z:m e : 7 U, 0;A; Q0 9,y: o ex: T

T-case
U:0:A; 0 DNoy; 1 DIy case e of eg;en: 7
U:0,a;Aa< ;. Fe:T
T-subExpl
U:0; A; Z Q. Hle:dloorr
a<lI
U 0; ;01T et (laerT) U:0;A; Q9,7 ey T Ta -6 07
— T-subExpE
U:0;A;, 0, DN 1Pl letlz=eine : 7
U oa:K;0;A; QT +e:T
T-tabs
U;0; AT - Ae: (Vo :K .7)
U 0;A; T e (Ya:K 1) U:0;A -7 K
7 T-tapp
U0 0T e [] - (r[7'/a])
U;0,i:5;A; QT He: T U:0;A; 4T -e: (Vi:S.1) O;A-I:S
- T-iabs - T-iapp
U:0; AT - Ae: (Vi:S.7) U 0; AT e]: (7[1 /i])
b+1,a 0,1
V0,000 < LiQziqer [0+ 1+ @ D). -e:mr  L=>=DI
b b
T-fix
U; 0; A; Z Q;.  fixz.e : 7[0/b]
b<L
U:0:; AT e T UV,0;AET'CET U0, AEQ =0
T-weaken

U:0; AT —e:7

U:0;A; QT e T
U:0;A; 0T —rete: MOT

T-ret

U:0:;A:; QT e MLy
U:0;A; N9,z ey : MIam ©:A I : R ©;:A+I,: R

- - T-bind
U:0;A;0 @11 @T2 - bindz = ey ines : M(I1 + I2) 72

O:A-I:RT
U0 A QT -1 MmI1

T-tick

U 0;A; Q130 ey [Ii] 7
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U;0;0;Q0 @I ®BTg - releasexz = ej iney : M 1o

T-release



U:0;A; N —e: T O;A—T:RT
U;0;A; T - storee : M I ([I] 1)

T-
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U:0; A; T ek (c&eT)

T-CAndl

U:0;A ;N e:7He 7

U:0;A; T -cletz =eine : 7/

T-CAndE

Figure 1: Typing rules for A-Amor
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U:0;A 7 < T{

7 7 sub-with
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UV:0:AFT<: 7T
U:0:A-L" 1T <:L" 7T

sub-list

U, :K;U:0, A1 <:7y
U:0; A+ Va:K .1 <:Va.m

sub-typePoly

S sub-subExp

U:0,s5A17<:7
U:0;A - 3s.7 <: 3s.7

sub-exist

U:0,1:S;A 71 <: 7
U:0; A Vi:S . <: Vi

sub-indexPoly



UV:0;A 1 <:To ;A =

U, 0:;AFc=71 <:co=T

sub-constraint

U:0:A 71 <7y ;A E =
U:0; A c1&m <: &y

sub-CAnd

O:;AFEk:RT O;A K R

U;0; A [k](m1 — ) <: ([K]11 — [k + k] 12)

sub-potArrow

U:0,i ;A -1 <7

U:0;A 71 <:[0]T U:0;A - Ngi 1S .7 <: \i :S .7
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sub-potZero sub-family Abs
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sub-family App1
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Figure 2: Subtyping
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Figure 3: I Subtyping for dIPCF
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sub-1Base

UV, AT E.
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Figure 6: Typing rules for sorts



U;0;A - 1:Type

U, 0;AFT: K

K-unit

K-base

U:0; A b:Type

U, 0;AFT: K

K-arrow

UV:0; AT —om: K

V:0;A 71 K

V,0;A - K

K-tensor

VAT ®m: K

UV:0;A T K UV:0;A 1 K

U:0:AF &1 K

U:0,a:5Aa<I+—717:K

UV:0;AF T K UV:0;AF 1 K
UV:0; AT @7 K

K-or

OKHI:N

K-subExp

U0 AR g K

U0, AT K O;A—T:RT
V:0;A - [I]7: K

V.a:K;0;A—7: K
U:0;AVar: K

U:0:Ac7: K
UV:0;Ac=>717 K

K-constraint

U:0,i :S;AFT: K
U:0; A+ MiT :SoK

K-family

K-tabs

UV:0; AT K O;A HI: R
VO, AFMIT: K

K-monad

U:0,i:S; A7 K
U 0;A Vi K
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U,0;A -7 K 0;A ¢
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U:0:A+7:5> K ;AL S
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Figure 7: Kind rules for types



1.3 Semantics

’Pure reduction, e |4 v ‘ ’Forcing reduction, e ||§ v‘

el v es l el nil €2 v
Uty bt o b bes E-matchNil

er e Jyyttar1 vl match ey with |nil — eg |h it — e3 441,41 ¥

er by vn il esfon/h][1/t] Ve, v

- - E-matchCons
match e; with [nil — ez |h it — eg |t 41541

er gy v ealv/z] Ui, V' _ e Iy, Av.e '[ea/z] Iy V'
E-exist 7 E-app
e1; .2 Ve +to41 v e1 €2 Ity 4,41 ¥
/
e v e v e V1,V e'[vi/x]|[v v
1l v 22 o bty v1,v2) . [/1/ 1lva/y] Ut ETE
<<€17 €2>> Ut1+t2+1 <<1)1, U2>> let<<x7y>> =eine Ut1+t2+1 v
e v e v e V1,V e V1,V
14y 01 2 Uty v2 WL Ve (vr,v2) E fot Ve (vr, v2) Eoand
(e1,€e2) bty +ta41 {v1,v2) fst(e) Ji11 1 fst(e) Jit1 v2
el v el v e inl(v elv/z v
- be - E-inl - b - E-inr Utl ( /) 7 [ / ]l_th ; E-casel
inl(e) {41 inl(v) inr(e) Y41 inr(v) case e of €';€" 41,41 inl(V)
e inr(v e"lv v
Utl ( /) i [ /y] _UtQ i E-case2 E-expl
case e of €';€" |4, 41,41 inl(v") e Jole
e |y le” e'le’ /x v elfixz.e/x v
Utl : /[ / ]Ul‘a E-expE [ / ]Ut E-fix
let!z =eine |¢ttp41 v fixz.e J¢41 v
v e {(),x,nil, \y.e, A.e,rete,bindz = e; in ez, 17, release x = e; in eg, storee} vl
~va.

v {gv

10



ey A€ e g, v el A€ v
E-tapp E-iapp
el] bty+ta41 v el] btr+to+1 v

e s, A€ e |y v e1 ¢ v ealv/x] Ji, V' elrv

E-CE - ; E-CandE —— 5 E-return
el] Vty4tor1 v cletx =ejineg |4y 4tp41 v rete ;.1 v

cr ./ / co ./
e1 vy v v ea|vy/z] s v2 vy v
U Uz, v1 [v1/7] s e E-bind —— E-tick

. . +
bindz = ey in e I 152, 1111 Vo 4T 0

/

C
€1 Jt; V1 €eg|V1/X to V2 V2 . U e |yt v
Ve [ / ] L Ut3 2 E-release U— E-store

. /
releasex = eq in €2 Iy, 11, 41541 V2 storee |9, v

Figure 8: Evaluation rules: pure and forcing
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1.4 Model

Definition 6 (Value and expression relation).

[1] = {(».T,0)}

[b] = {(p.T,v) | ve[b]}

[LO7] = {(p,T, ml)}

[ 7] = {(p.Tov = D)PFprpepr +p2 <p A (p1,Tov) € [7] A (p2,T,1) € [LP7]}

[m®n] = {(b T, <<U1,U2>>) | Ap1,p2.p1 +p2 <p A (p1,T,v1) € [11] A (p2, T, v2) € [72]}
[n&m] = {(pT,{vi,v)) | (p,T,v1) €[] A (p,T,v2) € [2]}

[m@m] = {(T,inl(v)) | (P,T v) € [11]} v {(p, T,inr(v)) | (p,T,v) € [2]}

[ —m] = {(p,T, xe) |V, e, T'<T .(p),T",¢) e [n]e = (p+,T ele/x]) € [r]e}
la<it] = {(p,T.'e) | 3po,....pr—1p0o+ ... + pr-1 <p AVO<i < I.(p;,T,e) € [r[i/a]]e}
[[n)7] = A, To0) | 3" +n<p A TU)E[[T]]}

Mnt] = {(p,T,v) |V, T'<T,v' 0 | v = I/ +p <p+nna@,T-T,)e[r]}
Marl = {(nT.Ae) | ¥, T'<T (p,T,e) € [r[r'/ale}

Mirl = {(5TAe) | VIT'<T (5, T",c) e [r[1/i]]s}

[e=7] = {(p,T,Ae) |VT'<T . =c = (p,T',¢) €[]}

[e&e] = {p.T.v) | Fen(p,T,v)e[r]}

[3s.7] = {(p,T,v) | 3s".(p, T, v) € [r[s'/s]]}

[Aei.7] = f where VI. f I = [7[1/i]]

[ 1] = [r]1

[T]e = {(p,T,e) |V, T'<T .e |lprv = (p,T —T',v) € [7]}

Definition 7 (Interpretation of typing contexts).

[Tle = {(p,T,7)|3f: Vars — Pots.

(V€ dom(T). (f(x),T,~(x)) € [[(@)]e) A (Lacdom(r) f () < P)}
{(p,T,9) | 3f : Vars — Indices — Pots.

(V(xifger 7)€ QVO< i< I.(f xi,T,0(x)) € [r[i/a]]e) A
(Xr_ e 2o<i<r f 1) < p}

Definition 8 (Type and index substitutions). o : TypeVar — Type, ¢ : IndexVar — Index

[Qle

Lemma 9 (Value monotonicity lemma). Vp,p',v, 7,7’ T.
(p,Tv)e[r] Ap<p AT'ST = (p,T',v) € [1]

Proof. Proof by induction on 7 O

Lemma 10 (Expression monotonicity lemma). Vp,p',v, 7,7',T.
(p,T,e)er]le np<p AT'ST = (p/,T,¢e) € [7]e

Proof. From Definition 6 and Lemma 69 O

Lemma 11 (Lemma for substitution). Vp,d, I, .

(p76)€ [[Za<IQ]] e Elp()a"-apf—l-
po+ ...+ pr—1<pAVO<i<I.(p;,9)e[Qi/a]

Proof. Given: (p,0) € [>,-; I
When Q =.
The proof is trivial simply choose p; as 0 and we are done

12



When Q(a) = 70 ‘p< jy(a) 70(a), - - - Tn Sp<s, (a) Tnla)

Therefore from Definition 2 and Definition 7 we have
f : Vars — Indices — Pots.

V() texy, 7, 0) € (Laer ). VO<i < Z‘KI Ji (f xi,6(x;)) € [oi/c]]) A
Dajiecy,_y 5,06(S0ey @) 20i<y, 5, L T <P (SMO)

To prove the desired, for each i € [0, — 1] we choose
Dbi as ij;bdj(i)fj(i)e(g(i)) 20<k<Jj(i) [ (k+ Zd<i Jj[d/i])
and we need to prove
1. po+...+pr—1 <p:
It suffices to prove that
o<i<I ij:b<(]j(i)7j(i)edom(ﬂ(i)) Dosk<s; (i) S T (k+ 2ac Ji(@)[d/i]) <p
We know that dom(}},_; Q) = dom(€2) and from (SMO) we get the desired
2. VO <i<I.(p;o)€e[Qifa]:
This means given some 0 < ¢ < I , from Definition 7 it suffices to prove that
3f" : Vars — Indices — Pots.

(V(xj e,y 75(0)) € Qli/a). YO < k < J; (). (f' x5 k,6(5)) € [r;(0)[k/b]]) A
(Zﬂcj:bdj(i)eﬁ[z‘/a] ZO<k<J]-(z') fl z k) < pi

We choose [’ s.t
Vi ey @) 7i(0) € (Ui/a]) VO < k < J;(0).f xj k = f x5 (b + Xy, J[d/i]),

And we need to prove:

(8) Y(zj pey;) 75(3) € Qi/a]. VO < k < J;(@). (f z; k,0(x5)) € [;())[%/b]]:
This means given some (z; <y, 7j(i)) € Qfi/a] and some 0 < k < J;(i) and it
suffices to prove that

(f" j k,0(x;)) € [7; () [%/b]

This means we need to prove that

(f wj (k+ 2g<i Jild/i]), 6(x5)) € [m(D)[k/b]] - (SM1)
Instantiating (SMO) with the given x; and (k + >,,_; J;[d/i]) we get
(f g (b + Xaey Jild/i]), 6(x5)) € [ol(k + 2azi Jild/i])/c]]

And from Definition 2 we get the desired
(0) (X iy 0y (ifa) Zio<h<; () fra k) <p
It suffices to prove that
(g, 7 (Deifa) Zioshes; (i) f @ (B + Laci Jild/i])) < pi
Since we know that p; is ij:kjj(im ()e(Q() 20<k<Jj(i) faj (B+>,-;Jild/i]) there-

fore we are done

O
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Theorem 12 (Fundamental theorem). V¥, 0, A QT e, 7 € Type.
U0, A0 e A (p,T,7y) €L ate A (pm, T,0)€[Qot]e n . EAL =
(o1 + pm, T, e ¥6) € [T oi]e.

Proof. Proof by induction on the typing judgment

1. T-varl:

T-varl

LA CHVANE O3 RN Rl e A
Given: (p;, T,v) € [,z : 7 ot]e and (pm,T,9) € [Q ot]¢
To prove: (p; + pm, T,z 07) € [T ot]e
Since we are given that (p;, T,v) € [I',x : 7 ot]¢ therefore from Definition 7 we know that
3/.(f(x), T,~(2)) € [1 at]e where f(z) < py
Therefore from Lemma 70 we get (p; + pm, T, 2 07) € [T ot]¢
2. T-var2:

O,A=T>1

T-var2
U:0;A;Q 2 :(qcr ;T 2 7[0/a]

Given: (p;,T,7) € [T, oi]e and (pm,T,0) € [(Qx :q<1 T) ol]e
To prove: (p; + pm,z 67) € [7[0/a] ot]s

Since we are given that (p,,T,0) € [(Q, x :q<1 T) ot]¢ therefore from Definition 7 we know
that

f : Vars — Indices — Pots.
((f z 0,T,6(x)) € [T[0/a] ot]e) where (f z 0) < pp,

Therefore from Lemma 70 we get (p; + pm, T,z dv) € [7[0/a] ot]e

3. T-unit:

T-unit
U:0;A; 4T (): 1

Given: (p;,T,7) € [Tot]e, (pm,T,0) € [Q ot]e and = A ¢
To prove: (p; + pm,T,() 07) € [1 otfe

From Definition 6 it suffices to prove that

VT'<T .() b () = (pm +p, T =T',()) € [1]

This means given () o () it suffices to prove that
(P +pm, T,() € [1]

We get this directly from Definition 6
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4. T-base:

T-base

U:0;A; 0T +—c:b
Given: (pi,T,7) € [T, ot]e, (pm,T,9) € [Q ot]s and = A ¢
To prove: (p; + pm,T,¢) € [b]e
From Definition 6 it suffices to prove that
Vo, T'<T .c ypvv = (pm +p1, T —T',¢) € [b]

This means given some v, T'<T s.t ¢ |7+ v. Also from E-val we know that 7"= 0 therefore
it suffices to prove that

(pl + pma T7 U) € [[b]]
From (E-val) we know that v = ¢ therefore it suffices to prove that

(pl + Pm, T, C) € [[b]]
We get this directly from Definition 6

5. T-nil:

T-nil

U 0;A; QT - nil : L0 7
Given: (plvvay) € [[Fa O'L]]g, (pma T, 5) € [[Q O'L]]g
To prove: (p; + pm, T, nil 6v) € [L° 7 oi]¢
From Definition 66 it suffices to prove that
VT'<T, v il v = (p+ pm, T — T',0") € [LO T 01]
This means given some T'<T, v’ s.t nil |7+ v’ it suffices to prove that
(o1 + pm, T — T',0") € [LO T 04]

From (E-val) we know that 7”= 0 and v" = nil, therefore it suffices to prove that
(p1 + pm, T, nil) € [L° 7 o]
We get this directly from Definition 66

6. T-cons:

U:0;A: ;T e 7 U:0;A; 099 eo: L1 OFn:N
U 0:A; QBN TPl e eg: L7

T-cons

Given: (pi,T,7) € [(T1 @ T'2)oi]e, (pm,T',0) € [(2) ot]e
To prove: (p; + pm, T, (e1 :: e2) §v) € [L"! 7 oi]e

From Definition 6 it suffices to prove that

Vvl,t <T .(61 b 62) (5’y ﬂt v = (pl + pm, T —t, v/) c [[Ln+1 T ULH
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This means given some v', ¢t <T s.t (eq :: e3) dv |+ v/, it suffices to prove that

(p1 + pm, T —t,0") € [L" ! 7 54]
From (E-cons) we know that Jvg, l.v" = vy :: 1

Therefore from Definition 6 it suffices to prove that

Ip1,p2p1 + P2 <pr+pm A (p1, T —t,vp) € [T o] A (p2, T —t,1) € [L"T 04] (F-Co)

From Definition 7 and Definition 5 we know that dp;1, pi2.pi1 + pi2 = p; s.t
(plla TafY) € [[(Fl)ULH5 and (p127T77) € [[(FQ)UL]]S
Similarly from Definition 7 and Definition 4 we also know that

3pmlyme-pml + Pm2 = Pm S.T
(pmlyTy 5) € [[(Ql)O'Lﬂg and (me,T, 5) € [[(QQ)O’L]]S

IH1:

(pi1 + pma1, T,e1 07) € [T ot]e

Therefore from Definition 6 we have

Vil <T.eq 6y | v = (pin + pma, T —t1,0y) € [7]

Since we are given that (e; :: ez) 0y ¢ vy :: | therefore fom E-cons we also know that
Jtl < t. er o |1 vy

Therefore we have (p;1 + pm1, T —tl,vy) € [T 04] (F-C1)

IH2:

(P2 + P2, T e2 0) € [L"'T ot]e

Therefore from Definition 6 we have

Vt2 <T .e2 6y b2l = (pi2 + pma2, T —12,1) € [L"T o1]

Since we are given that (e; :: ez) 0y ¢ vy :: | therefore fom E-cons we also know that
2 <t—tl. eg v |1

Since t2 < t —t1 < t <T, therefore we have

(P2 + pma, T —t2,1) € [L™1 o1] (F-C2)

In order to prove (F-C0) we choose p; as pj1 + pm1 and ps as pja + pme, we get the desired
from (F-C1), (F-C2) and Lemma 69

. T-match:

U:0;A; QT e: L 7
U:0;A,n=0;0:Ts e :7 U:0;A,n>0;Q;T9. h:7,t: L" 17 —eg: 7'
U;0;A; Q1 @ N; Ty @y - match e with |nil — ey |h it —eq: 7

T-match

Given: (p;, T,7v) € [(T1 ®T2) ot]e, (pm,T,9) € [Q ot]e
To prove: (p; + pm, T, (match e with |nil — ey |h it — e2) 0y) € [T/ oi]e
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From Definition 6 it suffices to prove that

Vt <T,vg.(match e with |nil — ey |h::t— e2) 6y s vy = (o1 + pm, T —t,vg) € [T 01
This means given some ¢ <T',vf s.t (match e with |nil — ey |h 1t — e3) 07 || vy it suffices
to prove that

(o1 + pm, T —t,vg) € [T 0!] (F-MO)

From Definition 7 and Definition 5 we know that dp;1, pi2.pi1 + pi2 = py s.t
(pi1, T,v) € [(T1)ol]e and (p2, T, 7y) € [(T'2)ot]s

Similarly from Definition 7 and Definition 4 we also know that

Apm1s Pm2-Pm1 + Pm2 = Pm St

(pm1,T,0) € [(h)oi]e and (pme2, T, 0) € [(Q2)0]s

IH1
(pll erml,Ta € 57) € [[LnT O'L]]g

This means from Definition 6 we have

V' <T .e oy |y vi = (pin + pm1, T —t',v1) € [L"7 04]

Since we know that (match e with |nil — ey |h 1t — e2) 6 |; vy therefore from E-match
we know that 3t' < t,vi.e 6y |y v1.

Since t' < t <T, therefore we have (p;1 + ppm1, T —t',v1) € [L"T od]

2 cases arise:

(a) v1 = nil:
In this case we know that n = 0 therefore
1H2
(P2 + pm2, T, e1 07) € [T oi]e
This means from Definition 6 we have
Vi, <T .e1 67 Iy, vy = (P12 + Pm2, T —t1,vy) € [ 01]
Since we know that (match e with |nil — ey |h 1t — e3) v | vy therefore from E-

match we know that 3t <t. e; oy {4 vy.
Since t1 < t <T therefore we have

(pi2 + pm2, T _tlavf) € [ o]

And from Lemma 69 we get

(P2 + Pm2 + P11 + P, T —t,vf) €[ ole

And finally since p; = p;1 + pio and Py, = Pm1 + pmatherefore we get
(pl + P, T —t,’l)f) S [[T/ UL]]g
And we are done
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(b) v =v s
In this case we know that n > 0 therefore
IH2
(P2 + Pm2 + P11 + Pm1, Ty e2 07) € [ o]
where
Y =~ru{h—v}u{t—I}and

This means from Definition 6 we have
Ve <T .e3 07 1, vg = (D12 + Pm2 + P11 + Pm1, T —ta,vy) € [T/ 04]

Since we know that (match e with |nil — ey |h::t — e3) 7 | vy therefore from E-
match we know that 3ty < t. ez 09" | vy.

Since t9 < t <T therefore we have
(P12 + Pm2 + P11+ Pm1, T —ta,vf) € [T/ 01]

From Lemma 69 we get

(P12 + Pm2 + P11 + P, T —t,vf) € [ 04

And finally since p; = p;1 + pi2 and py, = Pm1 + Pma therefore we get

(pl + pm, T —t,’Uf) S [[T/ UL]]g
And we are done

8. T-existl:

U:0; A; T e 7[n/s] OFn:S
U:0;A; QT —e:ds:S .7

T-existl

Given: (p;,T,v) € [T ol]e, (pm,T,0) € [Q ot]e
To prove: (p; + pm, T, e dvy) € [3s.T ot]¢

From Definition 6 it suffices to prove that

Vt <T,vg.e oyl vy = (p1 + Pm, T —t, vy 07) € [Fs.7 01]

This means given some ¢t <T',v; s.t e 07 |; vy it suffices to prove that

(p+ pm, T —t,vy) € [3s.7 0]

From Definition 6 it suffices to prove that

3s".(p1 + pm,, T —t,v5) € [7[s'/s] o1 (F-E0)
IH: (p1 + pm, T, e 07) € [r[n/s] ou]e

This means from Definition 6 we have

V' <T .e 6y |y vy = (o1 +pm, T —t',vy) € [7[n/s] o!]

Since we are given that e 7 |J; vy therefore we get
(pr + pm, T —t,vg) € [7[n/s] o1] (F-E1)

To prove (F-E0) we choose s’ as n and we get the desired from (F-E1)
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9. T-existsE:

U:0;A; QT e dsr U:0,5 A0 T, z:7H¢€ 7 U:0;A T K

T-existE
U:0;A; 0 DO 1@ - e;x.e' o7 e

Given: (p;,T,7) € [(T1 @T2) at]e, (pm,T',0) € [(2) ot]e
To prove: (p; + pm, T, (e;x.€’) §v) € [T oi]e

From Definition 6 it suffices to prove that

Vt <T,vs.(e;z.€') 6y e vp = (o1 + pm, T —t,vg) € [T 01

This means given some ¢t <T',vs s.t (e;x.€’) dv |; vy it suffices to prove that

(pl + Pm, T _t7 7}f) € [[T/ UL]] (F-EEO)

From Definition 7 and Definition 5 we know that 3p;1, pi2.pi1 + pi2 = py s.t
(i, T, ) € [(T1)oe]e and (pi2, T, ) € [(2)ot] e

Similarly from Definition 7 and Definition 4 we also know that

E|pmlyme-pml + Pm2 = Pm S.T
(pm1,T,0) € [(21)ot]e and (pme2,T,0) € [(Q2)ot]e

1H1
(pi1 + pma, Ty e 07) € [3s.7 ot]e

This means from Definition 6 we have

Viy <T .e 6y |y, v1 = (pnn, T —t1,v1) € [3s.7 otfe

Since we know that (e;z.€’) 6y |+ vy therefore from E-existE we know that 3t; <
t,v1.e 0 || v1. Therefore we have

(pi1 + pm1, T —t1,v1) € [3s.7 ol

Therefore from Definition 6 we have

3s".(pin + pm1, T —t1,v1) € [7[s'/s] ot (F-EE1)

IH2
(P12 + Pm2 + P11 + Pm1, T, €’ 0'y) € [T od/]e
where

=du{r—etand/ =10 {s— s}

This means from Definition 6 we have

Vto <T .€ 'y Ji, vF = (P12 + Pm2 + P11 + Pma, T —ta,vf) € [T 0]

Since we know that (e;x.e’) év |; vy therefore from E-existE we know that 3t < t.
e 8y | vy
Since t9 < t <T therefore we have
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10.

11.

(P12 + Pm2 + P14+ P, T —ta,vy) € [T/ 0]

Since p; = pi1 + pi2 and Py, = pm1 + pPme therefore we get

(o1 + pm, T —ta,vg) € [T 0]

And finally from Lemma 69 and since we have ¥;0; A 7/ : K therefore we also have
(o1 + pm, T —t,vg) € [T 01]

And we are done.

T-lam:

U:0;A: QT x:mbe:m

T-lam
U 0; AT = Axee : (11 — 72)

Given: (p;, T,7) € [T,o0i]e, (pm,T,9) € [Q ot]c and = A ¢
To prove: (p; + pm, T, (Az.e) §v) € [(11 — T2) ot]e

From Definition 6 it suffices to prove that

Vt <T,vs.(Ax.e) 6y s vy = (o1 + pm, T —t,vg) € [(T1 — T2) 0(]

This means given some t <T',vs s.t (Az.e) 0y |; vy. From E-val we know that ¢ = 0 and

vy = (Az.e) dv. Therefore we have

(o1 + pm, T, (Ax.€) §7) € [(T1 — T2) oi]

From Definition 6 it suffices to prove that

v e\ T'<T .(p), T, €') € [ ol]le = (i +pm + 1, T ele//x]) € [12 0t]e

This means given some p’, ¢/, T'<T s.t (p/,T",€¢’) € [r1 ot]¢ it suffices to prove that
(o1 +pm + 0, T el /z]) € [rp 0u]e  (F-L1)

From IH we know that

(o1 + 9" +pm,T,e 7)€ [r2 ol]s

where

Y =yufre e}

Therefore from Lemma 70 we get the desired
T-app:

U;0; ;01T ey (11— 1) U:0;A;09; T2 -eg: 7y
U:0; A0 @ 1 @2 e ex:m

T-app

Given: (p;,T,v) € [(T1 ®@T2)ot]e, (pm,0) € [(211 ®Q2) oi]s and = A ¢
To prove: (p; + pm,T,e1 e2 §7) € [12 ot]e

From Definition 6 it suffices to prove that

vVt <T, Uf.(€1 62) oy It v = (pm +p, T _tvvf) € [[72 ULH
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12.

This means given some ¢t <T',v; s.t (e1 e2) 67 |; vy it suffices to prove that
(pm +p1, T —t,v5) € [12 01] (F-A0)

From Definition 7 and Definition 5 we know that dp;1, pi2.pi1 + pi2 = py s.t
(pi1, T, 7) € [(T1)ot]e and (pi2, T, ) € [(T2)ot]e

Similarly from Definition 7 and Definition 4 we also know that 3p;,1, pmo-Pm1 + Pm2 = Pm
s.t

(pm1,T,0) € [(21)ot]e and (pme2,T,0) € [(Q2)ot]e

IH1

(P11 + pm1, T, e 67) € [(T1 — 72) ot
This means from Definition 6 we have
Vi1 <T .eq Utl A\r.e — (pll + Pm1, T —tl,)\x.e) S [[(Tl —o 7’2) UL]]

Since we know that (e1 es) o |+ vy therefore from E-app we know that 3t; < t.ey |4, Az.e,
therefore we have

(pi1 + pm1, T —t1, Ax.e) € [(11 — T2) oi]
Therefore from Definition 6 we have
Vp'ie1, Ti<T —t1.(p", T1,€}) € [m otfe = (pu + o + D', T, e[ey/z]) € [m2 ot
(F-A1)
IH2
(P12 + pm2, T —t1 — 1,2 0v) € [11 ot (F-A2)
Instantiating (F-A1) with pjs + pm2 and es §y we get
(pi1 + Pm1 + pi2 + P2, T —t1 — 1,¢e[ex 0v/x]) € [12 oi]¢
This means from Definition 6 we have
Vto <T —t1 — l.elea 0v/x] Ve, vf = (01 + Pm, T —t1 — 1 —to,vy) € [12 0]
Since we know that (e; e2) 6 |; vy therefore from E-app we know that 3ts.e[es dv/x] |4,
vy, where tg =t — t; — 1, therefore we have
(1 + pm, T —t1 —ta — 1,v5) € [12 01
Since from E-app we know that ¢ = t; + ¢ + 1, this proves (F-A0)
T-sub:

U, 0; AT e T AT <7

U:0;A; T e 7

Given: (p;, T,7) € [(D)ot]e, (pm,T,0) € [(R2) ot]e
To prove: (p; + pm, T, e 67) € [T oi]s
IH (p; + pm, T, e 67) € [T ol]¢

T-sub

We get the desired directly from IH and Lemma 73
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13. T-weaken:

U 0:A; QN e T U:0EI"<:T U:0EQ < Q
U0, A T e T

T-weaken

Given: (pi, T,7) € [(M)oeles (s T,5) € [(€) ol

To prove: (p; + pm,T,e 07) € [T ot]e

Since we are given that (p;,T,7v) € [(I')ot]s therefore from Lemma 15 we also have
(P, T,y) € [(T)oJe

Similarly since we are given that (p,,T,0) € [(2)ot]¢ therefore from Lemma 16 we also

have (pp,,T,0) € [(Q)ot]e

IH:

(o1 +pm, T, e 67) € [T ot]e
We get the desired directly from IH
14. T-tensorl:

U0, A0 e :m U:0;A;Q9; T2 e2 i1y
U:0;A;0 @001 DT - e, e2) : (11 @ 2)

T-tensorl

Given: (p;, T,7v) € [Ty ®T2)ot]e, (pm,T,0) € [(Q1 D Q2) ot

To prove: (p; + pm, T, {e1,e2) 67) € [(11 ® 72) ot]e

From Definition 6 it suffices to prove that

Vi <T Ler,e2) 07 bt Cvpr,vp2) = (p1+pm, T —t,Kvp1,vp2) € [(1 @ 72) 0]
This means given some t <T" s.t {eq,e2) 67 |+ vf1,vyr2) it suffices to prove that
(P + pm, T =1, vp1,0p2)) € [(M @ 72) 00 (F-TIO)

From Definition 7 and Definition 5 we know that dp;1, pi2.pi1 + pi2 = p; s.t
(plla Tar}/) € [[(FI)O-L]]E and (pl27T> 7) € [[(F2)O-L]]5

Similarly from Definition 7 and Definition 4 we also know that Ip;,1, pm2.-Pm1 + Pm2 = Pm
s.t

(Pm1,T,9) € [(1)ot]e and (pm2,T,0) € [(Q2)ot]e

TH1:
(pin + pm1, T, e1 07) € [11 ot]e

Therefore from Definition 6 we have

Vt1 <T .e1 (5’)/ Ut1 vfr = (pll +pm1>T _tlvvfl) € [[Tl U/’]]

Since we are given that ey, e2)) 0y |l vf1,vy2) therefore fom E-TT we know that 3t <
t.er 0 Ity vp1
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15.

Hence we have (pj1 + pm1, T —t1,v51) € [11 0] (F-TI1)

IH2:

(P12 + pm2, T, e2 07) € [12 ot]e

Therefore from Definition 6 we have

Vto <T .e2 0y |1, vr2 = (P12 + Pm2, T —t2,vy2 € [T2 0]

Since we are given that {eq,e2) 0y | Lvf1,vyp2) therefore fom E-TI we also know that
Jto < t.eg 67 s, 2

Since t9 < t <T therefore we have

(P12 + Pm2, T —t2,v52) € [12 01] (F-T12)

Applying Lemma 69 on (F-TI1) and (F-TI2) and by using Definition 66 we get the desired.
T-tensorE:

U;0; ;01T e (11 ® o) U:0;A; 09 T9, 21,y € 7

T-t E
U 0: A0 @ T ®Ls - letdz,y)y —eine : 7 ensor

Given: (plavaY) € [[(Fl G_)F?) O'L]]g, (pmaTa 5) € [[Q O'L]]g
To prove: (p; + pm, T, (letdx,y) = eine’) d0v) € [T oi]e
From Definition 66 it suffices to prove that

Vt <T,vs.(letlx,y) =eine€) 0y |y vp = (p1 + pm. T —t,vy) € [T 01]

This means given some ¢t <T',vs s.t (let{z,y)) = eine’) 6y | vy it suffices to prove that
(Pt + pm, T —t,vp) € [T 01] (F-TEO)

From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pr s.t
(o, T, ) € [(T1)ot]e and (pi, T, 7) € [(T2)ot]e

Similarly from Definition 7 and Definition 4 we also know that 3p,,1, Pmo.Pmi + Pm2 = Pm
s.t

(pm1,T,0) € [(21)ot]e and (pmea,T,0) € [(Q2)ot]e

IH1
(P11 + pm1, T, e 67) € [(11 ® 1) ot]e
This means from Definition 66 we have

Viy <T .e 67 |y Kvr,v2) 0y = (pi1 + pm1, T —t1, &v1,v2)) € [(11 ® 12) oi]

Since we know that (let{z,y) = ein€’) 0y |; vy therefore from E-subExpE we know that
Jt1 < t,v1,va.e 67 |y, vi,v2). Therefore we have

(P11 + pm1, T —t1, L1, v2)) € [(11 ® T2) ot]e

From Definition 66 we know that
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16.

Ip1,p2-p1 + P2 <P+ Pm1 A (p1,T,v1) € [11 0] A (p2,T,v2) € [12 0l (F-TE1)

1H2

(pi2 + pm2 +p1 +p2, T,¢" 69) € [1 oi]e

where
Y =yu{z—v}uly— )
This means from Definition 66 we have

Yty <T .€' 67 Vi, vy = (D12 + Pm2 + p1 + D2, T —t2,vy5) € [T 04]

Since we know that (let{z,y) =eine’) v |¢ vy therefore from E-TE we know that
Ity < t.€’ 09 |, vy. Therefore we have

(P12 + Pm2 + p1 + p2, T —t2,vp) € [T 01
From Lemma 69 we get
(pl + Pm, T —t,Uf) € [[T UL]]E

And we are done

T-withl:

U:0;A; 0T —e:m U:0;A; T ey T
U:0;A; 4T - ler,en): (11 & 72)

T-withl

Given: (p;,T,7v) € [Lot]e, (pm,T,0) € [Q ot]e

To prove: (p + pm, T, {e1,e2) 67) € [(11 & 72) ou]e

From Definition 66 it suffices to prove that

Vi <T' Ler,e2) 67 Ui (vpr,vp2) = (o + P, T —t,vpr,vp2) € [(T1 & 72) 0t

This means given (e, ea2) 6 | (vy1,vy2) it suffices to prove that
(pl + Pm, T’ —t,<’l)f1, Uf2>) € [[(7'1 & Tg) 0'/,]] (F—WIO)

IHI:

(p1 + pm,T,e1 07) € [ ole

Therefore from Definition 66 we have

Vi1 <T .e1 0y ¢, vi1r = (01 + Pm, T —t1,v51) € [11 04]

Since we are given that (e1,e2) 0y | (vf1,vs2) therefore fom E-WI we know that 3t; <
ter 6y Uiy, v

Since t1 <t <T, therefore we have

(Pt + Py T —t1,0p1) € [ o] (F-WI1)

1H2:

(o1 + pm, T, ez 67) € [m2 ot

Therefore from Definition 66 we have
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17.

18.

Vtg <T'.ex 07 {4, vp2 = (ot +pm, T —t9,Vfg € [2 o1]

Since we are given that (e1,ez) 07 |¢ (vf1,vf2) therefore fom E-WI we also know that
Jty < t.ea 07 {4, Vg
Since to < t <T, therefore we have

(oi + pm, T _t27?1f2) € [r2 ot (F-WI2)

Applying Lemma 69 on (F-W1) and (F-W2) we get the desired.
T-fst:

U 0; AT e (g & 72)

T-fst
U0, A T - fst(e) : 7y

Given: (p,T,7) € [(T') ot]e, (0,T,6) € [ ou]e

To prove: (p; + pm, T, (fst(e)) dv) € [11 ot]e

From Definition 66 it suffices to prove that

Vt <T,vy.(fst(e)) oy be vy = (o + pm, T —t,vp) € [11 0d]

This means given some t <T',vs s.t (fst(e)) 6 |; vy it suffices to prove that
(o1 + pm, T —t,vy) € [11 04] (F-F0)

H

(01 + P, T, € 07) € [(11 & 72) ot]e

This means from Definition 66 we have

Vi1 <T .e 67 Iy, (vi,v2) 0y = (pi + pm, T —t1,{v1,v2)) € [(11 & T2) 0!]

Since we know that (fst(e)) dy |}; vy therefore from E-fst we know that 3t; < t.v1,v2.€ 0y |4,
(v1,v2).

Since t; <t <T, therefore we have

(P + pm, T —t1,{v1,v2)) € [(11 & 72) 0]

From Definition 66 we know that

(p1 + pm, T —t1,v1) € [11 o]

Finally using Lemma 69 we also have

(p1 + pm, T —t,v1) € [11 ot

Since from E-fst we know that vy = vy, therefore we are done.
T-snd:

Similar reasoning as in T-fst case above.
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19. T-inl:

U:0;A; T He:n
U:0;A; T inl(e) : 11 @ 7o

T-inl

Given: (p;,T,7) € [Tot]e, (0,T,0) € [Q ot]e
To prove: (p; + pm, T, inl(e) §7) € [(T1 @ 72) ot]¢
From Definition 66 it suffices to prove that

Vt <T .inl(e) oy |t inl(v) = (p1 + pm, T —t,inl(v) € [(T1 @ T2) 0]

This means given some t <T" s.t inl(e) dv |+ inl(v) it suffices to prove that
(p1 + pm, T —t,inl(v)) € [(T1 ® 72) o1 (F-ILO)

IH:

(p1 + pm, T,e1 07) € [m1 ole

Therefore from Definition 66 we have

Vt1 <T .eq o7 | Vf1p = (pl + pm, T _thvfl) € [[Tl UL]]

Since we are given that inl(e) dv |; inl(v) therefore fom E-inl we know that 3¢; < t.e dvy |4,
v

Hence we have (p; + pm, T —t1,v) € [11 o1

From Lemma 69 we get (p; + pm, T —t,v) € [11 0l

And finally from Definition 66 we get (F-ILO)

20. T-inr:

Similar reasoning as in T-inr case above.
21. T-case:
U 0; AT et (11 @)

U:0;A; T, x:mbep: T U:0;A; 00, y:mmbe: T
U:0;A; 0T @Ig - case e of egjen : T

T-case

Given: (p;,T,v) € [(T1®T2) oi]e, (0,T,9) € [Q o]
To prove: (p; + pm, T, (case e of ej;ea) 07) € [T oi]e

From Definition 66 it suffices to prove that
Vt <T,vy.(case e of ey;ea) 6 |y vy = (o1 + pm, T —t,vy) € [T 04

This means given some ¢t <T',v; s.t (case e of ej;ez) dv |; vy it suffices to prove that
(o1 + pm, T —t,vg) € [1 01] (F-C0)

From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pr s.t
(o1, T, 7v) € [(T1)ot]e and (pi2, T, 7y) € [(T2)ot]e
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Similarly from Definition 7 and Definition 4 we also know that Ip;,1, pm2.Pm1 + Pm2 = Pm
s.t

(Pm1,T,9) € [(1)ot]e and (pm2,T,0) € [(Q2)ot] e

1H1
(pir + pm1, T,e 6y) € [(11 ® 72) ot]e

This means from Definition 66 we have

V' <T .e 67y v1 0y = (pin + P, T —t',01) € [(11 © 72) 0d]

Since we know that (case e of ej;ez) 0y |; vy therefore from E-case we know that 3¢’ <
t,vr.e 0y |y v1.

Since t' < t <T, therefore we have

(o1 + pm1, T —t',01) € [(11 @ 72) 0]

2 cases arise:

(a) v1 =inl(v):
IH2

(P2 + Pmapit + P, T —t' €1 07') € [1 o]
where

V=70 fe )

This means from Definition 66 we have

Vi1 <T —t'.e1 67 |y, vf = (D12 + Pm2 + o1 + P, T —t' —t1,v¢) € [7 01]

Since we know that (case e of eq;e2) 6y | vy therefore from E-case we know that
Jti.eq 69 || vy where t; =t —t' — 1.

Since t; =t —t' — 1 <T —t' therefore we have

(P12 + Pm2 + P14+ pm1, T —t' —t1,vf) € [T 04]

From Lemma 69 we get

(P2 + Pm2 + P11 + pm1, T —t,vg) € [T ot
And we are done

(b) v; =inr(v):
Similar reasoning as in the inl case above.

22. T-subExpl:

U:0,a:Aa<Il; Q. Fe:T
U:0; A; Z Q. Hle:loorr
a<lI
Given: (p1,7) € [es (s 8) € [(Ser 9) ol and = A1
To prove: (p; + pm,le 07) € [la<iT ot]s

T-subExpl

From Definition 6 it suffices to prove that

vt <T .(le) 6y It (le) v = (pm +pi, T —t,(le) 67) € [lasT 0]
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23.

This means given some t <T . s.t (le) 0 |+ ('e) 7 it suffices to prove that

(pm + 01, T —t, (le) 67) € [la<iT ot]

From Definition 6 it suffices to prove that

Ipo, - pr-1-po+ - +p1-1 < (P +p) A V0 < i < I.(p;, T,e 0) € [7[i/a]]e (F-S10)
Since we know that (pm,,T,06) € [(X,-; ) ot]e therefore from Lemma 11 we know that

Iy, P PO+ D < pm AYO<i<I.(p;,T,0) € [Qi/a]]e (F-SI1)

Instantiating TH with each pj,...p;_; we get
(p6, T, e 6v) € [7[0/a] ot]s and

(Pr_1,Tie o) e [7[I —1/a] ou]e  (F-SI2)
Therefore we get (F-SI0) from (F-SI1) and (F-SI2)
T-subExpE:

U 0; ;01T et (laer) U:0;A; O,z gy T Ta -6 o7
U:0;A; 0 PNy I PIg - let!lx =ein e 7

T-subExpE

Given: (p;,7) € [(T1 ®T2) ot]e, (pm,0) € [(21 ®Q2) ot]e and = A
To prove: (p; + pm, (let!z =eine’) §v) € [ oi]¢

From Definition 6 it suffices to prove that

Vt <T,v¢.(let!z =eine) oy |y vy = (pm + 1, T —t,vp) € [T/ 04]

This means given some ¢ <T s.t. (let!z = eine’) 6y |; vy it suffices to prove that
(pm + 1, T —t,vp) € [7 01] (F-SE0)

From Definition 7 and Definition 5 we know that dp;1, pi2.pi1 + pi2 = py s.t

(P, T, 7) € [(T1)ot]e and (pig, T, ) € [(T2)oe]e

Similarly from Definition 7 and Definition 4 we also know that Ip.,,1, Pmo-Pmi + Pm2 = Pm
s.t

(pm1,T,0) € [(21)ot]e and (pmea,T,0) € [(R2)ot]e

IH1

(P11 + pm1, T, e 67) € [la<rT 0t

This means from Definition 6 we have

vtl <T .e 6’7 Utl!el 5’7 - (pll +pm17T _tlv !61 57) € [[!a<[7— UL]]

Sice we know that (let!z =eine’) 6y |; vy therefore from E-subExpE we know that
Jt; < t,ej.e 6y ¢, !e; . Therefore we have

] !
a
(pi1 + pm1, T —t1,'e1 87) € [la<iT 01]
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24.

Therefore from Definition 6 we have

dpg, ..., pr—1.po+ ...+ pr-1 < (pll +pm1) AVt < I.(pi,T —t1,e1 5’}/) € [[T[i/a]]]g
(F-SE1)

IH2
(P2 + Pm2+po+ ... +pr—1,T —t1,¢ 8'y) € [ oi]¢

where

§=0u{r—e}

This means from Definition 6 we have

Vtg <T —t1.€' &'y |, vf = (D12 +Pm2 +po+ ... + 011, T —t1 — to,v5) € [7" 01]

Since we know that (let!z =eine€’) dy |¢ vy therefore from E-subExpE we know that
Ata.e’ 8’y | vy s.t. tg =t —t1 — 1. Therefore we have

(P2 + Pm2 +po + ... +pr-1, T —t1 — ta,vf) € [T 0l

Since from (F-SE1) we know that pg + ...+ pr—1 < pj1 + pm1 therefore from Lemma 70
we get,

(P12 + Pm2 + Pt + P, T —t,vyf) € [/ 04

And finally since p; = pi1 + pi2 and py, = pm1 + P2 therefore we get
(o1 + pm, T —t,v5) € [7 0!]

And we are done

T-tabs:

U, o :K;0; ;T —e: T

T-tabs
U 0; AT = Ae: (Va:K .7)

Given: (p;,T,7v) € [Tot]e, (pm,T,0) € [Q ot]e and = A ¢
To prove: (p; + pm, T, A.e §7y) € [(Va :K .7) ot]¢

From Definition 6 it suffices to prove that

Vit <T,v.Aedy v = (pm+pi, T —t,v) € [Va K .T) 0/]

This means given some v s.t A.e 0 | v and from (E-val) we know that v = A.e §y and
t = 0 therefore it suffices to prove that

(p1 +pm, T, Ae 67) € [Va : K .7) 0]

From Definition 6 it suffices to prove that

VT/’ T'<T (pl + Pm, Tla € 5’7) € [[T[T//OZ]O'L]]g

This means given some 7/, T'<T it suffices to prove that
(pr + pm, T e 67) € [r[7'/a] ol]e (F-TAbO)

IH (p; + pm, T,e 6v) € [ o'i]e
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where

o =cu{a—1}
We get the desired directly from TH

T-tapp:

U, 0;A; T e (Va:K .7) U:0;A T K
U0 AT ke []: (7[7'/a])

T-tapp

Given: (p;,T,7) € [Tot]e, (pm,T,0) € [Q ot]e and = A ¢

To prove: (p; + pm, T, e [] 67) € [(7[7'/a]) ot]e

From Definition 6 it suffices to prove that

Vt <T,vg.(e[]) 6y Ve vy = (om +p1, T —t,v5) € [(7[7/c]) 0¢]

This means given some ¢t <T',vs s.t (e []) 07 |; vy it suffices to prove that
(pm + o, T —t,vp) € [(r[7'/a]) o] (F-Tap0)

H

(p1 + pm, T, e 67) € [(Va.T) ot]e
This means from Definition 6 we have
Yty <T,v'.e 6y |4, vV = (i + pm, T —t1,0") € [(VaT) o/]

Since we know that (e []) 0y |+ vy therefore from E-tapp we know that 3t; < t.edy |+, A.e,
therefore we have

(p1 + pm, T —t1,A.e) € [(Va.T) oi]

Therefore from Definition 6 we have

V"' T <T —t1.(py + pm, T —t1— T1,e 6v) € [7[7"/a] o] ¢

Instantiating it with the given 7/ and T' —t; — 1 we get

(o1 + pm, T —t1 — L,e 0) € [r[7'/a] o']¢

From Definition 6 we know that

Vig <T —t1 — 1,0".e 0y |, V" = (i + pm, T —t1 — 1 — t2,0") € [7[7' /] o]

Since we know that (e []) 67 |; vy therefore from E-tapp we know that 3ts.e |4, vy where
by =t —t; —1

Since to =t —t1 — 1 <T —t; — 1, therefore we have

(pr+pm, T —t,vp) € [7[7'/a] 0]

And we are done.
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26. T-iabs:

U:0,i:5; 0T e T
U:0;A; T - Ae: (Vi:S .71)

T-iabs

Given: (p1,T,7) € [T, 01l (. T,8) € [ ol amd = A ¢
To prove: (p; + pm, T, A.e §7) € [(Vi:S .7) ot]e

From Definition 6 it suffices to prove that
Vit <T,v.Aedy |t v = (pm +pi, T —t,v) € [(Vi:S.7) oi]

This means given some t <T',v s.t A.e 6y |; v and from (E-val) we know that v = A.e dv
and ¢t = 0 therefore it suffices to prove that

(p1 + pm, T, A.e 0y) € [(Vi :S .T) oi]
From Definition 6 it suffices to prove that
VI.(pi + pm, T €) € [T[1/i] o]e
This means given some [ it suffices to prove that
(p1 + pm, T, e) € [T[1/i] o] (F-TAbO)
IH (p1 + pm, Tye 0v) € [7 ol']e
where
=10 {i—TI}
We get the desired directly from TH
27. T-iapp:

U:0;A; 4T e (Vi:S.1) Or1I:5
T;0; AT e [] = (7[1 /i])

T-iapp

Given: (p;,T,7) € [Tot]e, (pm,T,0) € [Q ot]e and = A ¢

To prove: (pr + pm, Tse [1 09) € [(7[1 /i]) o1l

From Definition 6 it suffices to prove that

vt <T,vy(e[]) 0y be vy = (pm+pi, T —t,v5) € [(7[1 /i]) 0]

This means given some t <T',vs s.t (e []) 0y |+ vy it suffices to prove that
(pm +pla T —t,'Uf) € [[(T[I /Z]) O'L]] (F—IapO)

H

(p1 + pm, Tye 6y) € [(Vi :S .1) o]

This means from Definition 6 we have

Vi, <T,v'.e 0y ¢, v = (p1 + pm, T —t1,v") € [(Vi :S .7) o1]
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28.

Since we know that (e []) 67 | vy therefore from (E-iapp) we know that 3t; < t.edy |y,
A.e, therefore we have

(p1 + pm, T —t1,A.e) € [(Vi:S .7) ol]

Therefore from Definition 6 we have

VI" Th<T —t1.(pt + pm, T —t1— T, e 67) € [7[1"/i] o] e

Instantiating it with the given I and T' —t; — 1 we get

(p1 + P, T —t1 — 1,e &v) € [7[1/i] ot]e

From Definition 6 we know that

Vo' to <T —t1 — 1.e 6y |, v = (p1 + P, T —t1 — 1 — t2,0") € [7[I/i] o]
Since we know that (e []) 0y |; vy therefore from E-iapp we know that 3ts.e |4, vf where
to=t—1t1 —1

Since to =t —t1 — 1 <T —t1 — 1, therefore we have

(p1 + Py vy) € [7[1/i] 01]

And we are done.

T-CI:

U:0;A ;0 e T
U;0; A; T - Ae: (e=71)

T-CI

Given: (p;,T,7) € [Tot]e, (pm,T,0) € [Q ot]e and = A
To prove: (p; + pm, T, A.e §7) € [(c=7) oi]¢

From Definition 6 it suffices to prove that

Vo, t <T Aedy |t v = (pm +p1,T —t,v) € [(c=7) oi]

This means given some v,t <T s.t A.e 6 |; v and from (E-val) we know that v = A.e dv
and t = 0 therefore it suffices to prove that

(P +pm, T, Ae 57) € [(c=7) o1

From Definition 6 it suffices to prove that

VT'<T .Eci = (p1+pm, T e o) € [roi]e

This means given some T"<T s.t. . = ¢ ¢ it suffices to prove that

(o1 + pm, T e 67) € [T ot]e
m (pl +pm,T/,€ 57) € [[T UL]]S

We get the desired directly from TH
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29.

30.

T-CE:

U:0; A; T e (e=1) @;A):cT

CE
U0, A0 ef] i 7

Given: (p;,T,7v) € [Lot]e, (pm,T,0) € [Q ot]s and = A ¢
To prove: (p; + pm, T, e [] 67) € [(7) ot]e

From Definition 6 it suffices to prove that
Vop,t <T (e []) 67 be vy = m +m1, T —t,v5) € [(1) 0]

This means given some vy, t <T' s.t. (e []) dv | vy it suffices to prove that
(Pm + 1, T —t,vp) € [(1) 01] (F-Tap0)

1H

(pi + pm;T,e 07) € [(c=7) olfe

This means from Definition 6 we have
Vo't <T e 0y |y v = (p1 + pm, T —t',0") € [(c = 7) 0]

Since we know that (e []) 6y |+ vy therefore from E-CE we know that 3t < t.edy |y A.€/,
therefore we have

1+ pm, T —t',A€) € [(c = 7) 0]

Therefore from Definition 6 we have

V" <T —t'. =c1 = (pr+pm, T —t' —t", ¢ 6v) € [ ol]¢

Since we are given ©; A = ¢ and . = A 1. Therefore instantiating it with 7' —t' — 1 and
since we know that . = ¢ «. Hence we get

(o + pm, T —t' = 1,¢" 0y) € [ ot]e

This means from Definition 6 we have

Vo, t" <T —t' — 1.(¢') 67 | vy = (pm +p1,v}) € [(7) 0]

Since from E-CE we know that €’6y |J; vy therefore we know that 3t”.€’ oy | vy s.t
t=t+t"+1

Therefore instantiating (F-CE1) with the given vy and ¢” we get

(pm + i, T —t,’l)f) € [[(T) 0—[’]]

and we are done.

T-CAndlI:

U:0; AT He: T ;A E=c

T-CAndl
U:0; A; QT e (c&er)

Given: (plvvaY) € [[F O'L]]g, (pma T, 5) € [[Q O'L]]g
To prove: (p; + pm, T, e 07) € [c&T oi]e
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From Definition 6 it suffices to prove that

VYop, t <T .e 6y s vp = (o1 + pm, T —t,vp 07) € [c&T 04]

This means given some vy, t <T' s.t e 07 || vy it suffices to prove that

(o1 + pm, T —t,v5) € [c&eT 01
From Definition 6 it suffices to prove that
e A (pr+pm, T —t,vp) € [T 0l

Since we are given that . = A and ©; A |= ¢ therefore it suffices to prove that
(o1 + pm, T —t,vyp) € [1 0] (F-CAI0)

IH: (p; + pm, T, e 6v) € [T ot]¢

This means from Definition 6 we have

vt <T .e (5’}/ Ut’ vf = (pl +pm7T —t,,’Uf) € HT ULH

Since we are given that e 7 |; vy therefore we get
(pr + pm, T —t,vy) € [T 0] (F-CAIl)

We get the desired from (F-CAIl)
T-CAndE:

U:0;A; 4T e (c&r) U0 A, ;T x:7He 7

T-CAndE
U:0;A; T @Iy —cletz =cine : 7

Given: (p,T,7) € [(T1 @ I'2) otfe, (pm, T, 0) € [(2) ot]e
To prove: (p; + pm, T, (cletz = ein¢e’) o) € [/ oi]e

From Definition 6 it suffices to prove that

Yop,t <T .(cletz =eine) oy |y vy = (01 + pm, T —t,v5) € [T 0]

This means given some vy, t <T s.t. (cletz = eine€’) dv ||, vy it suffices to prove that

(Pt + pm, T —t,vp) € [7" 0l (F-CAEO0)

From Definition 7 and Definition 5 we know that dp;1, pi2-pi1 + pi2 = pr s.t
(pn, T,7) € [(T1)ot]e and (pi2, T, ) € [(T2)oe]e

Similarly from Definition 7 and Definition 4 we also know that
Elpmlypm%pml + Pm2 = Pm St
(Pm1,T,9) € [(1)ot]s and (pm2,T,0) € [(Q2)ot]e

IH1
(pi1 + pm1, T e 67) € [e&T ot]s
This means from Definition 6 we have

Vir <T .e 67 |y, 1 = (pi, T —t1v1) € [e&T ot]e
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Since we know that (cletz = e in €’) 6y |; vy therefore from E-CAndE we know that
Jt1 < t,vi.e 0 |4, v1i. Therefore we have

(P11 + pm1, T —t1,v1) € [c&T 01

Therefore from Definition 6 we have
Eea A (pin 4 pm1, T —t1,v1) € [T 0l] (F-CAE1)

1H2

(P12 + Pm2 + P14+ pm1, T —t1, €' 69) € [T/ oi]e

where

vV =vuiz—u}

This means from Definition 6 we have

Vto <T .€ 67 |l vF = (D12 + Pm2 + P11 + Pm1, T —t1 — t2,vg) € [T/ 01
Since we know that (cletz = e in €’) 0y |; vy therefore from E-CAndE we know that
to.e” 8y e, vpstta =t —t;1 —1

Therefore we have

(P12 + Pm2 + Pt + P, T —t1 — ta,vp) € [T 0]

Since p; = pi1 + pi2 and Py, = pm1 + pPme therefore we get

(o1 + pm, T —t,vg) € [T 0]

And we are done.

T-fix:

b+1,a 0,1
V0,000 < LiQz e [0+ 1+ @ I)/b];. et L=D]I
b

b T-fix

U; 0; A; Z Q; . - fixx.e : 7[0/b]
b<L

Given: (p,T,7) € [.Jes (Pm,T,0) € [Dpf Q2 ot]e and = A v
To prove: (p; + pm, T, (fixz.e) 67) € [T[0/b] ot]e

From Definition 6 it suffices to prove that

VT'<T,vs.(fixx.e) 0y §p vy = (pm +p1,T — T',v5) € [7[0/b] o1]

This means given some ¢t <T', vy s.t. fixx.e oy |7 vy therefore it suffices to prove that
(1 + pm, T — T',vp) € [7[0/b] 0] (F-FX0)

Also from Lemma 11 we know that

pp, - - - ,p’(Iil). Py +p’(L71) < pm A V0 < i< L(pi,d) € [Qi/a]e

We define
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pN(leaf) = pgeaf

t+1,a
O = Cacg (14 © T0))
Claim
VO<t<L. (pn(t),T,e d'v) e [r[t/b] ot]e
where

8 =48 u{x — fixx.ed}

This means given some ¢ it suffices to prove
(pn(t), T, e 8'v) € [7[t/b] ot]e

We prove this by induction on ¢
Base case: when t is a leaf node (say )

It suffices to prove that (pj, T, e ¢'y) € [7[l/b] o]e

We know that I(l) = 0 therefore from IH (of the outer induction) we get the desired

Inductive case: when t is some arbitrary non-leaf node

From IH we know that
t+1,a
Va < I(t).(pn(t), T e 'y) € [7[t'/b] ot]e where t’ = (t+1+ @ I1(b))
b
Claim
V' (pn(t), T e §') € [7" o] where §' = § U {z — fixz.ed} =
(pn(t), T, fixx.e 6v) € [7' ot]e

Proof is trivial

Therefore we have
t+1,a
Va < I(t).(pn(t), T, fixx.e 6v) € [7[t'/b] ot]e where t' = (t+1+ @ 1(b))
b
Now from the IH of the outer induction we get
(Pt + 2 PN (1), T, e 0'y) € [r[t/] ot]e

Which means we get the desired i.e
(pn(t), T e §'~) € [r[t/b] ot]e

Since we have proved

VO<t<L. (pn(t),T,e d'v) e [r[t/b] ot]e
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where

8 =6 v {z— fixz.e}

Therefore from Definition 6 we have

VO<t<L. VT'<T .e 0"y {pr vy = (pn(t), T — T",v¢) € [7[t/b] ot]e

Instantiating with ¢ with 0 and since we know that fixz.e 07 |77 vy therefore knwo that
A3T"<T" .e 0"y |p» vy where T"=T" —1

(pn(0), T =T, v5) € [r[0/b] ot]e

Since py(0) < py, therefore py(0) < p; + pm

And we get the (F-FXO0) from Lemma 69

T-ret:

U:0;A; T e T
U:0; A; T - rete: MOT

T-ret

Given: (p;,T,7) € [Tot]e, (pm,T,0) € [Q ot]e and = A
To prove: (p; + pm,T,rete 0) € [MOT oi]¢

From Definition 6 it suffices to prove that

Vt <T .(rete) 0y | (rete) &y = (pm + pi, T —t,(rete) 6y) € [MOT o]

Since from E-val we know that ¢ = 0 therefore it suffices to prove that

(pm +p1, T, (rete) 6v) € [MOT o]

From Definition 6 it suffices to prove that

Vn! ' <T,vs.(rete) oy U?,/ v = '+ <pr+pm A @, T -t ,vy) € [7]
This means given some n’,t' <T',vf s.t. (rete) oy U;}I vy it suffices to prove that
I+ <pitpm A (0, T —t',vp) € [7]

From (E-ret) we know that n’ = 0 therefore we choose p’ as p; + p,, and it suffices to prove
that

(o1 + pm, T —t',vy) € [1 01] (F-RO)

IH

(Pt + pm, T, e 07) € [T o]

This means from Definition 6 we have

Vt1 <T .(e) 67 Vs, vf = (Dm + 01, T —t1,v¢) € [T 0]

Since we know that (rete) 6 ||, vy therefore from (E-ret) we know that 3t1 < t.e 6y 4 vy
sttty +1="¢

Therefore we have (p,, + p;, T —t1,vy) € [T 0¢] and from Lemma 69 we are done
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34. T-bind:

U;0;A: Q01 ey - Mnym
U:0;A; Qo To,x: 11 ex: Mng T OFn; R OF ny:RT

: : T-bind
U;0;A; 0 @ QT @2 - bindx = e; iney : M(ng + ng)

Given: (p;, T,v) € [(T1 ®T2)ot]e, (pm,T,0) € [(Q2 B Q) ot and = A ¢
To prove: (p; + pm,T,bindz = ey in ez §7) € [M(n1 + n2) 72 ot]¢

From Definition 6 it suffices to prove that

Vt <T,v.(bindz =ejine2) 0y |t v = (pm+pi, T —t, (bindz = e in e2) 6) € [M(n1 + n2) 72 0(]
This means given some t <T',v s.t. (bindx = ey iney) dy | v and from E-val we know

that v = (bindz = ej in e2) §y and ¢t = 0. It suffices to prove that

(pm +p1, T, (bindz = €7 in e2) §7) € [M(n1 + n2) 72 o]

This means from Definition 6 it suffices to prove that

Vst <T,vs.(bindxz = ey in ez 6) Uf,/ vp = S+ <pr+pm+naA @, Tt vp)e
[r2 o]

This means given some s',t' <T, vy s.t (bindz = e; in ez 67) Uf,’ vy and we need to prove
that

W+ <pr+pmt+nna @, Tt vf)e[rn ol (F-BO)

From Definition 7 and Definition 5 we know that dp;1, pi2.pi1 + pi2 = py s.t

(i, T,7v) € [(T1)oe]e and (pi2, T, ) € [(T2)ot] e

Similarly from Definition 7 and Definition 4 we also know that Ip.,,1, Pmo-Pm1 + Pm2 = Pm
S.t

(Pm1,T,0) € [(1)oe]e and (pma, T',6) € [(22)o]e

—

H1

(P11 + pm1, T, e1 0) € [M(n1) 71 ot]e
From Definition 6 it means we have
Vi, <T .(e1) 67 Ity (e1) v = (Pm1 +pu1, T —t1, (e1) 67v) € [M(n1) 1 ot

Since we know that (bindx = e; inea) &y |5 vy therefore from E-bind we know that
1 < t',vm.(e1) 0y | (e1) 0.

Since t; < t’ <T, therefore we have

(pm1 +pu, T —t1, (e1) 0v) € [M(n1) 11 o¢]

This means from Definition 6 we are given that

thl <T —tl.(el (5’)’) Uf,ll vl = E|p/1.81 +p/1 < P +pm1 +ni A (p/l,T —tl—t/l,Ul) € [[7'1 UL]]

Since we know that (bindxz = ey inez) 67 |y vy therefore from E-bind we know that
Htll <t — tl.(el) (5’)’ Uf,l V1.
1
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This means we have

st + Py <pn +pm1 11 A (P}, T —t1 — t],v1) € [11 ot] (F-B1)

1H2
(P12 + Pm2 + P, T —t1 — th,e2 0y U {x — v1}) € [M(n2) 12 ot]e

From Definition 6 it means we have

Vig <T —t1 —th.(e2) oy U {z — v1} |1, (e2) Oy U {x — v1} = (Pm2 +pi2 + D) + 1o, T
—t1 — t] — to, (e2) oy U {x — v1}) € [M(n2) 72 0]

Since we know that (bindz = ey in e2) dv || — ||; vs therefore from E-bind we know that
Jto <t/ —t1 — t).(e2) 0y U {x — v1} {4, (e2) oy U {z — v1}.

Since to < t' —t1 —t}) <T —t1 — t| therefore we have

(Pm2 + pi2 + P} + no, T —t1 —t) —t2, (e2) 0y U {z — v1}) € [M(n2) 12 01]

This means from Definition 6 we are given that

Vty <T —t1 — 1) —ta.(e2 6y U {z > vi}) §)7 v2 = Iph.s2+ph <o+ Pz + Ph + 12 A
(P4, T —t1 — t) — ta — th,ve) € [12 0!

Since we know that (bindz = ey inez) 6y | — ||, vy therefore from E-bind we know that
HtIQ <t — t1 — tll — 12,892, V2.Um2 Uf,j V2.

This means we have

Iph.s2 + ph < pra + Pma + Py + na A (Ph, T —t1 — th) — ta — th,ve) € [12 0/] (F-B2)
In order to prove (F-B0) we choose p’ as pf and it suffices to prove

(a) ' +ph < pr+pm +n:
Since from (F-B2) we know that
s2 + Py < Pi2 + pm2 + Pp + N2

Adding s; on both sides we get
51+ 82+ ph < pi2 + Pma + 51+ P + N2

Since from (F-B1) we know that
$1+ Py <pu+pmit+m

therefore we also have
S1 4 S2 + Py < Pi2 + Pm2 + P11+ P + 11+ N2

/

And finally since we know that n = ny + ng, s = s; + s2, pr = pnn + pr2 and

Dm = Pm1 + Pm2 therefore we get the desired

(b) (py, T —t1 — 1) — ta — ty,v5) € [r2 0]
From E-bind we know that vy = vy therefore we get the desired from (F-B2)
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35.

36.

T-tick:

O+ n:R"T
U, 0;A; T 1" :Mnl

T-tick

Given: (p;,T,7) € [Tot]e, (pm,T,0) € [Q ot and = A ¢
To prove: (p; + pm, T, 1" 0v) € [Mn1l ot

From Definition 6 it suffices to prove that
(1) 0y o (1) 0y = (pm +p1, T, (1") 07) € [Mn 1 o4]

It suffices to prove that
(pm +p1, T, (1") 07) € [Mn1 0]

From Definition 6 it suffices to prove that

V' <T,n'.(1") oy U;‘,l () = WA+ <p+pmt+tnnan@T-t()e][1]
This means given some t' <T',n' s.t. (1) dv U?,, () it suffices to prove that
W' +p <pr+pm+nna@,T -t ()e[1]

From (E-tick) we know that n’ = n therefore we choose p’ as p; + p,, and it suffices to
prove that

(o +pm, T =1, () € [1]
We get this directly from Definition 6

T-release:

U 0;A;Q1;0 1 Fep s [n1]m
U;0;A; Q9,92 : 11 - eg : M(n1 + ng) 7o O+ n Rt O+ ny: R

- T-release
U:0;A; 0 DNy; 1 DIy - releasex = €1 in ey : Mno

Given: (p;,T,7v) € [Ty ®T2)ot]e, (pm,T,0) € [(21 B Q) ot]c and = A ¢
To prove: (p; + pm, T, releasex = ey in eg §v) € [M(n2) 72 ot]e

From Definition 6 it suffices to prove that

(release x = e in e) 0y o (releasex = ey in €2 6y) = (pm+pi, (releasex = e; in ez) §7) €
[M(ng2) 72 ot

This means given (releasez = e in e2) 0 | (releasex = e; in e2) d7 it suffices to prove

that
(pm + 1, (release x = ey in eg) 67) € [M(n2) 72 o(]

This means from Definition 6 it suffices to prove that

Vt' <T,vs,s .(releasex = ejines 7)) |5 vy = W' +p < pr+pm+na A (,T
—t',vy) € [m2 0l
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This means given some t' <T',vy,s" s.t. (releasex = e; in ey 67) Uf// vy and we need to
prove that

'S+ <pr4+pmt+ne A @, T —t',vf) € [12 04] (F-RO)

From Definition 7 and Definition 5 we know that dp;1, pi2.pi1 + pi2 = p; s.t
(o1, T,7) € [(T1)ot]e and (pi2, T, ) € [(T2)ot]e

Similarly from Definition 7 and Definition 4 we also know that 3p;,1, pm2.-Pm1 + Pm2 = Pm
s.t

(Pm1,T,0) € [(S1)oe]e and (pma, T',6) € [(R2)o]e

IH1
(P11 + Pm1, T e 67) € [[n1] 71 ot]e
From Definition 6 it means we have

Vi, <T .(61) o7y Utl v —> (pml +pi, T _thvl) € [[[nl] T1 UL]]

Since we know that (releasex = ey in e2) 6y | — ||, vy therefore from E-rel we know that
Jt1 < t'.(e1) 67 ¢ v1. This means we have

(Pm1 +pun, T —t1,v1) € [[m] 11 ol]

This means from Definition 6 we have

Iy +n1 <pn+pma A (0, T —ti,v1) € [11] (F-R1)

IH2
(P12 + pma2 + P}, T —t1,e2 6y U {z — v1}) € [M(n1 + n2) 72 ot]e

From Definition 6 it means we have

Vtg <T —t1.(e2) 07 U {x — v1} {4, (€2) oy U {z — 11} = (pm2 + p2 + P} + n2, T
—t1 —ta, (e2) 0y U {z — v1}) € [M(n1 + n2) 72 0/

Since we know that (releasex = ey in e2) 6 | — ||,/ vy therefore from E-rel we know that
Jto <t —ti.(e2) oy U {x — v1} |4, (e2) 6y U {x — v1}. This means we have

(Pm2 + pi2 + Py +n2, T —t1 — 2, (e2) 0y U {z — v1}) € [M(n1 + n2) 72 0]

This means from Definition 6 we are given that

Vit <T —t1 — ta.(e2 6y U {x — v1}) Uf,j vo == 3Iph.so + ph < 1o + Pm2 + Py + N1+ n2 A
(ph, T —t1 — ta — th,ve) € [12 0]

Since we know that (releasex = ey in e2) 6y | — ||,/ vy therefore from E-rel we know that
Jth.(e2) oy u{x — v} 2 vast. th=t —t; —ta—1

Since th =t/ —t1 —to <T —t; —ty — 1 <T —t1 — t9, therefore we have

Iph.so + ph < pr2 4+ Pm2 + Py + 01 +na A (ph, T —t1 — to — th,v2) € [12 0l (F-R2)

In order to prove (F-R0) we choose p’ as p), and it suffices to prove
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(a) s" +ph < pr + pm + na:
Since from (F-R2) we know that
o+ Py < pi2 + pm2 + Py + 11+ 0y
Since from (F-R1) we know that
Py + 11 < pit P

therefore we also have
s2 4+ phy < P2 + Pm2 + P11+ Pma + N2

And finally since we know that s’ = so, p; = pi1 + pi2 and p,, = Pim1 + Pme therefore
we get the desired

(b) (po, T —t',v5) € [2 o1
From E-rel we know that vy = v therefore we get the desired from (F-R2) and
Lemma 69

37. T-store:

U:0;A:; T —e: T OFn:R"T
U:0;A; T | storee : Mn ([n] 7)

T-store

Given: (p;,T,7) € [Tot]e, (pm,T,0) € [Q ot]e and = A ¢
To prove: (p; + pm,T,storee §vy) € [Mn ([n] 1) ot]e

From Definition 6 it suffices to prove that

(storee) o7 || (storee) v = (pm + pi, T, (storee) 6v) € [Mn ([n] ) o/

It suffices to prove that
(Pm + p1, T, (storee) &) € [Mn ([n]T) ot]

From Definition 6 it suffices to prove that
Vt' <T,vp,n'.(storee) 0y |V vy = Ip'n/ +p <pr+pm+n A (p,T —t',vp) € [[n] T 0]

This means given some t' <T,v¢,n' s.t. (storee) oy UZ/ vy it suffices to prove that

W'+ <pr+pm+nna @, Tt v)e[[n]T ol

From (E-store) we know that n’ = 0 therefore we choose p’ as p; + p, + n and it suffices
to prove that

(o1 +pm +n,T =t/ vg) € [[n] T ot]e

This further means that from Definition 6 we have

W'+ n<p+pmt+nna@T -t vf) e 1 oe}

We choose p” as p; + pm and it suffices to prove that
(o1 +pm, T =t vp) € [T ou]e} (F-50)

H
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(e +pm, T, e 07) € [ ot]e

This means from Definition 6 we have

Vi, <T (e) oy U+, vy = (pm +pi, T _t17vf) € [[T UL]]g

Since we know that (storee) 6y | — ||% vy therefore from (E-store) we know that Jt; <
t'.e 0y |, vy where t; +1 =1

Therefore from Lemma 69 we get (pn, + p;, T —t1,v¢) € [T 0t]¢ and we are done

Lemma 13 (T Subtyping: domain containment). Vp,~,T'1, 2.
U AR <:Ty = Ve:relgo:7el AU:0; AT <7

Proof. Proof by induction on ¥;0; A —T'1 <: T’y

1. sub-IBase:

sub-1Base

U:0;A Ty <.
To prove: Ve : 7' e (Jx:7el AU;0; AT <7
Trivial
2. sub-lInd:

z:7 el UV:0;A-T <7 U0; AT /e < Ty
UV:0, A < g,z 7

sub-1Base

To prove: Vy :7eloy:7ely A ;0 A -7 <i 7

This means given some y : 7 € (I'y, z : 7) it suffices to prove that
y:7el AUOA T <i7
The follwing cases arise:
o y=um
In this case we are given that x : 7/ € 'y A V;0;A 7/ < 7

Therefore we are done

e Yy F I
Since we are given that ¥;©; A | I'y /z <: I'y therefore we get the desired from IH

O]

Lemma 14 (© Subtyping: domain containment). ¥p,~y, Q1, Qo.
U:0;AF Q) <:Qy =
VI g TEQo. T iqey T €M AV ARTILS T AY;0,0;Aa< T <7

Proof. Proof by induction on ¥; 0; A | Q1 <: Q9
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1. sub-IBase:

sub-mBase

U, 0;AF Q<.
To prove: Vo 1qe TE ()T 1qeg T EU AV AT ST AY;0, ;A a< T <7
Trivial

2. sub-lInd:

Tigeg T €N
U0, ;A a<I—7 <7 AT T U:0; A - Q/z < Qy

U:0; A D <:Qo, X gy T

sub-mInd

To prove: Yy 1qe1 TE QY 1qcy T EQM AV A IS T AV;0,0;Aa< T <7
This means given some ¥y :q<7 7 € (Q2,x ;o5 7) it suffices to prove that
Yiac) TEU AV ARTILSIAY;0,0;Aa<I-T <7
The follwing cases arise:
o y=ux:

In this case we are given that

Tiqej T EQM AV ARTILS T AY;0,0;Aa<I-T <7

Therefore we are done

e Yy F I
Since we are given that W; 0; A - Q/x <: Qg therefore we get the desired from IH

O

Lemma 15 (I" subtyping lemma). Vp,~,I'1,T'2,0,¢.
UV:0; AN <y = [[Flo‘b]] o [[FQO‘L]]

Proof. Proof by induction on ¥;0; A - T'1 <: Ty

1. sub-IBase:

sub-1Base

U0, AT <.
To prove: Y(p,T,7) € [T1ot]e.(p, T,v) € [.]e

This means given some (p,T,7) € [I'10t]¢ it suffices to prove that (p,T,v) € [.J¢

From Definition 7 it suffices to prove that
31+ Vars — Pots. (Vo < dom(.). (f(@), T,7(2)) € [N@)]e) A Caedom(y F(@) <)

We choose f as a constant function f'— = 0 and we get the desired
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2. sub-lInd:

x:7 el U:0;A T <7 U:0:; AT/ < Ty
UV:0; AR <o,z 7

sub-1Base

To prove: Y(p,T,v) € [I'iot]e.(p, T,v) € [T'2,x : T]e
This means given some (p,T,7) € [I'10t]¢ it suffices to prove that (p,T,v) € [Tz, z : 7]¢

This means from Definition 7 we are given that
f : Vars — Pots.

(Vo € dom(T'y). (f(x), T,~(x)) € [I(x)]e)  (LO)
(Qsedom(ry) f(@) <p)  (L1)

Similarly from Definition 7 it suffices to prove that

a{' Vars — Pots. (Vy € dom(Ta, 2 : 7). (F/(9), T, 7)) € [DW)]e) A (yeaom(raer F¥) <
b

We choose f’ as f and it suffices to prove that

(a) Vy e dom(I'y, 2 : 7). (f(y), T,7(y)) € [T (y)]e:
This means given some y € dom(I'y, x : 7) it suffices to prove that

(f(9), T;7(y)) € [2]e where say I'(y) = 72

From Lemma 13 we know that
y:mell AV AT <7

By instantiating (L0) with the given y
(f(y)a Ta’)/(y)) € [[TIHS

Finally from Lemma 18 we also get (f(y),T,v(y)) € [2]¢
And we are done

(b) (Zyedom(FQ,x:T) f(y) S p):
From (L1) we know that (X.,cg0mr,) f(#) < p) and since from Lemma 13 we know
that dom(Tg,z : 7) < dom(T'1) therefore we also have

(ZyEdom(Fg,sz) f(y) < p)

Lemma 16 (2 subtyping lemma). Vp,~,Q1,Q2,0,¢.
U:0;A ) <:Qy = [Qod] € [Qeod]

Proof. Proof by induction on ¥;0; A — Q1 <: Qo

1. sub-IBase:

sub-mBase

U:0;A Q<.
To prove: Y(p,T,v) € [Qot]s.(p,T,7) € []e
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This means given some (p,T,7) € [Q10t]¢ it suffices to prove that (p,T,7) € [.]¢

From Definition 7 it suffices to prove that

3f : Vars — Indices — Pots. (V(x i(q<y 7) € VO < i < I.(f z i,T,6(x)) € [r[i/al]e) A
(Xtaesre. 2o<icr f T 1) <P

We choose f as a constant function f'— = 0 and we get the desired

. sub-lInd:

x:a<JT/691
U:0,a:Na<I-71 <7 ;AT U 0;A - Q/z <: Oy
U:0;AF Q) <: o, X iqer T

sub-mInd

To prove: Y(p,T,v) € [Qot]e.(p,T,7) € [Q2,x : T]e
This means given some (p,T,7) € [Q10t]¢ it suffices to prove that (p,T,v) € [Q2,z : T]¢

This means from Definition 7 we are given that

f : Vars — Pots.

(V(z iqer 1) €N VO<i<I.(f xi,T,6(x))€[r[i/al]e) (LO)
(g rrea 20<icr f 1) <P (L1)

Similarly from Definition 7 it suffices to prove that
Af" : Vars — Indices — Pots. (V(y ia<1, Ty) € Qo,x: 7.0 < i < I,.(f 2 4,T,0(y)) €
[[Ty[i/a]]]f) A (Zy:a<1yTng,x:7— 20§i<[y f/ Yy Z) < p

We choose [’ as f and it suffices to prove that

(@) (VY ia<r, Ty) € Qo :7.V0< i < L, (f 24,T,5(y)) € [ryi/a]]e):
This means given some (y :q<s 7y) € Q2,2 : 7 and some 0 < 4 < I, it suffices to prove
that

(f xi,T,0(y)) € [ryli/a]le)
From Lemma 13 we know that
Yia<s, TEUM AV;O0;A I, < Jy A V;0,0;A,a < Iy 71 <: 7y
Instantiating (LO) with the given y and ¢ we get
(f x1,T,0(y)) € [mli/a]le
Finally using Lemma 18 we also get
(f xi,T,0(y)) € [ryli/alle
(b) (Zy:a<1yTyEQQ,:p:T Do<i<I, fryi)<p
From Lemma 14 we know that
VY ta<r, Ty € (Qo,z: 7).y la<d, T € U AVOAEL <JyAV¥;0,0;Aa <1, -
T <:iTy
And since from (L1) we know that (3., ..o, 2o<i<rf T i) < p therefore we also
have

(Zy:a<1y7yeﬂg,x:7 20<i<ly f/ Y 'L) <p
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Lemma 17 (Value subtyping lemma). V¥, 0, A, 7 € Type, 7', 0, L.
U0 AFT<i7T AL EAL = [roc|[r o]

Proof. Proof by induction on the ¥;0; A 7 <: 7/ relation

1. sub-refl:

sub-refl

U0, AFT<T
To prove: Y(p,T,v) € [T o] = (p,T,v) € [r 0/]
Trivial

2. sub-arrow:
\I’;@;AFT{<Z’71 \I’;@;AFTQ<:T§

; ; sub-arrow
UV:O;A T —oTg <:T] —0Th

To prove: V(p, T, \x.e) € [(11 — T2) o] = (p, T, \x.e) € [(1{ — 75) oi]

This means given some (p, T, Az.e) € [(11 — 72) ot] we need to prove

(. T, Az.e) € [(1] — 73) 01]

From Definition 6 we are given that

Vp', e, T'<T .(p/,T',¢') e [r1 ot e = (p+ 9, T ele'/x]) € [r2 ot]¢ (F-SL0)
Also from Definition 6 it suffices to prove that

vpl, e, T"<T .(p/,T",€¢') € [11 ot]e = (p+ P, T" ele/x]) € [r3 o]e

This means given some p’, e/, 7" s.t (p/,T",€') € 1] ot]¢ we need to prove
(p+p, 1" ele/z]) € [ oi]e (F-SL1)

Since U;0; A - 71 <: 71 therefore from Lemma 18 we know that given some (p',7”,¢") €
[r1 o] we also have (p/,T",€") € [11 o]

Therefore instantiating (F-SLO) with p', e”, T" we get
(p+p,T" ele"/z]) € [r2 ou]e
From Lemma 18 we get the desired

3. sub-tensor:

U:0;A -7 <7 U:0;A 1o <:7h
UOA T @M <7 ®T)

sub-tensor

To prove: V(p, T, vi,v2)) € [(11 ® 12) 0] = (p, T, &v1,v2)) € [(1] ® 75) 01]

This means given (p, T, v1,v2)) € [(11 ® T2) ot
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It suffices prove that

(2, T, {1, v2)) € [(11 ® 73) o]

This means from Definition 6 we are given that

Ip1,p2.p1 +p2 <p A (p1,T,v1) € [11 o] A (p2, T, v2) € [12 01]
Also from Definition 6 it suffices to prove that

L, vh Py + s <p A ], T,v1) €[] o] A (5, T,v2) € [ 0t

IH1 [(r1) o] < [(71) o]
IH2 [(12) ou] < [(75) ot]

Instantiating p/, p,, with p1,ps we get the desired from TH1 and TH2

. sub-with:

U:0;A -7 <7y U:0;A 1o <:7h
UV, AFT &< &T)

sub-with

To prove: V(p, T,{v1,v2)) € [(11 & 72) o] = (p,T,{v1,v2)) € [(1] & 13) 0]

This means given (p, T, {v1,v2)) € [(11 & T2) 0]
It suffices prove that

(p) T» <U17 U2>) € [[(7-{ & Té) GL]]

This means from Definition 6 we are given that

(p, T,v1) € [11 ot] A (p,T,v2) € [12 01 (F-SWO0)

Also from Definition 6 it suffices to prove that

(p, T,v1) €[] o] A (p,T,v2) €[5 ot

1 [(m1) o] < [(71) ot]

IH2 [(72) o] < [(73) ot]

We get the desired from (F-SWO0), IH1 and TH2
. sub-sum:

U, 0;A 7 <7 U;0;A -7 <7
UV:0; AT D1 <2T{@’7’é

sub-sum

To prove: V(p, T,{v1,v2)) € [(T1 ® T2) o] = (p,T,{v1,v2)) € [(1] ® 73) 0]

This means given (p,T,v) € [(T1 @ T2) ot
It suffices prove that
(p,T,v) € [(1 ®73) ot

This means from Definition 6 2 cases arise
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(a) v =inl(v'):
This means from Definition 6 we have (p,T,v") € [11 ot (F-SS0)

Also from Definition 6 it suffices to prove that
(p,T,v) € [r] o]

H [(m1) o] < [(71) o]

We get the desired from (F-SS0), IH
(b) v =inr(v'):

Symmetric reasoning as in the inl case

6. sub-potential:

U:0;A -7 <:7 U:0;A—n<n
U;0; A+ [n]r <: [n/]7

sub-potential

To prove: Y(p,T,v) € [[n] T oi].(p, T,v) € [[n'] 7" o]

This means given (p,T,v) € [[n] T ot] and we need to prove
(p.T,v) € [[n']7" o]

This means from Definition 6 we are given

WP +n<pa @, T,v)e[r ol (F-SP0)
And we need to prove

W' +n <paA@T,v)e|r ol (F-SP1)
In order to prove (F-SP1) we choose p” as p’

Since from (F-SP0) we know that p’ + n < p and we are given that n’ < n therefore we
also have p' +n’ <p

IH (p/,T,v) € [7/ o.]
(p',T,v) € [7" o] we get directly from IH

7. sub-monad:

U:0;A -7 <7 U:0;A—n<n
U;0;A+MnT<:Mn' 7

sub-monad

To prove: Y(p,T,v) € [MnT oi].(p,T,v) € [Mn' 7" o]

This means given (p,T,v) € [MnT o] and we need to prove

(p, T,v) e [Mn' 7" o]

This means from Definition 6 we are given

V' <T,ni,v' v |t v = i +p <p+nna @, Tt ) e[r ol (F-SMO)
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Again from Definition 6 we need to prove that
V" <T,ng,v" v |7 v = " +p" <p+n' A Q'\T —t" V') e[r o

n2
t//

W' +p" <p+n A QT —t" V) e[ ol (F-SM1)

This means given some t” <T',ng,v” s.t. v ||};? v" it suffices to prove that

Instantiating (F-SMO) with ¢, ng,v” Since v |}};? v" therefore from (F-SMO) we know that
W +p <p+nna @, T—t"0")e]r ol (F-SM2)

IH [7 o] < [7' o/]
In order to prove (F-SM1) we choose p” as p’ and we need to prove

(a) ni+p <p+n

Since we are given that n < n’ therefore we get the desired from (F-SM2)
(b) (', T —t",v") e [r' o/]

We get this directly from IH

. sub-subExp:

U:0,a;A\,a<JF—T1<:7 U:0,a;A-J<IT
U:0;A Hlyorr <tlgegt

sub-subExp

To prove: Y(p,T,v) € [la<iT ot].(p, T,v) € [lacsT’ ot

This means given (p,T,!v) € [la<r7 o] and we need to prove

(p, T,v) € [laeyt’ o]

This means from Definition 6 we are given

Ipo, ..y Pr—1P0+ o+ P11 <p AV0<i < L.(p;, T,v) € [r[i/a]] (F-SE0)

Again from Definition 6 we need to prove that

b, 0w+ D Sp AYO< G < J(p;,T,v) € [7'[j/a]] (F-SE1)

In order to prove (F-SE1) we choose p;...p/;_; as po...pj—1 and we need to prove

(a) po+ ... +pj1<p:

Since we are given that J < I therefore we get the desired from (F-SEO)
(b) YO < j < J.(pj,T,v) € [7'[j/a] o]

We get this directly from IH and (F-SEO0)

. sub-list:

UV:O;AFT <7

b-list
UV:0:A-L "7 <:L" 7 ST

To prove: Y(p,T,v) € [L"™ 7 oi].(p, T,v) € [L™ 7" o1
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This means given (p,T,v) € [L™ 7 o] and we need to prove

(p,T,v) e [L™ 7" o]
We induct on (p, T, v) € [L" T o1

(a) (p, T, nil) € [L° T ou]:
We need to prove (p, T, nil) € [L° 7/ o]
We get this directly from Definition 6
(b) (p,T,v" = 1') € [L™F 7 5]
In this case we are given (p,T,v" :: ') € [L™! 1 01]
and we need to prove (p,T,v' :: I') € [L™F! 7/ ¢.]
This means from Definition 6 are given
Ip1,pe.pr +p2 <p A (1, T,0V) € [T o] A (p2, T,1U') € [L™T 1] (Sub-List0)
Similarly from Definition 6 we need to prove that
I oy 0o <p A (01, ToV) € [T ou] A (p2, T, 1) € [L™7 ol

We choose p] as p; and p), as p2 and we get the desired from (Sub-List0) IH of outer
induction and IH of innner induction

10. sub-exist:

U:0,5A 7 <7
U:0; A - 3s.7 <: 3s.7

sub-exist

To prove: Y(p,T,v) € [3s.7 ai].(p, T, v) € [Is.7" o(]

This means given some (p,T,v) € [Is.7 o] we need to prove

(p,T,v) € [3s.7" ol]

From Definition 6 we are given that

38’ .(p, T, v) € [Tou[s'/s]] (F-exist0)

IH: [(7) ovu{s— s} < [(7) oru{s— §}]
Also from Definition 6 it suffices to prove that
3s".(p, T,v) € [T'ou[s"/s]]

We choose s” as s’ and we get the desired from TH

11. sub-typePoly:

U, a;V;0;A 1 <:7o
U:0;A R Var <:Va.m

sub-typePoly

To prove: Y(p, T, Aa.e) € [Va.m1) oi].(p, T, Aa.e) € [(Va.12) ot

This means given some (p, T, Aa.e) € [(Ya.m1) ot] we need to prove
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(p, T, Ac.e) € [(Va.12) ol]

From Definition 6 we are given that

V', T'<T (p, T e) € [r[7'/a]]e (F-STF0)
Also from Definition 6 it suffices to prove that
V" T"<T (p,T" e) € [r2[7"/a]]e

This means given some 7", T”<T and we need to prove
(0. T", e[7"/a]) € [r2[7"/a]]e (F-STF1)

IH: [(11) o u{a—7"}] S [(12) o U {a— 7"}]
Instantiating (F-STFO0) with 77, 7" we get

(0. T",¢) € [m[7"/a]]e

and finally from IH we get the desired

. sub-indexPoly:

U:0,5 A1 <7
U:0; A+ Vim <: Viom

sub-indexPoly

To prove: V(p, T, Ai.e) € [(Vi.11) ou].(p, T, Ai.e) € [(Vi.2) o1

This means given some (p, T, Ai.e) € [(Vi.11) ot] we need to prove
(p, T, Ai.e) € [(Vi.2) o]

From Definition 6 we are given that

VI,T'<T .(p,T',¢) € [n[I/i]le  (F-SIFO)

Also from Definition 6 it suffices to prove that
VI T"<T .(p,T",e) € [2[I'/i]]e

This means given some I', T"”<T and we need to prove
(p, T",¢) € [2[I'/i]]¢ (F-SIF1)

IH: [(11) ovu{i—T'}] < [(12) oru {i—T'}]

Instantiating (F-SIF0) with I', T we get
(0, T",€) € [m[I'/i]]e

and finally from IH we get the desired
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13. sub-constraint:

U:0;A 71 <:To A ECc = ¢

U AR =T <:iCo=T

sub-constraint

To prove: Y(p, T, A.e) € [(c1 = 1) oi].(p, T, A.e) € [(ca = 12) 0]

This means given some (p, T, A.e) € [(c1 = 71) o] we need to prove
(0, T, Ace) € [(c2 = 72) 0]

From Definition 6 we are given that

VT'<T . E it = (p,T,¢e) € [rioi]e (F-SCO0)
Also from Definition 6 it suffices to prove that
VT'<T .= cor = (p,T",e) € [ra0l]¢

This means given some T”<T s.t. |= cot and we need to prove
(p,T",¢€) € [r20¢]e (F-5C1)

Since we are given that ©; A = co = ¢ therefore we know that . |= ¢yt

Hence from (F-SC0) we have
(p,T"e) € [nofe  (F-SC2)

IH: [(11) ot € [(12) o]

Therefore we ge the desired from IH and (F-SC2)
14. sub-CAnd:

UV:0;A 1 <:To ;A =
\I/;@;A Feo&n < c&m

sub-CAnd

To prove: Y(p,T,v) € [(c1&1) oi].(p, T, v) € [(c2&2) 0]

This means given some (p,T',v) € [(c1&71) ot] we need to prove
(p, T, v) € [(c2ders) 01]

From Definition 6 we are given that

Ecarn (p,T,e)e[rnole (F-SCA0)

Also from Definition 6 it suffices to prove that
Ecot A (p,T,e) € [maot]e
Since we are given that ©; A = cy = ¢ and . |= ¢;¢ therefore we also know that . = cou

Also from (F-SCAO0) we have (p,T,e) € [T10t]e (F-SCA1)
IH: [(11) o] < [(m2) o]

Therefore we ge the desired from IH and (F-SCA1)
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15. sub-potArrow:

U;0;A - K
U;0; A - [k](11 —o 7o) <: ([K'] 71 — [k + k] 1)

sub-pot Arrow

To prove: Y(p, T, Ax.e) € [([k](T1 — T2)) oi].(p, T, Ax.e) € [([K'] 71 — [k + k] 2) o]
This means given some (p, T, \z.e) € [([k](T1 —o T2)) o] we need to prove

(p, T, x.e) € [(([K]m1 — [ + k] T2)) o/]

From Definition 6 we are given that

WP +k<pna @, T, \x.e)e[(r — ) o]} (F-SPAO0)

Again from Definition 6 we know that

Vp” e\ T'<T .(p",T',€) € [ ole = (' +p", T ele/x]) € [r2 oi]¢ (F-SPA1)

Also from Definition 6 it suffices to prove that

vp' ", T"<T .(p", T",¢") € [[K] 11 ol]e = (p+p",T" ele"/z]) € [[k + K] m2 ol]e

This means given some p”,e” T"<T s.t (p",T",e") € [[K'] 71 o] we need to prove
(p+p", T ele"/x]) € [[k + K] 2 ot]¢ (F-SSP2)

Applying Definition 6 on (F-SPA2) we get
Vop,t' <T" .e[e" [x] {p vy = (p+ D", T" —t',v¢) € [[k + k'] 12 0!]

This means that given some vy, t" <T"” s.t. e[e”/z] |l vy and we need to prove that

(p+p",T" —t',vf) € [[k + K] 0]

This means From Definition 6 it suffices to prove that

W+ (k+ )< (p+p") A (W4T —t'vs) € [ ]} (F-SPA4)

Also since we are given that (p”, T”,€") € [[k'] 1 ot]e we apply Definition 6 on it to obtain
Vit <T" v'e" |1 v = (p, T" —t,v') € [[K] 71 ot]

Also since we are given that e[e”/x] |l v; therefore we also know that

I <t/ <T" " Yy 0"

Instantiating with t”,v” we get (p”,T" —t",v") € [[K'] 11 o1

Again using Definition 6 we know that we are given

I+ K <p" AT —t"0") e [n ol (F-SPA3)

Since (pf,T" —t",v") € |11 ot] therefore from Definition 6 we also have

@], T" =" W") € [n ot]s

Instantiating (F-SPA1) with pf,v", T" —t" we get
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16.

17.

(' +pf, T" —t", e[v"/x]) € [12 ol]¢

From Definition 6 this means that

vt" <T" —t" vse[v"/x]) | vy = ' +p],T" —t" —t", vs) € [ 0l (F-SPA4.1)
Since we know that e[e”/z] |y vy therefore we also know that 3t".e[v”/x] | vf s.t.
"+t <t

Since we already know that 3t” <t <T” .¢” ||y v" therefore we have t” + " <t/ <T".
Instantiating (F-SPA4.1) with t” we get

@ +p],T" —t" —t",v¢) € [12 0l (F-SPA5)

Since from (F-SPAO) we know that

p+Ek<p

And from (F-SPA3) we know that

plll + k;/ < p//

We add the two to get

P4+l +k+kE <p+p” (F-SPA6)

In order to prove (F-SPA4) we choose pf as p’ + pf

and we get the desired from (F-SPA6) and (F-SPA5) and Lemma 69

sub-potZero:

sub-potZero
U:0;A -7 <:[0]T

To prove: Y(p,T,v) € [T ot].(p, T,v) € [[0] T o¢]
This means that given (p,T,v) € [T oi]
And we need to prove (p,T,v) € [[0] T ot

From Definition 6 it suffices to prove that

WP +0<pna(p,T,v)e|r ol
We choose p’ as p and we get the desired
sub-familyAbs:

U:0,i:S—71<: 7
U0 - \i S 1< \Ni ST

sub-family Abs

To prove:
Ve [Mi:S.mol.fe[lhi:S. 7ol

This means given f € [\ :S .7 o] and we need to prove
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18.

19.

fehi:S .ol

This means from Definition 6 we are given

VI.f Ie|r[l/i] o] (F-SFADbs0)

This means from Definition 6 we need to prove

VI'.f I' e [7'[1'/i] od]

This further means that given some I’ we need to prove
fI'elr'[I'/i] o] (F-SFADbs1)

Instantiating (F-SFAbs0) with I’ we get

fI'elr|l'/i] ol

From TH we know that [r ovu {i — I' }] S [7 or v {i — I' 1}]
And this completes the proof.

Sub-tfamily App1:

b-familyAppl
U0, A - Ni:S .1 I <:7[1/i] SHbamiyApD

To prove: Y(p,T,v) € [\t :S .7 I oi].(p,T,v) € [7[I/i] ot

This means given (p,T,v) € [\ :S .7 I o1] and we need to prove
(p,T,v) € [r[1/i] o]

This means from Definition 6 we are given

(p, T,v) € [M\i:S 7] I o0

This further means that we have
(p,T,v) € f I where f I = [ro[l./i]]

This means we have (p,T,v) € [ro[I1/i]]
And this completes the proof.

Sub-tfamily App2:

b-family App2
VO A T[L)i] <t Mt ST 1 SUTAT AP

To prove: Y(p,T,v) € [T[1/i] ot].(p,T,v) € [M\i:S .7 I ol

This means given (p,T,v) € [7[I/i] o(] (Sub-tF0)
And we need to prove

(p,T,v) € [M\i:S.TI 0ol

This means from Definition 6 it suffices to prove that
(p,T,v) e [Mi:S.7T] I o1

It further suffices to prove that
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20.

(p,T,v) € f I. where f I. = [ro[l/i]]

which means we need to show that

(p,T,v) € [ro[l./i]]
We get this directly from (Sub-tFO0)

sub-bSum:

sub-bSum

U:0;A [Z K)gaym <la<r [K] T

a<l

To prove: Y(p, T,v) € [[2.,-; K]la<iT 0] = (p,T,v) € [lu<r [K] T 0]

a<l
This means given some (p,T',v) s.t (p,T,v) € [[22,-7 K] la<1T o1] it suffices to prove that

(p, T,v) € [la<r [K] T 0l]

a<l

This means from Definition 6 we are given that

WP+, K<pAr @ Tv) e [lactT o]} (Sub-BS0)

Since (p',T,v) € [la<r7 ot]]} therefore again from Definition 6 it means that J¢’. v =le/
and

o,y D110+ -+ P11 <P ANVO<L i< I.(p;,T,€) € [r[i/a] oi]e (Sub-BS1)

Since V0 < i < I.(p;, T, €') € [7[i/a] ot]¢ therefore from Definition 6 we have
VO <i<IVt<T,W'e |4V = (pi,T —t,0v') € [r[i/a] ol (Sub-BS1.1)

Since we know that v =le’ therefore it suffices to prove that (p,T,!e’) € [lo<s [K] T 0]

From Definition 6 it further suffices to prove that

Iy, P Do+ P SpAVO<i<I.(p,T,e)e[[K]r[i/a] ol]e

We choose p, as po + K[0/a] ...p7_; as pr—1 + K[(I —1)/a] and it suffices to prove that

o ph+ ...+ <p
We need to prove that

(po + K[0/a]) + ...+ (pr—1 + K[( = 1)/a]) <p
We get this from (Sub-BS0) and (Sub-BS1)

o VO<i<I.(p),T,e)e[[K]T[i/a] oi]e:
Given some 0 < ¢ < [ it suffices to prove that
;. T, ¢') € [[K]7[i/a] o]e
Since p} is p; + K[i/a] therefore it suffices to prove that
(pi + K[i/a], T, ¢') € [[KT[i/a]] T[i/a] ot]e
From Definition 6 we need to prove that

Vo' t" <T € |y v = (p; + K[i/a], T —t",v") € [[K[i/a]] T[i/a] o]

This means given some v’ s.t ¢’ ||y v we need to prove that
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(pi + Kli/a], T —t",0") € [[K[i/a]] T[i/a] o!]
From Definition 6 it suffices to prove that
" p" + Klifa] < pi+ Kli/a] ~ (p", T =t", ') € [r[i/a] o]}

We choose p” as p; and we need to prove
(pi, T —t",0") € [7]i/a] o]
Instantiating (Sub-BS1.1) with the given i and v’,t” we get the desired

Lemma 18 (Expression subtyping lemma). V¥, 0, A, 7 € Type, 7.
UV:0;A+T<:7 = [1o]ec[r ole

Proof. To prove: Y(p,T,e) € [t o]e = (p,T,e) €[ ol
This means given some (p,T,e) € [T ot]¢ it suffices to prove that
(p,T,e) €[ ou]e

This means from Definition 6 we are given
Vo, t <T .e |y v = (p,T —t,v) € [T o!] (S-E0)

Similarly from Definition 6 it suffices to prove that
Vo't <T e |p v/ = (p, T —t',v) e[ ol

This means given some v',t' <T s.t e |y v it suffices to prove that
(p, T —t',v") € [7 oi]

Instantiating (S-E0) with v, t' we get (p, T —t',v') € [ o1]
And finally from Lemma 17 we get the desired.

Theorem 19 (Soundness). Ve,n,n’, 7 € Type,t.
Fe:MnTAelf v = n'<n

Proof. From Theorem 12 we know that (0,¢+ 1,¢e) € [Mn7]¢

From Definition 6 this means we have
V' <t+1lelpv = (0,t+1—t)e[Mnr7]

From the evaluation relation we know that e g e therefore we have
(0,t+1,e)e[MnT]

Again from Definition 6 it means we have
V' <t+lell v = ' +p <0+n A @, t+1-t"v)e[r]

Since we are given that e M/ v therefore we have
' +p' <A (P, 1,0) € [7]

Since p’ = 0 therefore we get n’ <n

Theorem 20 (Soundness). Ve, n,n’, 7 € Type.
I—e:[n]l—oMOT/\e()lltl—Ugv = n'<n
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Proof. From Theorem 12 we know that (0,¢; +t2 + 2,¢) € [[n]1 — MOT]¢

Therefore from Definition 6 we know that
V' < t1+ta + 2,1}.6 Ut’ v = (O,tl 4+t + 2 — t/,U) S [[[n] 1—o MOT]] (SO)

Since we know that e () |, — therefore from E-app we know that 3e’.e |+, Az.€/
Instantiating (S0) with ¢1, \x.¢’ we get (0,t2 + 2, \z.€’) € [[n]1 — MO 7]

This means from Definition 6 we have
Vpliel t" <to+2.(p),t",€") e [[n]1]e = (0+ ', t",e[e"/x]) € [MOT]e (S1)

Claim: Yt.(I,t,()) € [[{]1]¢
Proof:
From Definition 6 it suffices to prove that

() lov = (Lt’v) € [[[I] 1]]

Since we know that v = () therefore it suffices to prove that
(I,t,0) € [[1]1]

From Definition 6 it suffices to prove that

WP +I<IA(p,tv)e[1]}

We choose p’ as 0 and we get the desired

Instantiating (S1) with n, (),t2 + 1 we get (n,t2 + 1,€'[()/z]) € [MOT]¢

This means again from Definition 6 we have
Vi' < to + 1.e'[()/z] p vV = (n,ta+1—1t,0") e [MOT]

From E-val we know that v' = €/[()/x] and ¢’ = 0 therefore we have
(n,ta +1,€'[()/z]) € [MOT]

Again from Definition 6 we have
V' < to+ 1e[()/z] | v = W'/ +p <n+0A @ t2+1—t ") e [r]

Since we are given that e |4, — Ug v therefore we get
' +p <n A @, 10") e [r]

Since p’ > 0 therefore we have n’ < n

1.5 Embedding dIPCF

Type translation

(o) = b
([a <I]ri—om) = (lacrMO(71)) —o [I]1 — MO (72)
Judgment translation
;AT Fgeqg:7 ~ 50;A;(0);. F eq: [K + count(I')] 1 —o MO(]TD‘
where

count(.) = 0
count(Tyz : [a < I]7) = count(T')+1
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Definition 21 (Context translation).

() = .
(C,z:la<I|t) = (), 2 :qer MO(7)

Expression translation

O;AEJ=>0
OAETI>1 ;A o[0/a] <: T O;AE[a<I]o] ;AT |
ar
O;A;T,z:[a<I|oryx:T~ Aprelease— = pinbind— = 1linz v
;AT z:[a<I|mbje:ma~ e |
am
O; ATy Axe: ([a < I]my) —o T2~
Ap1.ret \y.Aps. let!x = y in release — = p; in release — = po in bind a = store() in e; a
;AT Hyer:([a<I]r)—m~en
O,q;0a<iAbges:im~—~es I'2T®Y A H=J+I1+ YK
a<l a<l
7 app
O; AT gy etpex:mo~ Ap.Ey
FEy =release — = pin E;
E, = binda = store() in Es
E2 = bindb = €1 a in E3
Es3 = bind ¢ = store!() in Ey4
E, = bindd = store() in E5
E5 = b (coerce ley ¢) d
O,;Ab< Lilz:[la<I|lobge:T~ e
b+1,a
T[0/a] <: O,a,b;N,a<I,b<LiTH7[(b+1+ @ I)/b] <: 0
0,1 ’
r'er LM>@Q®I N>M-1+) K
b<L b b<L
; - T-fix
O; AT by fixx.e : u~ Ey
Eo =fiXYE1
E1 = )\p.EQ
FEy =release — = pin E3

Es3 = bind A = store() in E4
Ey=let!lz = (E4,1 E4,2) in E5
FE4y1 = coercel 'Y

E 9 = (Mul() A

Es5 = bind C' = store() in Eg
E@ = €t C
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1.5.1 Type preservation

Theorem 22 (Type preservation: dIPCF to A-Amor ). If ©; A;T" -7 e : 7 in dIPCF then there
exists €’ such that ©; A;T 7 e : 7 ~ €’ such that there is a derivation of .; O; A; (T);. + € :

[{ + count(I')]1 — MO (7)) in A-Amor .

Proof. Proof by induction on the ©;A;T're: 7

e var:
OAEJT=0
OAET>1 ©;AFo[0/a] <: 7 O;AE[a<I]o] O;AET |
O;AT,z:[a<I|ocrj z:T~ Ap.release— = pinbind— = 1linz v
D2:
;A o[0/a] <: T
Lemma 27
©; A+ (o[0/a]) <: (7)
D1:
T-var2
505 A5 (D), 2 :q<r MO (o)), z : MO (o)[0/a] . 0
emma
5O A (T), 2 iqer MO (o), 2 : MO (o[0/a])
DO:
5 0; A (), @ tqer MO (o], - 11 i M1
50, A5 (0), 2 tqer MO (o), - 11 M(T + J + count(T)) 1 bind
11

5 O0; A (D), 2 :qer MO (o), - bind— =11 inz : M(I + J + count(T")) (o[0/a])

Main derivation:

5O A (D), 2 tqer MO (o),p: ([ +J 4 count(T)]1) = p: ([I+ J + count(I')] 1)
DO

T-release
SO A (D), 2 i MO (o);p: ([L + J + count(T)] 1) -
release — = pin bind — = 11 in 2 : M0 (7)
505 A5 (1), 2 tacr MO (o); - +
Ap.release — = pin bind — = 1t inz : ([T + J + count(I")] 1) — MO (7))
e lam:
;AT z:la<I|rbye:m~ e
O; AT -y Aze: ([a < I).my) —o 79~
Ap1.ret Ay.Aps. let!x = y in release — = p; in release — = py in bind a = store() ine; a
Ey = Ap1.ret \y.Aps. let!x = y in release — = p; in release — = po in bind a = store() in e; a
Eq = ret \y.A\po.let!z = y in release — = p;q in release — = po in bind a = store() in e; a
Ey = Ay.Apy.let!z = y in release — = p; in release — = po in bind a = store() in e; a
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E3 = Apy.let!z =y in release — = p; in release — = po in bind a = store() in e; a

Ey =let!z =y in release — = p; in release — = po in bind a = store() in e; a
Ey1 = release — = pj in release — = py in bind a = store() in e; a
E, 9 = release — = py in bind a = store() ine; a

E43 = binda = store() ine; a

To = [J + count(T")] 1 — MO (([a < I]11) — T2)
Toa = [J + count(I")] 1 — MO((laq<s MO (71)) — [I]1 — MO (72))
Too = [J + count(T")] 1

Ty = MO((la<s MO (71)) —o [I]1 — MO (72))

Ty = ((la<s MO (71)) — [I]1 — MO (7))

To1 =la<r MO (1)

T3 = [I]1 — MO (72)

T31 =[I]1
Ty = MO (72)
Ty1 =M(J + I+ count(T")) 1
Tio = M(J + I + count(T")) (72)
Tys = M(J + count(T)) (72)
Ts = [(J + I + count(T"))] 1 — MO (72)
D6:
var
5O A sac [J+ T+ count(D)]1=a:[J+ 1+ count(I')] 1
D5:
IH
5 0; A5 (D), @ gy MO(T1]);- e 2 T
D4:
D5 D6
SO A (D), 2 iqer MO (mi);a: [J+ 14 count(T)] 1+ ea:Ty PP
D3:
store D4
5 O;A; ;- | store() : Ty bind
111
5O A (D), 2 iqer MO (71);- - Eyg: Tyo
D2:
D3
5054 p2 i T3 = p2 T3 bind
111
5O, A (D), 2 ey MO(71);p2 i T30 Ego i Tys
D1:
D2
5 0;A;p1: Too = p1: Tos
release

5O A (L), @ taer MO (71501 To2,02 : T30 - Eg1 : Ty
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DO:

D1
SOA sy Ty -y T

5O A (I)sp1: Too,y : Toa,po: Tsa = By 2 Ty
SO A (D)spr : Tog,y : Toq - E3: T3

T-subExpE

lam

Main derivation:

DO
50, A5 (C);p1: To = Bz 0 Tp
5054 (T);p1 s Too = B 0 Th
50; A0 (0); - = Eo : Toa

lam

ret

lam

app:

@;A;Fl }—Jelr([a<1]71)—OTQW€t1
©,a;0a<LiTobgey:m~ey T'2aTi@) Ty H>J+I+ ) K
a<l a<l

;AT el er:m~ E

app

Ey = A\p.Ey

E| =release — = pin Ey

E5 = binda = store() in Ej

FE3 =bindb=¢41 ain Ey

E, = bind ¢ = storel() in Ej

Es5 = bindd = store() in b (coercel e ) d

To = [H + count(I")] 1 — MO (72)

Toar =[J+1+2,.; K+ count(T'1) + count(d>,.;T'2)] 1 — MO (72)
Toa=[J+1+>, ;K + count(T'1) + count (>, ;T2)]1

To2 = MO (72)

Tog =M +1+>,.; K+ count(I'y) + count(>,_;I'2)) (=)

Ty = [(J + count(T'))]1 — MO (([a < I]T1) —o T2)

T11 = [(J + count(T"))] 1

T111 = M(J + count(T)) [(J + count(T))] 1

Tiaz = M(I + 2 op K + count (X, ., T'2)) (m2)

Tia3 = M(2ges K + count (Y, ; T'2)) T114

Tia31 = M(Q o K + count(X,_;T'2)) Ti15

Tiaa = [(Xacs K + count (X T2))] a<rl = [Xgo (K + count(I'z))]la<s1
T115 =la<r [(K + count(I'2))] 1

T2 =MO(([a < I]r) — 72

Ty = [(J + count(T"))]1 — MO (laer MO (71)) — MO (72)

To1 = [(J + count(T))] 1
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Too = MO ((la<r MO (1) —o [I]1 — MO (72))
Ty01 = (laer MO (71) —o [I]1 — MO (72)
T2.22 = [I] 1—o MO(]TQD

T3 = MO (2)
T51 =MI (m2)
Ty =M0(]T1D

Ty =la<r MO (71)

T5 = [(K + count(I'2))] 1 — MO (1)

T50 =la<1([(K + count(T'2))] 1 — MO (71))
T51 =la<r [(K + count(I'2))] 1 —olycr MO (71)

DO0.7:
T-var
50;4;5¢:Tiast=c:Thas
DO0.6:
O,a; A I; (Ta); - + T H
50,0348, a < I3 (Ta);- e :
2 2o subExpl DO.7
305 A; Y (Ta); -+ lera : Thg
a<l Lemma 32
505 A; Z (Ta);c: Th 15 - coercel lew ¢ : Ty
a<l
DO0.5:
DO0.6
505 A; Z (T2)sb:Toor =0T
a<l T—app
5O A; Z (]FQD; b:Too1,c:Tia5 b (0067“661 lego C) 2 T5 99
a<l
DO0.4:
DO0.5
SO A sd: [I1-d:[I]1
5O A; Z (]FQD,b 2T 01,¢:T115,d : [I] 1-0b (coercel lew C) d: T3
a<l
DO0.3:
D0.4
5 O; A5 - store() : M I [I]1 bind
111
S CIPAN 2 (T2)sb:Too1,c:Tias = Es : Tz
a<l
DO0.21:
sub-bSum
5O A Tiag <:Thras
DO0.2:
5O A () aerl
©; A - st ()'(;KIT Do21
< O;A; - storel() : T 1:
113 T-sub DO0.3
° @; A; N store!() 217131
bind

505 A; 2 (Ta);b:Too1 - Eyq: Thao

a<l
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DO0.12:

T-var
O A a1 Ha:Thq
DO0.11:
IH1
50545 (T1)s . =en = Ty
DO.1:
DO0.11 D0.12
app D0.2
505 A (C1)sa:Toq e a: T bind
in
$0; A5 (M) @ ) (Tadsa: Toq - Es : Tiaa
a<l
DO:
DO0.1
5 0;A; 5 store() 1 T 11
bind
505 A; (M) @ ZGF2D;' HEs:Ths
a<l
DO0.0:
By inversion
;AT ST @ ), Ty
; a<l Lemma 25
O A () < ([ @ Y. Ty
a<l
Main derivation:
DO
50;4;5p:Toa =p:Toa
release
50;4;(T1) @ ) (Tad;p = Toa - B < Tha
a<l
SO A (M) @ Y (Pa; -+ Eo : Toan
a<! Lemma 24
50;A;(T1) @ (), Ta); -+ Eo : Ton
a<l Lemma 23 DO0.0
50 A (0 @ 2 La);- = Eo : To.1
a<l

5O A; () - Eo: T

o fix:
O,;Ab< Lilz:[la<IlobFge:T~ e
b+1,a
7[0/a] <: p O,a,b;A,a<I,b<Li7[b+1+ @ I)/b] <:0
0,1 ’
redr LM>@Q®I N>M-1+) K
b<L b b<L .
7 - T-fix
O; AT by fixz.e : u~ Ey
E() :ﬁXYEl

T-sub, T-weaken



Ei = \p.Es

Es = release — = p in Ej3

Es = bind A = store() in Ey
Ey =letlz = (E4q FE42)in E5
E4sq1 = coercel 'Y

Ey o = (Mul!() A

Es5 = bind C' = store() in Eg
Eg=e¢C

cost(b') =
if (0<V < (8@1 1(b))) then
b'+1,a
K () + 1) + count(I'(Y)) + (X< () cost((V +1 + %) 1(b))))
else

0

7/(0') = [cost(V))] 1 — MO (7 (b))
b'+1,a

Too = T/[(b/ + 1+ %) I)/bl]

To = [(N + count(I'"))] 1 — MO (u)
Toa=[(M—-14>y_; K)+ count(3 -, T')] 1 — MO (7(0))
b+1,a

V=W+1+ @ I)
b

Tro =la<i(p)([cost(b")] 1 — MO (7(b")))
T1 =la<rw) [cost(b")] 1 —olyoryy MO (7(0"))
Tia =lacsyMO(T(0"))

Ty =MO(7(6"))

T112 =MO (o)

Ty = [Xa<rw) cost(b”)] 1

T30 = Dgegcost(d”)g<rl

T3 =la<1[cost(b")]1

Ty =M(KQ)+ I(b) + count(T(b"))) (7(b"))

Ty1 =M(KQ) + L) + count(T'())) [(K) + L(V) + count(T'(b)))] 1
Tyo =[(KQ)+ I(b) + count(T'(b)))] 1

Ts = [(K(b) + I(V) + count(T()))] 1 —o MO (7 (b))

Teo=1-—0lgcsl

Teo1 = [0] (1 —o lyr1)

Ter = [Yaegcost(t')] 1 —o [35,; cost(b")] la<r
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D5.2:

D5.10:

D5.1:

D5:

D4:

D3.2:

D3.11:

D3.12:

Dec2:

Decl:

var

2O, AV <Ly CiTyot-C:Tyo

Given

5O0,05A0 <LET() <0
50,05 A < L= (r(b")) <: (o)

IH

) @,b/; A,b/ < L; (]FD,.%‘ ‘a<I(b) T1.12; e T3

Lemma 27

D5.10

- @,b/;A,b/ < L (]F[),x ‘a<I(V) Tii1;- e

D5.1 D5.2

Ts

T-weaken

50,0500 < Ly (T), @ ey T1115C : Ty e C - MO (7 (b))

50,0 AW < Ly ;- 1 store() : Ty q

D5

50,05 A < Li(U), 2 tacrry T11;C : Tao = Bs 2 Ty

50,0 A0 < LyY tqep Toos- HY i Thg

D3.2

Lemma 29

50,6 AW < LY qor Too; - + coercel (1Y)

SOV AV <L Tsg <: Ty

) @,b/; A,b/ <LFTop1<:Ty

T-unit

5O AN <Lia<I;-—():1

5O, A0 < Lyu: 1Y) el

ZTl

sub-bSum

sub-pot Arrow

Lemma 32

T-subExpl, T-weaken

/ / T-
50,05 A0 < Ly - = Aul() 1 Teo
Dcl ; ; sub-potZero
';@,b;A,b < LI—TCU <:TCQ_1
N y T-sub Dc2
5O, A < Ly = Aud() s Tepn

5O AN < Ly dul() i Ty
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D3.1:

Dec

ar

COVAY <LicA T AT, |

T- D3.12
paqy | OWIAY < LA Ty (d() A T P .
. SO0 AN < Ly AT = (W) A:Ts =

/ / app
SO,05A0 < LY e Toos A:To = Eyq By 11
D3:
D3.1 D4
50,0 A0 < Ly (D0),Y tqer Too; A:To - Ey : Ty
D2:
D3
50,0 AW < L (TY); - = store() = M( Z cost(V")) Ty
a<I()
50, A Y < L (U'), Y ta<t Too; - + E3: M(cost(b))(r (b))
D1:
/ / / / D2
50,05 A0 < Ly (T);p: [cost(b)] 1+ p: [cost(V)] 1 ,
release
50,65 A0 < Ly (D), Y tacr Too;p: [cost(V)] 1+ Ey : M(0)(r (b))
DO:
D1
O,V A0 < Ly (1),Y iaer Too;- - Ey 7' (b) _
-fix
$0; A5 3 (0); -+ Eo : 7'(0)
a<l Claim
5054 Z (TD; -+ Eo : Tox
a<l Lemma 24
';@;AQ(]Z L);- = Eo : Toa
a<L 7 Lemma 25, T-weaken
50, A;(IM);- = Eo : Toa
Main derivation:
DO
; T-sub
5058, () - 1= Eo = T
Claim:
7(0) =[(M =1+ Xy K) + count(3y ., )] 1 — MO (7(0))
Proof.

It suffices to prove that
cost(0) = (M — 14 > K) 4 count(3 . T)

From Definition of cost we know that

COSt(O) = (Zb/<L I(b/> + Zb/<L K(b/)) + Zb’<L Count(r)
= (M—=1+%,_; KU))+ >, count(T) Definition of I and M
= (M—-1+%,_;K)+ count(}3y . T) Lemma 26
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O]

Lemma 23 (Relation b/w dIPCF context and its translation - binary sum). VI'y,I'y € dIPCF'.

(I'2)

Definition 3
Definition 4

(M1 @T2) = (T1) @ (T2)
Proof. Proof by induction on I'y
r=.
(@) = (T2
= ()+
=Tz [-]-
When z : [—]— ¢ T'o

T,z :[a<IlT®T)

= 1®T9),z: [a < I]7)
= ' 1T®T2)), 2 :qer MO(7)
= 2)), @ ta<r MO (7)

D a<IMO(] D@(]FQD

(T
((
((Cy) & r
(T
Ty, 2 2 [a < I]7) @ (Ta)

When z : [b < J]7[I +b/c|] € T'y

Definition 3
Definition 21
IH
Definition 4
Definition 4

Let (T, 2 : [a < I]t[a/c]@® Ty, xz: [b< J]T[L +b/c]) =T,
r, = (Mery),z:[e< I+ J)]7) Definition 3
(T ®F2)D, fee(T4+0) MO (7) Definition 21
= (M) @), = ecqzsgy MO () TH
= (M), 2 :axcs MO (7)[a/c] ® (T), x :p<y MO (7)[1 +b/c]  Definition 4
= (D)), 2 :acr MO (7[a/c]) @ (Th), 2 :p<g MO(7[I +b/c])  Lemma 28
Ty, 2 [a < Ilr[a/c]) @ (T, z : [b < J)T[L + b/c]) Definition 4

O]

Lemma 24 (Relation b/w dIPCF context and its translation - bounded sum). VI' € dIPCF.

(]Za<1 FD = Za<1(]FD
Proof. Proof by induction on I
I'=.
s = () Definition 1
= . Definition 21
= Y<7()  Definition 2
r=1"z:[-]-
Let QZa<I(F,7 € [b < J] [Zd<a J[d/a] + b/c])[) =
Lr = e,z [e < Yooy J]o)
(]Za<l( >D7 <> o1 MO(] D
= 2a<tU) 2 iecy, 7 MO (o)
= S (), 2 ey MO (0D [y T /a] + b/e])
et (), @ o<y MO (0[5, JId/a] + b/c]))
2ot @2 [b < J]o[Xy, JId/a] + b/c])

Definition 1
Definition 21
IH
Definition 2
Lemma 28

Definition 21
O

Lemma 25 (Relation b/w dIPCF context and its translation - subtyping). VI',I” € dIPCF.

9;A|:F1;F2 —

Proof. Proof by induction

560;A = (T4)

<: (]FQD

on the ©; A + I'y & I'y relation
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1. dlpcf-sub-mBase:

sub-mBase
5O A () <.
2. dlpcf-sub-mInd:
D4:
By inversion
SO AT /e <: Ty -
505 A F (Tq)/x <: (Ta)
Da3:
— By inversion
AT T
D2:
; By inversion
30,0 Aa< T <7
; Lemma 27
30,a;Aa < I+ (') <: (7)
30,a;Aa < T MO (') <: MO (7)
D1:

By inversion
r:la<Jlr el Y

T iqeg MO () € (T1)

Definition 21

Main derivation:

D1 D2 D3 D4
5O A - (Ty) <: (T), 2 taer MO (7)
5O A (T) <: (05,2 : [a < I]7)

Lemma 26. VL,T.
Za<L count(F) = Count(Za<L F)

Proof. By induction on I'
I'=.
From Definition of count we know that count(.) = 0 therefore
Da<r count(.) =0

From Definition 2 we know that >, _; . =.
Therefore again from Definition of count we know that count(.) = 0
And we are done

=02y T

count(P, . Uz wey 1) = count(X, I 2y s 0) Definition 2
where 7 = o[(},-, J[d/a] + b)/c]
count(D o, T+ D 0cr J Definition count(.)
= YuopcountI)+3>. _;J H

Daer count(I”, x ey T)
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Lemma 27 (Subtyping is preserved by translation). ©;A - o <: 7 = ©;A 4 (o) <: (7)

Proof. By induction on ©;A P o <: 1

1. [a < IJoy — 09 <: [a < J]|11 —o Ta:
D1:

—— - By inversion ) TH2
;AT < T ;A =7 (o2) <: ()

0;A A [J]1 < [1]1 O; A A MO (o) <: MO (72)
O; A A [I11 — MO (o2) <: [J]1 — MO (72)

Main derivation:

IH1

_ . O; A 4 (1) <: (o)
Y By inversion Y
O,a; AT <J ;A 7 MO (1) <: MO (o1)
0; A I—A!a<JMO (]7'1[) <:daer MO (]0’1[)
O; A Ay MO (o1) —o [I]1 —o MO (o2) <:laes MO (1) —o [J]1 — MO (72)

D1

O
Lemma 28 (Index Substitution lemma). V7 € dIPCF, J.
(T)[J/6] = (r[J/b])
Proof. By induction on 7
1. =0
(B)[7/b]
b
(o[.7/0])
2. 7=[a<I]|m —o 7o
(][a < I]Tl —o0 TQD[J/b]
'a<zMOGT1I) [1]1 — MO () [J/b]
la< 116y MLO(m1)[ /0] —o [I][J/b]1 —o MLO (r2) [J /0]
la<r1g/5) MLO(m1[J/b]) —o [I][J/b]1 — MO (72[J/b])  (From IH)
= (la < I[J/bllm1[J/b] — T2[J/b])
O
Lemma 29. V;0; Asx g7 75 Hla g
Proof.
T-var2
U:0,a;Aa < I;x 3y Tla+b/al;- —x: T
T-subExpl
U 0; A; Z T p<1 Tla+b/al;- HlolyogT
a<l Lemma 30
U:0; A2 gy 73 Hla loarm
O

Lemma 30. >, ,_; % :p<1 T[a + b/a] = zqcrT
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Proof. 1t suffices to prove that

Da<1 T b<1 Tla +b/a] = xecrT[c/al

From Definition 2 it suffices to prove that

Dia<1 T b<1 Tla +b/a] = Le<y o; 17[c/a]

Again from Definition 2 it suffices to prove that
7le/al[(Xa<q 1d/a] + b)/c] = T[a + b/a]
le/all(Syeq 1[d/a] +b)/c] =
7le/all(Xg<q Ld/a] + b)/c] =
7le/a]l(a + b)/c] =
T[(a + b)/a]

So, we a re done

Definition 31 (Coercion function). coercel F' X =
let! f = Finlet!xz = X inl(f x)

Lemma 32 (Coerce is well-typed). -; -5+ = coercel :lg<1(11 —o T2) —olgerm1 —olocro

Proof. D2.2

saya < iz ey Tifa+b/al; b xim

D2.1:
saya < Iy f ey (1 —om)[a+b/a];- = f i1 —o 1
D2:
D2.1 D2.2
saya < I f ey (11— 72)[a + b/a],x p<1 T1[a + b/al;- = (f ©) : 72
T-subExpl
MU Z f h<l (Tl —o TQ)[CL + b/a],x h<1l Tl[a + b/a]; . I—'(f x) :!a<[7'2
a<l
e fora<er (T — 72),@ taer 113 FI(f @) o<y

D1:

D2

e foraer (T — 12); X tlaerm HI(f )
e foaer (11— m); - = letle = Xinl(f x)
DO:
T-varl D1

e Filacr(mn —o 1) B Filacr (11— )

g Filacp(m —o ) Elet! f = Finlet!lx = X inl(f x)

Main derivation:

DO

g Filacr(m —om) EAX let! f = Flinlet!z = X inl(f z)

Lemma 33

e AFRAX let! f = Flinlet!z = X inl(f x) :la<r(11 —0 12) —olacrm1 —0la<ie

Lemma 33. Y, _; f <1 (11 —o ™)[a +b/al,x pe1 Ti[a +b/a]l = f i1ucr 71 —0 T2, % 1qcr T
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Proof. 1t suffices to prove that
Da<t f <1 (11 — m)[a + b/a],x ip1 Ti[a + b/a] = f iccr (11 — T)[c/al, x ic<1 Ti[c/a]
From Definition 2 it suffices to prove that
Yt <1 (1 — m)[a+b/al,z a1 mila+b/a] = f ey 1 (11— T)[c/al,z ey 1

7i[c/al

Again from Definition 2 it suffices to prove that

d/a] +b)/c] = (11 — m2)[a + b/a]:

So, we are done O
1.5.2 Cross-language model: dIPCF to A-amor

Definition 34 (Logical relation for dIPCF to A-Amor).

[b]v
[[a < I]Tl —0 TQJV

{(Cv,tv) | v e [b] Atve[b] Asv="tv}
{(Az.es, Az Ap.let!z = yine) | Ve, el
(e5.e1) € lla < Ilm|nve = (esley/x], edler/yl[()/p]) € [72]}

A
A

|7|Ee = {(es, 1) | Vov.es | v = Ty, tup, Jeer | tuy (& fop A (Sv,top) € 7]V}
|[a < I|T|NE = {(es, er) | dej.ep = coercel le; () A V0 < i < I.(es,e)()) €|7[i/al|E}

Definition 35 (Interpretation of typing contexts).

[Tz = {(,0) |
(Va : [a < J]T € dom(T").V0 < j < J.(0s(x),d:(2)) € |7[j/allE)

Theorem 36 (Fundamental theorem). YO, A T, 7, eg, e, I, ds, O¢.
O;A;Tres:T7~e A (0s,0) €|l g A EAL

_—

(ess et () 0) € |7 t|E

Proof. Proof by induction on the translation relation:

73



1. var:

0;AEJ=0
O;AEI>1 O;A+T'[0/a] <: T O;AE[a<I]T | ;AET ]
O; AT,z :[a<I|7' 52 :7~ Aprelease— = pin bind — = 11 inz

var

E; = \p.release — = pin bind— = 1l in z
Given: (ds,0;) € |, x| g
To prove: (zds, E1 ()0;) € |T|E

This means from Definition 34 we need to prove that

Vou.ads | v = Ftu, v, JEL () )t 1 tup A (Cu,top) € [Ty

This means that given some ®v s.t xd, || *v it suffices to prove that

I, top, J By () )ty UJ/ fop A (Cotop) € |7y (F-DA-V0)

Since we are given that (ds,d;) € |I', x| g therefore from Definition 35 we know that
Vy: [a < J)7" € dom(T,x). YO < i < J.(0s(y),0:(y)) € |7"[i/a]lE

This means we also have (d5(z),d¢(x)) € [7'[0/a]]|g. This further means that from Defini-
tion 34 we have

Vo ds(x) | *o" = 3J" " Mo () |t [ fof A (S0 %f) e |T'[0/a]lv
(F-DA-V1)

We instantiate (F-DA-V1) with v and in order to prove (F-DA-V0) we choose J' as J”,
‘o as 'vf’ and vy as 'vf and we get the desired from (F-DA-V1) and Lemma 37.

2. lam:
;AT z:[a<I|mbye:To~ e |
am
;AT 5 Axee: (J[a < I]my) —o 19 ~
Ap1.ret Ay.Apsy. let! x = y in release — = p; in release — = py in bind a = store() ine; a
Eq = Ap1.ret \y.Aps. let!x = y in release — = p; in release — = po in bind a = store() in e; a

Ey = Ay Apa.let!lx =yin E3

Es3 = release — = py in release — = py in bind a = store() in e; a
Given: (s,0;) € |T|p

To prove: (Azx.eds, E1()d;) € |([a < I].11) — T2|E

This means from Definition 34 we need to prove that

Vv dz.eds || v = 3T o, top Er() | o 1 tup A (Cu,top) € [([a < T]om) —o Ty

This means that given some *v s.t Az.eds | *v it suffices to prove that
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3T o, top By () )t U oy A (B, top) € [([a < T]om) —o Ty (F-DA-LO)

We know that *v = Ax.eds. Also from E-app, E-ret we know that tvf =Fyand J =0

Therefore it suffices to show (Az.e ds, E2) € |(([a < I].71) — T2)t|v

From Definition 34 it further suffices to prove that

veg, ep(e5,€r) € [la < Imilve = (eslel/x], Esley/yl[()/p2]) € [r2 o]z (F-DA-L1)
This means given some €., e} s.t (e, e;) € |[a < I]mt|yg. We need to prove that
(esles/z], Ealey/x][()/p2]) € Ir2 o]z (F-DA-L1.1)

Since (€}, €}) € |[a < I|mt|nE therefore from Definition 34 we have

Jef.e; = coercel lef 1() A V0 <i < I.(e,ef() € |nli/a] |k

Let
§L =dsu{r — €.} and
0 =6t v {x—ef ()}

From Definition 35 we know that

(0L, 01) |0,z [a< I tE

Therefore from IH we have

(es 0L, ei() 0)) € |2 tE (F-DA-L2)
This means from Definition 34 we have

Vou.es 04 ) Sy = 3Ty, tuer, tupeer() 05 U Pug U7 Puy A (Sup, Py € |2 ]y (F-DA-L3)

Applying Definition 34 on (F-DA-L1.1) we need to prove

Vivg.eslel/x]0s | Svp = 31, tw, tup.Balel/2][()/p2]0e U tor 170 top A (Sug,top) € |2ty
This means given some *vy s.t es[e),/z]ds || *vf it suffices to prove

301, o, top Bale) /][ () /p2]6 U toe U7 tup A (up, top) € | oty (F-DA-L4)

Therefore instantiating (F-DA-L3) with *vy and we get the desired

. app:

;AT yer: ([a<I]m) —om~en
O,0;Aa<;Abges:T ~ e F'EF@ZA H>J+I+ZK
a<lIl a<l

;AT Feler:m~ Ey

app

E; = Ap.release — = p in bind a = store() in bind b = e;; a in bind ¢ = storel() in E}
E{ = bindd = store() in b (coercel lew ¢) d
Given: (0s,0;) € |I” ¢|p
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To prove: (e1 e20s, E1()0t) € |72 t|E

This means from Definition 34 we need to prove that

Vous.(e1 e2)ds | Svp = EIJ’,tvt,tvf.El() Uty U‘]l tvf A (Svf,tvf) €|m tly

This means that given some *v; s.t (e e2)ds || “vy it suffices to prove that
3 b, o By () ) P U7 Pop A (Bop, top) € | )y (F-DA-A0)

IH1
(elés,eﬂ()dt) € [([a < I]Tl —o0 7'2) LJE

This means from Definition 34 we have

Vour.e10s || Svp = 3J1, ], tvr.eq ()0 | Pof U7t A (Bog,tor) € |([a < T —o ) ]y

Since we know that (e; e)ds ||™ vy therefore we know that 3°v; s.t e1ds | *v1. Therefore
we have

3J1, 0] furei O U B 37 top A Syt € |([a < Tl —o 7o)ty (F-DA-A1)
Since we know that (*vy,tv) € |([a < I]11 — 72) ]y
Let *v1 = Az.eps and ‘v = Az Ap.let!z = y in ey

Therefore from Definition 34 we have
Veg, ep.(e5,e) € |[a < Ilm tIne = (ens[es/z], enler/x][()/p]) € |72 t]E (F-DA-A2)

IH2
(62(55, €t2(>5t) € [’7’1 LU {a — O}JE
(6255,51&2()51&) € [’7’1 LU {a — 1}JE

(e20s,e12()0t) € | v fa—1—1}|E (F-DA-A3)
We claim that
(e20s, coerce legy 1()0) € |[a < Im1 t|NE

From Definition 31 we know that

coerce ' X =
let! f = Finlet!z = X inl(f z)

therefore the desired holds from Definition 34 and (F-DA-A3)
Instantiating (F-DA-A2) with e2ds, coerce e () we get
(eps[e2ds/x], ept[coerce lewy 1()or/x]()) € |2 t]E (F-DA-A4)

This further means that from Definition 34 we have

Voups.eps[eads/x] | vy — ﬂJg,tvtb,tvbf.ebt[coerce lew 10)0:/x]() | tug |72 tvbf A
(Cvos,'upy) € |72 o]y
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Since we know that (e; e2)ds | *vy therefore we know that 3%uyr,no s.t eps[eads/x] |2

*vpr. Therefore we have

HJg,tvtb,tvbf.ebt[coerce lew 10)6:/x]() | Pug U172 tvbf N (vaf,tvbf) €|m tly

(F-DA-A5)

In order to prove (F-DA-AQ) we choose J' as Ji + Jo, 'vp as ‘uy, and 'vy as fuyp, we get

the desired from (F-DA-A1) and (F-DA-A5)

. fix:
0, A b<LiTyx:[la<Ilobge:T~ e
b+1,a
T[0/a] <: p 0,a,b;A,a<I,b<LiTH7[(b+1+ @ I)/b] <:
0,1 ’
e LM>@Q®I N>M-1+) K
b<L b b<L
O; AT - fixz.e : p~ Ey
E():fiXYEl
By = \p.Es
FEy = release — = pin E3

Es3 = bind A = store() in Ey
Ey =let!z = (E4q E42)in E5
FE4i1 = coercel 'Y
Eio=(Aul() A

Es5 = bind C' = store() in Eg
Eg=¢C

Given: (ds,0;) € |T|p
To prove: (fixx.eds, (fixY.E1)()d:) € |1 t|E

This means from Definition 34 we need to prove that
Vo fixz.eds | v = 3Tt top.Bo() I tog U7 top A (B, top) € | v
This means that given some ®v s.t fixxz.ed; || *v it suffices to prove that

3t o Eo () I P U7 top A (B, top) € |ty (F-DA-F0)

Claim 1
VO<t<L. (ed,E1()d)€|r[t/b] t|r
where §. = 65 U {z — (fixx.e)ds} and ) = & U {z — (fixz.E1)d}

We prove this by induction on the recursion tree

Base case: when t is a leaf node

T-fix

Since for a leaf node I(t) = 0 and z ¢ free(e) therefore from IH (outer induction) we get
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(e ds,et () ) € |T[t/b] t]E

This means from Definition 34 we have
Veu'.es 05 | Sv = Htvt’,tv]’c, J'er 00 | o) | tv} A (Sv',tv}) € |7[t/b] t]v (BCo)

Since we have to prove (e 0%, Eq () 0;) € |7[t/b] |k
Therefore from Definition 34 it suffices to prove that

Viv.es 8L || Sv = oy, top, JEL () | toe 7 Top A (S0, top) € |7[t/B] o]y

This means given some *v s.t eg 0, | Sv it suffices to prove that
oy, top, JEL () Ut U7 top A (B, tog) € [T[E/0] Ly (BC1)

Instantiating (BC0) with *v we get
3oy, b, J'er ()0 ) P (4 fop A (B0 Pog) € [T[t/b] L]y (BC2)

From E-release, E-bind, E-subExpE we also know that if
er ()0 U tof 17" v} then By ()8 U fof |7 to}

Therefore we get we choose “v;,'vy, J as 'vf, tv}, J" in (BC1) and we get the desired from

(BC2)

Inductive case: when ¢ is a some internal node

From IH we know that
t+1,a
VO<a<I(t).(ed,Er() ) €e|r[t'/b] t|p wheret' = (t+1+ @ I(t))
b
b+1,a
Since 0,a,b;A,a < I,b < L;. —7[(b+ 14+ @ I)/b] <: o therefore from Lemma 38 we
b
know that

VO<a<I(t).(ed,E1()d)€el|o g (F-DA-F0.1)
Claim 2
(e 0, E1 () &) €lo g = ((fixxz.e) ds, ((fixx.(A\p.E2)) () &) € |o t|E

Proof is trivial

Since from (F-DA-F0.1) we know that
VO<a<I(t).(ed,E1()d,)€E|o g
Therefore from Claim2 we also get

V0 < a < I.(fixxz.e ds, fixe. By () &) € |o ik

Let
6g — 53 U {ZL’ —> ﬁXZL’.@(SS}
52/ — 6t U {x — ((fIX.’I}E1>5t ())}
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From Definition 35 it can been that (07,97) € |I',z o<1 0|E

Therefore from IH (outer induction) we get
(e 65, e: () 67) € [7[t/b] t]p
This means from Definition 34 we have

Viug.es 67 || Swg = IJo,tu,toper () 07 | tu 170 tup A (Swo,top) € |7[t/B] ¢y
(F-DA-F1)

In order to prove (e 0%, Ey () 0;) € |7[t/b] ¢|g from Definition 34 it suffices to prove
Voug.e 84 | Svs = 3J1, 0], b Bo[()/p]0h U tuf U7 oy A (Bus, top) € | T[t/0] L]y

This means given some v, s.t e 8, | vs and we need to prove that
3J1, 0 to Bs[() /p]o) U tul U7 tuy A (Bus, tuy) € |T[t/B] o]y (F-DA-F2)

From E-release, E-bind, E-subExpE we also know that Es[()/p]d: = e[ (fixY-E1) ()/z] ()
therefore from (F-DA-F1) we get the desired.
This proves Claim1

O

Since from Claiml we know that VO < ¢ < L. (e 0., E1 () 9;) € |7[t/b] ¢|g. Therefore
instantiating it with 0 we get

(e o5, E1 () ;) € |7[0/0] ¢|
This means from Definition 34 we have
Vou'ledy | oo = 3w, tuh, I B ()6 | by (R fop A (B0 Tof) € [T[0/b]e]y

Instantiating it with the given *v and since know that fixz.eds | *v therefore from E-fix
we also know that e[fixz.e/z]ds || *v. Hence we have

Htvt’,tv}, J.Ey ()8 |t | tv} A (sv’,tv}) € |7[0/b]c]yv (F-DA-F3)

Since By ()d, | tof | tv} therefore from E-fix we also know that fixz. B ()6, | tof | tv]’c.
Also since 7[0/b] <: u therefore from (F-DA-F3) and Lemma 37 we get the desired.

]
Lemma 37. VO, A, 7,7/, €5, €4, L.
(a) ;AT <7 AEAL = |1y S| v
(b) ;A [a<I|tr<:[a< J|T A EAL = |[la<I]T t|ng S |[a < J)7" (NE

Proof. Proof by simultaneous induction on ©; A 7 <: 7" and ©; A + [a < I]T <: [a < J]7’
Proof of statement (a)
We case analyze the different cases:
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;A B< A ;AT <7
O;A+A—o7<:B-—o7

To prove: |(A —7) tly € |(B — 7') t]y

This means we need to prove that

V(Az.e, Az \p.e;) € |A —o 7 1|y.(Ax.e, \x.\p.et) € |B — 7' 1|p

This means given (Az.es, \y.Ap.let!x = yine;) € |A —o 7 ¢y and we need to prove
(Az.es, \y.\p.let!lz =yine) e |B— 7 1]y

This means from Definition 34 we are given that

Ve er.(esep) € |A U ve = (eslel/x] eder/yl[()/p]) € |7 e} (SV-AD)

And we need to prove that

Vel ei.(e5,et) € | B o vp = (eslel/z] edlef /yll0/p]) € |7 t]e}

This means given (e, ¢e}) € | B t|yg we need to prove that

(esled/x] ecled/yllO/yl) € I7" el (SV-Al)

Since we are given that (e, e}) € | B ¢|yg therefore from IH (Statement (b)) we have
(ed,et) € |A une

In order to prove (SV-A1) we instantiate (SV-A0) with €”, e} and we get

(eslel/x], edled/yllO)/p]) € |7 o]

Finally from Lemma 38 we get

(esleg/x], edlef /yllO/p]) € |7 o]

Proof of statement (b)

;A J<]T ;AT <7
;A [a<I]r <:[a< J)7

To prove: |[a < I]7 t|yg S |[a < J]7’ t|nE
This means we need to prove that
V(es,er) € |[a < I7 t|nE-(es,er) € |[a < J|7" t|NE

This means given (es, e) € |[a < I]7 ¢|yE and we need to prove
(es,et) € |[a < J)7" i|nE

This means from Definition 34 we are given

dej.er = coercel lef () A Y0 < i < I.(es,€p) € |7[i/a] |k (SNEO)
and we need to prove

def.e; = coercel lef 1() AV0 < j < J(es,€e)) € |T'[i/a] t|E (SNE1)

In order to prove (SNE1) we choose €] as e} from (SNEO) and we need to prove
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VO <j < J(es,€ep) € |7'[j/a] |

This means given some 0 < j < J and we need to prove that
(es,ep) € |7'[1/a] tle

From (SNEO) we get

(es;et) € [7[j/a] tE

And finally from Lemma 38 we get

(es,ef) € |7'[j/a] e

Lemma 38. VO, A, 7,7/, es, €4, L.
OAFT<T AEA = |Tpc |7 i

Proof. Given: ;A 7 <: 7/
To prove: |7 t|g € |7 t|E

It suffices to prove that
V(es,er) € |7 t|p-(es,er) € |7 R

This means given (eg, e;) € |7 ¢|g it suffices to prove that
(es,er) € |7 Uk

This means from Definition 34 we are given that
Voup.es || Svo = IJo, "0, fro.er | T U7 tug A (Bvo,tug) € |7 o]y (S0)

And it suffices to prove that
Vov.es | Sv = 3J, ', tupeer | o U7 top A (B, top) € |7 Ly

This means given some v s.t e5 | *v and we need to prove
EIJ,tvt,tvf.et Uty |7 tvf A (Sv,tvf) el v (S1)

We get the desired from (S0) and Lemma 37

1.5.3 Re-deriving dIPCEF’s soundness

Definition 39 (Closure translation).

Definition 40 (Krivine triple translation).

((e,p,e)) =
((e,p,c.0)) = (e, p)) (), -, 0D

Lemma 41 (Type preservation for Closure translation). VO, A e, p, 7.
O;A Ly (e,p):0 = O;A;. 5 ((e,p)):o

Proof.

Az :fla<)m...xpn:la<D)mmbke:o
O,a;A,a < I; Fm, G J>2K+L+...+1,+ Z Hi+...+ Z H,

a<ly a<l,

O;AHy (6,(C1...Cn)):0'
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J,:K+Il+---+In+2a<I1Hl+'“+Za<["Hn
D1:

IH
©,a;A;.a < I; o, (Ci) : 7

DO:

Given

O; Az [ar < L1, yxn t |an < Ip|mn —bFke:o

O;A;. Frg Axy...xpe:[ag < 1|1 —o [ag < Iz]m —o ... |ap, < I,]T — 0

Main derivation:

DO D1
O;A;. Fp Axy...xpe(Ci) ... (Cu):0o
O;A;. FyAry...xpe(C1) ... (Cp):o
0;A;. Fy ((e,C1...Ch)) i 0

D-app
Lemma 3.5 of [3]

Definition 39

Theorem 42 (Type preservation for Krivine triple translation). VO, A, e, p,0, .
;A Ly (e,p,0):7 = O;A;. 1 ((e,p,0)) : T

Proof.
;A K (e,p): 0 ;A0 (0,7) I>K+J

;A7 (e, p,0): 7

Let I' =K+ J
Proof by induction on 6

1. Case e
Given: ©;A 1 (e, p,€) : T
To prove: ©;A;. 1 ((e, p,€)) : 7
Do:

Lemma 41

O;A; . Fx ((e,p)) : o
Main derivation:

DO
O;A;. p ((e,p)) : 7
O;A;. - ((e,pye)) : T
;A5 by ((e,p,€)) T

Lemma 3.5 of [3]
Definition 40

Lemma 3.5 of [3]

2. Case C.0/:
Given: ©;A 7 (e,p,C.0") : T
To prove: ©;A;. 1 ((e,p,C.0")) : T

Since 6 = C.0/ therefore from dIPCF’s type rule for C.6/ we know that
o=[d<Lly—p
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That is we are given that

O,d;Ad<Lgbrk,C:y  ©;Abp, 0 :(n7)  J=Hy+ Y Ky+1L,
d<Lg

O;AyCH :([d< Lgly —o u,7)

D2:
/ Given
OiA ) C s ([d < Lyl —o 1,7) -
; By inversion
©;Am, 0 : (1, 7)
D1:
Lemma 41
;A5 bk ((e,p)) i [d < Lgly —o
DO:
0.0 d<L, x Ciy
; < :
D1 U — 9 K 7 Lemma 41
0,d;A,d < Ly -k, (C) : v b
-app
6; A;. FRLe+Y,, Ky ((e,p)) (C) : p
DO0.1:
DO
O A FR 1Ly, K, (((6:0)) (€), ) : o
DO0.0:
DO0.1 D2 J>L+ZK H
0; A FK+LQ+2L9 K,+a, (((e;p)) (C), S0) T - Ly ! !

O:A Frces (leap)) (€. 0) : 7 Lemma 3.5 of [3

Main derivation:

DO0.0 -
0;A;. 1 ((e,p) (C),-,0) : T
;A5 . Fp ((e,p,CO)) = T
O;A;. 1 ((e,p,CO)) : T

Definition 40

Lemma 3.5 of [3]
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Definition 43 (Equivalence for A-amor).

»

V1 RgV V2 = S

Lemma 44 (Monotonicity lemma for value equivalence). Vvy,ve, s.

-

True

!
S
Ve e" s < s.el xqp e =

!/
eile’/x] SzaE eoe” /x]
S

€1 RaE €2

Vi < s.up Uf Vg =

k S:Z
vo | vy A Vg X gE vy

s s
Val TaV Vbl N Va2 ~aV Up2
s s

Val RaV Vbl N Va2 RaV Up2
s

Va RaV Up
s

Vg =aV Up

S .
€1 Rgp €2 = Vi < s.e1 ;v = e | vp A Uy

/

S / S
V] Rgy Vo = VS < s.01 Ry U2

. S
Proof. Given: v ~,v vs

/

S
To prove: Vs’ < s.v1 ~qp U2

v = bind —

v1 = release —

v =() Av2=()

V] = AT.eg A Vg = AZ.€

v1 =ler A vy =leg
v1 = A.ep Avg = Aey
vl =ret— A vy =ret—

—in— A vy =bind— = —in—

vy =1" Avg = 1"

—in — A vg = release — = — in —

v1 = store — A vy = store —

V1 = <<va1,va2>> N Vg = <<Ublvvb2>>
v = <Ua1,va2> N V2 = <Ublavb2>

v = inl(ve) A v2 = inl(vp)
v = inr(vg) A vg = inr(vp)

—1i
aV Up

51 Rgp 0 = dom(01) = dom(d2) A Vx € dom(d1).01(x) R d2(x)

. . . S
This means given some s’ < s and it suffices to prove that v; ~,y vo

We induct on v

1. v = ():

Since we are given that vy éaV v therefore we get the desired Directly from Definition 43

2. v1 = A\x.eq:

Since we are given that v; éaV v therefore from Definition 43 we are given that

Ve' e s" < s.e' xqp e’ = ei]e/x]

Sl/

/

s// P
~qp eale” /]

and we need to prove that vy S%av v9 therefore again from Definition 43 we need to prove

that

Vel e, 8" < s.el Rop el = ei[e,/z] Rap ea[e!/z]

1"

. . 51
This means given some ¢}, €], s < s’ s.t €] ~,p €] we need to prove that

"

e1le) /2] Rap eale] /x]

Instantiating (M-L0) with €}, e, s] we get e1[e]/x] SQI,&E ealel/x]



3. V1 :!61:
. . S ..
Since we are given v; x4y v9 therefore from Definition 43 we have
S
e1 X4 €2 where vy =leg

/

Similarly from Definition 43 it suffices to prove that e; sma E €2

We get this directly from Lemma 45
4. v1 = Aey:
Similar reasoning as in the le; case
9. v =reteq:
Since we are given vq ’éaV vy therefore from Definition 43 we have
Vi< svr IF v = v (Fop A vy S;,IE vp where vy = ret ey (MV-R0)
Similarly from Definition 43 it suffices to prove that
Vi < s’ Uf Vg = V3 Uk Vp A Vq S:jaE Up
This means given some j < s’ and vy Uf v, and it suffices to prove that

k s'—j
v2 ¥ vy Avg RTaE vy

Instantiating (MV-R0) with j we get v |¥ vy A v4 s;]aE Vp

/

. 5—j s'—j
Since we have v, & ,g vy therefore from Lemma 45 we also get v, & g vp

6. v1 = bind— = —in —, 1™, release — = — in —, store —:
Similar reasoning as in the ret — case

7. V1 = <<’Ua1, Ua2>>2
From Definition 43 and TH we get the desired

8. V1 = <Ua1,’l)a2>:
From Definition 43 and TH we get the desired

9. v; =inl(v):
From Definition 43 and IH we get the desired

10. vy = inr(v):

From Definition 43 and IH we get the desired

Lemma 45 (Monotonicity lemma for expression equivalence). Ve, eg, s.

SI

S
€1 NgE €2 = Vs < s.e1 RyuE €2
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. S
Proof. Given: e; ~.p €9

/
S
To prove: Vs' < s.e1 Xqp €2
!

. . S
This means given some s’ < s and we need to prove e; X.g €2

Since we are given eg éaE eo therefore from Definition 43 we have
Vi< s.ep Jive = e | vp A vy é;iav Up (MEO)

Similarly from Definition 43 it suffices to prove that
Vji<s.er|jvg = el vy Avg S;jav Up

This means given some j < s’ s.t e; |; v, and we need to prove

s'—j
e2 || vp A Ve X qv U

We get the desired from (MEO) and Lemma 44

Lemma 46 (Monotonicity lemma for ¢ equivalence). Vo1, da, s.

/

(51 éaE 52 — V¢ < 8.51 S%CLE 52
Proof. From Definition 43 and Lemma 45

Theorem 47 (Fundamental theorem for equivalence relation of A-amor). Vi1, da, €, s.
01 Rgp 02 = €y Rap €dy

Proof. We induct on e

1. e =ux:

We need to prove that xd; éaE xd9
This means it suffices to prove that &;(z) Rep d2(z)
We get this directly from Definition 43

2. e= \y.e:
We need to prove that \y.e’d; R Ay.€' 09

This means from Definition 43 it suffices to prove that

Vi < 5. \y.€'01 i va = Ay.€’da | vp A v, Séiav U

This means that given some i < s s.t Ay.¢/d; ||; v, it suffices to prove that
Ay.€/09 || vp A Vg S;iav U (FTE-LO)

From E-val we know that v, = \y.€/d;

From (FTE-LO) we need to prove that

(a) Ay.€'ds | vy
From E-val we know that v, = \y.e’ds
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s—1

(b) vg &~ qv
We need to prove that
Ay.€'0q Ry Ay.€ 09
This means from Definition 43 it suffices to prove that

/ /
Ve, eh, s’ < s.€} s%aE e, = €'o1[e)/y] S%aE ' daleh/y]

/

. . S .
This further means that given some €},el, s’ < s s.t €] ~.g €} it suffices to prove
that

8/
e'01e) [yl ~ar €'dales/y]
We get this from TH and Lemma 46
3. e = fixy.e:
We induct on s
IHi: Vs” < 5. 61 Xgp 0y — fixy.e'dq Rak fixy.e' o
To prove: 8 Xgp 0y —> fixy.e' 61 Rop fixy.e'dy
This means we are given d; ia g 02 and we need to prove
fixy.e'01 RuE fixy.e' 0o
From Definition 43 it suffices to prove that
Vi < s.fixy.e'01 |; va = fixy.€'63 | vp A Vo ~ oy Vb
This means given some i < s s.t fixy./d; |J; v, and we need to prove fixy.e’ds | vy A
s—1

Va = aV Up

Since we are given that fixy.e’d; |; v, therefore from E-fix we know that
e [fixz.e'd1/y]o1 Jiz1 vq

Instantiating IHi with s — 1 and using Lemma 46 we get
fixy.e'6q silaE fixy.e'do (F1)

Let
8 =01 v {y — fixy.€/01}
b =09 U {y — fixy.c/d2}

From Lemma 46 and (F1) we know that ¢} sglaE 85

Therefore from IH of outer induction we know that we have

rsr 51 3V
€] ~ o €05

This means from Definition 43 we know that
. —1-!
Vil < (s —1).€0] iy va = €04 || vp A v, X

Instantiating with ¢ — 1 and since we know that €0} |li—1 v, and therefore we get

s—1 . . .
€'0h | vp A vg A qv vp which is the desired.
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4.

e=ej e
We need to prove that e; esdq gaE e1 €209

This means from Definition 43 it suffices to prove that

Vi < s.eq €201 |l va = e1 €202 || vp A g séiav v

This means that given some i < s s.t e1 €201 |; v, it suffices to prove that

e1 €09 | vp A Vg Syav vp (FTE-AO0)

IH1: €101 Xap €105

Therefore from Definition 43 we have

Vj < s.ei01 |; v, = eid2 | v; A, S;]av v (FTE-A1)

Since (e101 €201) |; vq therefore from E-app we know that iy < i.e 01 i, Ay.€/

Therefore instantiating (FTE-A1) with iy we get e1d2 | v A v, Sglav vy, (FTE-A1.1)

Since v/, = Ay.¢’ and since v/, "~ ' g1/ v, therefore from Definition 43 we know that v, = Ay.e”

Again since Ay.e/ "~ o Ay.e” therefore from Definition 43 we know that

/

Ve, ey, s < (s—i1).¢) g €y = €[e}/y] ~ap €"[e))y] (FTE-A2)

i1
IH2: €301 R op €20

Instantiating (FTE-A2) with esd1, eady we get
i1
¢lead/y]l "R ap €"[e261/y]
Again from Definition 43 we have
s—i1—1—7

V] < (S—il — 1).6/[6251/:1/] U]' ’Ug - 6”[6251/:1/] U Ug A Ug % aV Ug (FTE-AQ.I)

Since (€101 €201) ||; v, therefore from E-app we know that Jig = i —iy — 1.€/[e201/2] {4, va

s—ii—l—iz

Instantiating (FTE-A2.1) with iy we get €”[e2d1/y] | v] A v, ~ v U

Since ¢ = i1 + i2 + 1 therefore this proves (FTE-A0) and we are done.

. e={e1,ey:

We need to prove that (e, ea)d) ~ap (e1,ea)ds

This means from Definition 43 it suffices to prove that

Vi < s.ler,eandy i v = e1,eapda || vp A vg S;iav Up

This means that given some i < s s.t {e1,e2)d1 i v, it suffices to prove that

Ler,eads L vp A va Nav vy (FTE-TIO)

88



From E-TI we know that v, = (va1,v42) and €101 i, va1 and €207 |4, Va2

IHL: €16 Rap €102
Therefore from Definition 43 we have

. S—1
Vi < s.e101 i va1 = €162 | Vb1 A Va1 R v Vb1

Since we know that e;01 |, vq1 therefore we get

6152 U Up1 N Vqal S_%Zlav Up1 (FTE—TII)
IH2: €26, Rop €ady
Similarly from Definition 43 we have

. S—1
Vi < 5.€201 i Va1 = €202 || Up1 A Va1 R oV b1

Since we know that e2d; |;, ve2 therefore we get

S—12

6252 ll Vp2 N Vg2 ~ gV Up2 (FTE—TIQ)

From (FTE-TIO) we need to prove

(a) Le1sea)dz | vp:
We get this from (FTE-TI1), (FTE-TI2) and E-TI

S§—1

(b) Vg = qV Up:
Since i = i1 + 12, Vg = Va1, Va2 and v, = vp1, vy it suffices to prove that
Cvat,va2) " & oy Lvpt, vp2)
From Definition 43 it suffices to prove that

S—i1—12 S—1i1—12
Val ~ qv Upl and Va2 X v Up2

We get this from (FTE-TI1), (FTE-TI2) and Lemma 44

. e=letdz,y) = ey in ey

We need to prove that let{z,y) = e1 in ead) Xap letda@,y) = €1 in exds

This means from Definition 43 it suffices to prove that

Vi < s.letdz,y) = ey inexdy |; v, = letdx,y) = e1ineady | vy A v, sé'av U

This means that given some i < s s.t let{z,y) = ey in e2d1 ||; v, it suffices to prove that

let{z,y) = ey in e2da | vp A v, séiav Vp (FTE-TEO0)

IHL: €16 R €102
Therefore from Definition 43 we have

. 87'
Vi < s.e101 i va1 = €102 | Vb1 A Va1 R qv Vb1

Since we know that let{z,y)» = e in exd; |; v, therefore from E-TE we know that
Jiy < s.e101 i, Kvlyq, 09 ). Therefore we get
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s—1

€102 | vp1 A Va1 N av Vb1 (FTE-TE1)

Since vq1 S;ilaV vp1 and vg1 = vl v}, ) therefore from Definition 43 we have
v = Cupyvhe)  (FTE-TEL1)

Let

01 = 01 U {z = Lugy, vaa )}

0y = 02 U {z — Loy, v )}

IH2: eyd] S;ilaE 20}

Therefore from Definition 43 we have

. . S—11—1
Vi< (s—i1).620] i va = €20y |l vy A va R av

Since we know that let{z,y)» = e1 in e2d; |; v, therefore from E-TE we know that
Jig =i — i1.€20] |4, vq. Therefore we get

S—1i1—19

e20h L v A vy R av v (FTE-TE2)

This proves the desired

. e ={eq1,€eq2):

Similar reasoning as in the {eq1,eq2) case above

. e = fst(e):

We need to prove that fst(e')d; ~qp fst(e’)d;

This means from Definition 43 it suffices to prove that

Vi < s.fst(€')dy i v = fst(e')da | vp A vg Siiav U

This means that given some i < s s.t fst(e’)d1 |; v, it suffices to prove that
fst(¢')0a | vp A va Nav vy (FTE-FO)

Since we know that fst(e’)dq |; v, therefore from E-fst we know that €61 |J; Cvq, —)
IH: €'81 Ryp €65

This means from Definition 43 we have

Vj < s.€01 |ljva = €02 |l vp1 A v s;jav Vp1

.. . . s—j
Instantiating with 7 we get €0 | vp1 A Va1 = av Vb1

Since we know that v, = (vg, —) therefore from Definition 43 we also know that
Vp1 = <<Ub, —>> S.t Vg éaV Vp

This proves the desired.

. e =snd(¢):

Similar reasoning as in the fst(e’) case
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10. e = inl(e):

11.

12.

We need to prove that inl(¢/)d; ~qp inl(e’)d;

This means from Definition 43 it suffices to prove that

Vi < s.inl(e')d1 |i va == inl(e')d2 | vp A v, siiav vp

This means that given some i < s s.t inl(e’)d1 ||; v, it suffices to prove that
inl(e)da | vp A v, Séiav v (FTE-ILO)

Since we know that inl(e/)d; |; vg therefore from E-inl we know that v, = inl(()v) and
e'd1 i vy

IH: €6 Rop €62

This means from Definition 43 we have

: / ’ $J
Vi <s5.€01 ljvar = €02 | vp1 A Va1 X qv Upt

.. . . ’ s—1
Instantiating with ¢ we get €'da | vp1 A Va1 = qv Vb1

Since €'y | vy therefore from E-inl we have inl(e’)d2 | inl(vp1)

. s—1 e
And since we know that vy; =~ 4 vp1 therefore from Definition 43 we also know that
. $—1 .
inl(va1) = qv inl(vpy)
This proves the desired.
e =inr(e):
Similar reasoning as in the inl(e’) case
e = case e. of ¢j; e,

S

We need to prove that case e. of e;;e,.01 ~q.g case e. of e;;e,.09

This means from Definition 43 it suffices to prove that

. s—1
Vi < s.case e. of e;e.01 |; v, = case e. of ej;e,:00 | vp A Vg X qv Vp

This means that given some i < s s.t case e. of ej;e,.01 |; v, it suffices to prove that

case e, of e;;e.02 | vy A v, sgav U (FTE-CO)

Since we know that case e. of e;;e.01 |J; v, therefore two cases arise:

2 cases arise:

(a) eco1 | inl(ver):
IH1 e.01 éaE ec02
This means from Definition 43 we have

. s—J
Vi <s.e01 ljver = ecd2 || V2 A Vel X qv Ve2

Since we know that case e. of e;;e,01 ||; vq therefore from E-casel we know that dig
s.tecy U4y inl(vly)
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13.

14.

. .. . . S—i1
Therefore instantiating with i1 we get e.0a || Ve A Vo1 & o1 Ve2

cps . s—1
From Definition 43 we know that 3v/y.ve = inl(vly) s.t v)) ~ av vy

112 16 [v)y /7] "< ap e1da[vly /]
This means from Definition 43 we have
§—11—]

Vi< (s—i1).eoi[vly/z] |j on = edofviy/a] bup Ao = “av v

Since we know that case e. of e;;e,.01 ||; v therefore from E-casel we know that Jio
s.t €01 Uiy Va

Therefore instantiating with ia we get e;02[v.,/x] || vi2 A vg sjgijav Vp

This proves the desired
(b) ec01 | inr(ve):
Similar reasoning as in the previous case
e =le:

We need to prove that le’dy R, ple's

This means from Definition 43 it suffices to prove that
Vi < s.1€/01 i va = €00 || vp A g v Ub

This means that given some 7 < s s.t e’y ||; v, it suffices to prove that
16y | vy A Va N qv Vb (FTE-BO)
From E-val we know that v, =!e’d; and i = 0

IH: €6 Rop €62
From (FTE-BO) we need to prove that
(a) le'dg || vp:

From E-val we know that v, =!e/dy

s—1

(b) Vg = qV Up:
We need to prove that

S
!6/51 %avle’ég

This means from Definition 43 it suffices to prove that

6/51 éaE 6/52

We get this directly from IH
e=let!lx = ¢} inel:
We need to prove that let!z = ¢} in €y Xqp let!z = € in ehdy
This means from Definition 43 it suffices to prove that

. . . s—1
Vi< s.letlz =elineyd; i v, = letlz =€l inelds | vp A vy ~av vp
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15.

16.

17.

This means that given some i < s s.t let!z = €] in €401 ||; v, it suffices to prove that
let!z = ¢} inehda || vp A v, v b (FTE-BEO)

IH1: €)0) Ryp €6

This means from Definition 43 we have
. ’ ’ $J
Vj < s.€i1 | vair = €102 | vy A Va1 X v Ubn1

Since we know that let!z = €} in €401 |; v, therefore from E-subExpE we know that
E|i1.6/151 Uh!ebl

.. . . 5—13
Instantiating with i1 we get €12 | vp11 A Va11 & av Vb11

Since we know that v,11 =!ep; therefore from Definition 43 we also know that

| S—i1
Up11 ='ep2 8.t ep1 A 4F €p2

TH2: ehlep /] "~ a ehlep/x]0

This means from Definition 43 we have
. s—i1—J
Vj < s.ehlep/x]o1 | va = ehlepa/x]d2 | vp A Vg X v

Since we know that let!z = €} in €501 |; v, therefore from E-subExpE we know that
Jiz.e[ep1/2]61 Uiy va

Instantiating with ia we get e)[epe/z]02 || vp A v S_%—ZQGV v

This proves the desired

e=A.e:

Similar reasoning as in the \y.e’ case

e=¢[]:

Similar reasoning as in the app case

e =rete’:

We need to prove that rete’d; éaE ret e/ 6o

This means from Definition 43 it suffices to prove that

Vi < s.rete’dy |; va = rete/dy | vp A v, Séiav Uy

This means that given some i < s s.t rete’dy ||; v, it suffices to prove that
rete’do || vp A v, Syav v (FTE-RO)

From E-val we know that v, = rete’d; and i = 0

From (FTE-RO) we need to prove that

(a) rete'dy | vp:
From E-val we know that v, = rete/ds
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s—1

(b) vg &~ qv
We need to prove that

rete’d; ~gy rete’do

This means from Definition 43 it suffices to prove that

rete’dy Uf v = retedy |Fup A vg Sgiav Up

This further means that given some ret e’d; Uf v, it suffices to prove that
rete/dy ¥ vy A vy sgav Up (FTE-R1)

From E-return we know that k& = 0 and €’d1 |; v

H: €6 Xop €6y

This means from Definition 43 we have
Vj<s.€dilljve = €02 | vp A vy S;JQV Vp
Since we are given that €'dy ||; v, therefore we get
€'y || vp A g Syav vp
Since €'dy || vy therefore from E-return we also have
rete’dy |0 vy
This proves the desired
18. e =bindx = ¢ in e:
We need to prove that bindx = e in e.01 éaE bindx = e in e.09
This means from Definition 43 it suffices to prove that
Vi < s.bindx =epinecdy |; v, = bindz =e¢pineds || vp A Vg Sgav Vp
This means that given some i < s s.t bindx = e in e.01 |; v it suffices to prove that

bindz = ey in e.02 | vp A v, Sgiav Vp (FTE-BIO)

From E-val we know that v, = bindx = ¢ ine.d; and i =0

We need to prove

(a) bindz = ey in ecd2 || vp:
From E-val we know that v, = bindx = ¢ in .09

s—1

(b) vy = v
We need to prove that bind x = e in e.d1 éav bindz = ¢ in e.09
From Definition 43 it suffices to prove that
bindz = ¢p in e.01 Uf v;1 = bindx = e} in e.09 Uk Vig A Vgl s;iav Vg9
This means that given bindz = ¢ in e 01 Uf vy it suffices to prove that

bindz = e in e.d ¥ vio A v Syav Vi (F-BI1)
IHL: eyd) Rap ey
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This means from Definition 43 we have

. s—J
Vj <s.epd1 lj va1 = epda | vp1 A Va1 X qv Upt

Since we know that bindx = e in e.d1 |; v therefore from E-bind we know that
Jit.ep01 iy Va1

.. . . s5—i1
Instantiating with i; we get epdo | Up1 A Va1 = oV Upl

Since v41 is a mondic value and vq1 Uf,l vy
1

. s—11 ..
Since v,1 &~ 4v Up therefore from Definition 43 we know that
o,
k1, k1,7 T /
Val Ui’l Vg = Ut V7 vy AU R ey Uy
Since we are given that vy |5 v/, therefore we have
g 7 al
1
o,
k1, p STHUTh /
vpr 7 v AUy R av Uy
, s—i1—1) ,
IH2: e.[e,;/x]01 =~ qE ecley;/x]02
This means from Definition 43 we have
s—i1—i)—j
. / /
Vj < s.ecle,/x]o1 Ij vae = eclep;/x]d2 | vy A v X v Up
Since we know that bindx = e in e.d1 |; vq therefore from E-bind we know that
Hig.ec[eﬁll/m]él Uiz Va2

. L s—i1—i} —ia
Instantiating with io we get ec[ep;/z]d2 | vp A Va2 X oV Up
From E-bind we know that v, is a mondic value and v,9 Uf,Q ”(/12

2

o,
. s—i1—i]—i2 ..
Since v49 x oV Up2 therefore from Definition 43 we know that
k2, k2 ./ / Siil*iiﬂé*ig /
Va2 V" oz == Uh2 77 vpg A Vo ~ aV Upy

Since we are given that vgo Uf,j vl 5 therefore we have
b2 I vy A Uy S_il_i_h_iéav Upa
This proves the desired
19. e=1™:
Trivial
20. e =releasee, = z in e.:

Similar reasoning as in the bind case

21. e = storee:

Similar reasoning as in the return case

. . . . s
Lemma 48 (Equivalence relation of A-amor is reflexive for values). Vv,s. v x&,y v
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Proof. Instantiating Theorem 47 with . for §; and d2, v for e and with the given s we get v éa EU
From Definition 43 this means we have
Vi <swlivg = v vp A vy szlav Vp

Instantiating it with ¢ as 0 and since we knwo that v g v therefore we get the desired [

Lemma 49 (Property of app rule in A-Amor). Veq,es, e, s.
S S
€1 RgE €2 —= € €1 RyE € €2

Proof. We get the desired from Theorem 47 0

Lemma 50 (Lemma for appl : empty stack). V¢, u,p,8,v,, 01, j.
O;A;. H— ((tu,p,€e)) : — A
O;A;. - (|t p, (u, p)€)) 1 — A
(](t u, p, E)D() | vg ! v1 =
vy, va. ((t, p, (u, p).€))() | vp 7 v2 A Vs.01 R,B Vo

Proof. From Definition 40 know that

(](t u, p, G)D = (]t UHOD =
1.t w) (C1) ... (C)  (ALO)

Similarly from Definition 40 we also have

((t, p, (u, p)-)) = (((£, L)) ((w, P)D, - ) = (((E; P)) ((w; P)D, ) = ((E, p)) ((u, p)) =
(Az1...zpt) (C1) ... (Cn)) (Az1...2H.u) (C1) ... (Cn) (A1.1)

Since ©; A;. _ ((t u, p, €)) : — therefore from Theorem 22 we know that

((t u,p,€)) =

(A1 ...zptuw) (C1) ... (Cu) =

Ap.release — = p in bind a = store() in bind b = €41 5, @ in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel lewy c) d

erin = (Az1...zptu) (Ci)) ... (Cno1)

€2n = (]CnD

€iln =

()\561 .. .xn.t u) (]Cll) e (]Cn—ll) =

Ap.release — = p in bind a = store() in bindb = €41 ,—1 a in bind ¢ = store!() in bind d = store() in E.
where

E. = b (coercel ey n—1 c) d

etin—1 = (Az1...xptu) (Ci)) ... (Ch_2)

e2n—1 = (Cn—1)

Cio =
()\331 e Tpt u) (]C1D =

Ap.release — = p in bind a = store() in bindb = e;1,1 @ in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel lew; c) d

€t1,1 = ()\$1 e l‘n.t u)
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er,1 = (C1)

€t1,1 =

(Az1...2ptu) =

Ap1.ret A\y.Aps. let! x = y in release — = p; in release — = py in bind a = store() in ez a
where

err = (Azo ...zt u)

€in—1 =

(Azp_1xp.tu) =

Ap1.ret Ay.Aps. let! x = y in release — = p; in release — = py in bind a = store() in ey, a
where

e = (Azp.tu)

Cin =

(Azp.tu) =

Ap1.ret Ay Aps.let!z = y in release — = p; in release — = py in bind a = store() in e} a
where

Ap.release — = p in bind a = store() in bind b = e; a in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel le, ¢) d

€y = t

€y =U

Since we know that ((t u, p,€))() || va I/ v1 therefore from the reduction rule we know that

3jt, Lt () b — ¥ L and Fja.L (coercell(u)!() () § — I vi 8.t 5 = ji + Ja

Similarly from (Al.1) we know that

((t, p, (u, p)-€)) =
(Az1...20t) (C1) ... (Cn)) (Az1...zp.w) (C1) ... (Cn)

Since O©; A;. _ ((¢, p, (u, p).€)) : — therefore from Theorem 22 we know that

((t,p, (u, p).€)) =

(Az1...xp.t) (C1) ... (Cn)) ((Az1...zpw) (Ci) ... (Cn)) =

Ap.release — = p in bind a = store() in bindb = e, a in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel ey c) d

etn = (Az1...2pn.t) (C1) ... (Cy))

eun = ((Az1...zp.u) (C1) ... (Cp))

etn = ((Az1...2p.t) (C1)) ... (Cn)) =
Ap.release — = p in bind a = store() in bind b = e41 5, @ in bind ¢ = store!() in bind d = store() in E,
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where
E. = b (coercel lewy c) d
etln = (()\:cl .. .xn.t) (]C1D - (]Cn—ll))

et2n = Cp

erin = (Az1...2p.t) (C1) ... (Chai)) =

Ap.release — = p in bind a = store() in bindb = €41 ,—1 a in bind ¢ = store!() in bind d = store() in E.
where

E. = b (coercel ey n—1c)d

€tln—1 = (()\xl - (En.t) (]Cll) - (]Cn—QD)

€t2,n—1 = Cn_1

€12 = (()\xl - xn.t) (]CID) =

Ap.release — = p in bind a = store() in bindb = €1 a in bind ¢ = store!() in bindd = store() in E,
where

E. = b (coercel lew c) d

en = ()\.%'1 - xn.t)

€21 = Ci1

en = ()\l‘l e :L‘n.t) =

Ap1.ret \y.Aps. let!zy = y in release — = p; in release — = po in bind a = store() in €3 a
where

ep = ()\.%'2 Ty t)

ein = (A\xp.t) =

Ap1.ret \y.Aps. let!xz, = y in release — = p; in release — = py in bind a = store() iner a
where

er = t (A1.2)

Similarly we also have
eun = ((Az1...zp.u) (C1) ... (Cp))

eun = ((Az1...2p.u) (C1) ... (Cpn)) =

Ap.release — = p in bind a = store() in bind b = ey1 4, a in bind ¢ = store!() in bind d = store() in E.
where

E. = b (coercel leyap c) d

eutn = ((Az1...zpw) (C1) ... (Cho1))

Cu2,n = Cn

eutn = ((Az1...zpw) (C1) ... (Cho1)) =

Ap.release — = p in bind a = store() in bindb = e, ,—1 a in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel leyapn—1c) d

Eulin—1 = (()\.%1 .. $nu) (]C1[) ... (]Cn,QD)
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€u2n—1 = Cn-1

Culn—1 = (()\ml .. CL‘nu) (]Cll) e (]Cn,QD) =

Ap.release — = p in bind a = store() in bindb = e, 2 a in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel leyapn—2c) d

Culn—2 = (()\1‘1 .. xnu) (]Cll) e (]Cn,;g[))

eu2n—2 = Cp_2

Cul,2 = ()\.’El e :En.u) (]C1D =

Ap.release — = p in bind a = store() in bindb = e,1.1 a in bind ¢ = store!() in bind d = store() in E.
where

E. = b (coercel ley ¢) d

eut,1 = (Az1...xp.0)

€u2,1 = CT

Cul,l = ()\.%'1 N xn.u) =

Ap1.ret \y.Apa. let!z; = y in release — = p; in release — = py in bind a = store() in ey 1 a
where

eyl = (Azg...zp.u)

€yl = (AHEQ v :r:nu) =

Ap1.ret \y.Apa. let! zg = y in release — = p; in release — = py in bind a = store() in ey 2 a
where

ev2 = (Axg...zp.u)

evn—1 = (Azp.u) =

Ap1.ret \y. Apa. let! x,, = y in release — = py in release — = py in bind a = store() in ey, @
where

eUn = U (Al.?))

Ey = Ap.release — = p in bind a = store() in bind b = e;,, a in bind ¢ = store!() in bind d = store() in E,
E{ = b (coercel e, c) d
vp = release — = () in bind @ = store() in bindb = e, a in bind ¢ = store!() in bind d = store() in Ej,
Eyp;1 = binda = store() in bindb = et, a in bindc = storel() in bindd = store() in
b (coercel le,p ) d
Ey2 = bindb = e, a in bind ¢ = store!() in bind d = store() in b (coercel le, , c) d
Ey.3 = bind ¢ = storel() in bind d = store() in b (coercel le, , c) d
Ey4 = bindd = store() in b (coercel le,p c) d

et,n = Ap.release — = p in bind a = store() in bindb = 41, a in bind ¢ = store!() in bind d = store() in Ej ,
E;,, = b (coercel lew, c) d
Ein1 = release — = () in binda = store() in bindb = €1, a in bindc = store!() in bindd =

store() in Ey,
Ei 1.1 = bindb = €415, () in bind ¢ = store!() in bind d = store() in E{m
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€ti,n = >‘p-

release — = p in bind a = store() in bind b = e41,,—1 a in bind ¢ = store!() in bind d = store() in E}; ,,
Ejy ., = b (coercel leg 1 ) d
Ei1 5,1 = release — = () in bind a = store() in bindb = €41 ,—1 a in bind ¢ = store!() in bindd =

store() in b (coercel les -1 €) d
Eiin,2 = bindb = €41,,—1 () in bind ¢ = store!() in bind d = store() in b (coercel le;s 1 ¢) d
E41 5,3 = bind ¢ = store!() in bind d = store() in b (coercel lew 1 ¢) d
E41n,4 = bindd = store() in b (coercel le;s 1 ¢) d

€¢1,2 = AD.

release — = p in bind @ = store() in bindb = ;1 a in bind ¢ = store!() in bind d = store() in Ej; 5
E£1,2 = b (coercel leg ¢) d
Et121 = release — = () in binda = store() in bindb = ;1 a in bindc = storel() in bindd =

store() in b (coercel les 1 ¢) d
E4122 = bindb = €1 a in bind ¢ = storel() in bind d = store() in b (coercel lew; ¢) d
E41 2.3 = bind ¢ = store!() in bind d = store() in b (coercel lew 1 ¢) d

el = Ap1.ret \y.Apo.let!zq = y in release — = p; in release — = ps in bind a = store() in e;3 a
Ejp = ret \y.Apo.let!z1 = yin release — = () in release — = po in bind a = store() in €2 a
Ej11 = Ay.Ap2.let!z; = y in release — = () in release — = py in bind a = store() in e;2 a
Ej12 =let!zy = yin release — = () in release — = py in bind a = store() in e;2 a
E) 13 = release — = () in release — = () in bind a = store() in ej2 a[((C1) ())/z1]
Ejy = ret \y.Aps. let! x5 = y in release — = () in release — = py in bind a = store() in e;3 a[((C1) ())/z1]
Ej21 = Ay Apa.let! o = y in release — = () in release — = py in bind a = store() in e;3 a[((C1) ())/z1]
Ej 29 = release — = () in release — = () in bind a = store() in ;3 a[((C1) ())/z1][((C2) ())/z2]
_ Ei3 = ret\y.Apa.let!zz = y in release — = () in release — = py in binda = store() in ey a
[((C) O)/za][((C) ())/2]
Ej31 = Ay.Apo.let!xzz = y in release — = () in release — = py in binda = store() in ey a
[((C1) O)/z1][((C2) ())/2]
Dy,_32:

Ein—s.1 (coercel Y(Cn3) 1)) O 4™ Ein-21

D2
Ey1,1(coercell(C)!()() b — I Ei2q
Dq1:
Bn \° By
D22.3:
B3}~ Eiz:
D22.2:
ez O[((C1) O)/211[((C2) 0)/22] | Eus
D22.1Z

(coercel 1(C2) 1)) B!((C2) ()
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D92:

Dy2.1
Dy2.2 Dy2.3

Ey21[(coercel 1(Ca)) 1())/yl[()/p2] I Ein 22
Ej21 (coercel lep1 () ) U™ Eisza

Dgli
_— Dq1 D2
en () I En
En21 1% Ei2a
D32Z
Ej 31 (coercel 1(C3) 1()) () U™ Eian
Ds3l:
en2 ()l Enga D-1 D52
Eungzil Eisa
Dn_22:
E (n—2)1 (coercel 1(Cn2) 1)) () 4° Eyn_1)1
Dn,21:
D4 D52
ei1,30) I Ey3,1
D, _s2
eiin-3 () I B3 :
Enpn-o21|" En-21
Dn,122
Ejn—1.1(coercel!(Crn-1)!())() 10 Eina
Dn,11:
D, 51 D92
etin—2 () Exin-21 " "
Eipn-11| Eppn_11
D,2
——— - By inversion
t(Cn) O0)/2n] § = V' L
Ejna[(coercel (Cu)!())/zn][()/p2] V' L
Ej 1 (coercell(Cy)!()) () Ujl L
D,1
D, _1 D, _1\2
ettm—1 () I Erin-1,1 (n=1) (n=1)
Etl,n,l UJ El,n,l
D2:
U] Given s
v, U1 Vg ~ v
¢ - Sa aV b Definition 43
vp |7 v2 V1 RqV V2
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T1:

Claim, Lemma 49, Definition 43

L (coercel le,, 1() () | — 7o vy Va RaV Vb

Eo.4[L/B][1()/c] 7 vy
EQg[L/b] Uj“ Vp

TO:

D,1 D,2
etn ()l Eana " "

- E-bind
Et,n,l U] L

DO0.0:

_ T0 T1 D2
et,n () u Et,n,l

store() |° () Eo2 |7 vs
Eo1 | ve

vp |7 vo

E-bind

E-bind

E-release

Main derivation:

_ DO0.0
Eo() I v

Eo () I v Uj V2
(Az1...20t) (C1) ... (Cu)) Oz1...zp) (C1) ... (Cu) O U vp U7 vo
((t, p, (u, p)€)) () U o U o

Claim: Vs.coercel 'u[(C1) ()/z1]...[(Cu) ()/zn] () Rap coercel leun ()

Proof

From Definition 43 it suffices to prove

Vi < s.coercel [a[(C1) ()/z1]...[(Cn) ()/zn] 1) Ji 1 = coercelle,, () || va A v3 Séiav U2

This further means that given some i < s s.t coercel a[(C1)) ()/x1]...[(Cn) ()/xn] () §i v1
and we need to prove
coercel leyn 1) I va A v =gy v (CO)

Since we are given that coercel 1u[(C1) ()/z1]...[(Cpn) ()/zn] () | v

1
This means from Definition 31 we have v1 =l(@[(C1) ()/z1]...[(Cn) ()/zn] ()

Similarly again from Definition 31 we know that
v =!(eyn ()

In order to prove that 1(@[(C1) ()/z1]...[(Cn) ()/zn] () ~ar!(eun ()
from Definition 43 it suffices to prove that

@lica) O/ - [(€a) O/2a] ) F'a (€un 0)

Using Definition 43 it suffices to prove

__J ,

Vi < (s —i).@[(C1) (/1] [(Cad O/zn] O) Uy v) = (eun 0) bvh A v} = oy vh
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This means given some j < (s —14) s.t (@[(C1) ()/z1]...[(Ca) O/zn] ) I; v}
it suffices to prove th;it_

s—
(eun ) $ 5 A V)~ ay v

From the embedding of dIPCF into A-amor we know that v is a value of monadic type

Since we know that

Cun = AP.
release — = p in bind a = store() in bind b = €41, a in bind ¢ = store!() in bind d = store() in £, ,
where

By, = b (coercel ley, c) d
eutn = ((Az1...zp.u) (C1) ... (Ch-1))

eu2,n = Cp

eun () || vy from E-app where
vh = release — = () in binda = store() in bindb = ey1, a in binde = store!() in bindd =
store() in b (coercel leya, c) d

s

Now we need to prove that v} =~

aV U/Q
From Definition 43 it suffices to prove that

ok oo ok oy y s—i gl /
v v, = vl A, X vy

This means given v} ||F v/, it suffices to prove
ok oo y 5Tl /
vy vy Aw X av vy

vy = release — = () in binda = store() in bindb = ey1, a in binde = store!() in bindd =
store() in b (coercel leya,, ¢) d
Eyn1 = binda = store() in bindb = ey 5, @ in bind ¢ = store!() in bind d = store() in b (coercel leya, c) d
Eynai.1 =bindb = ey1, () in bind ¢ = storel() in bind d = store() in b (coercel ey c) d
Eyn12 = bind ¢ = storel() in bind d = store() in b (coercel leya, c) d

Cul,n = Ap.

release — = p in bind a = store() in bind b = ey1 ,—1 a in bind ¢ = store!() in bind d = store() in Ey; ,
E;l,n = b (coercel leya -1 ¢) d
Ey1n1 = release — = () in bind a = store() in bindb = €41 ,—1 @ in bind ¢ = store!() in bindd =

store() in b (coercel ley2n—1 ¢) d
Eyin2 = bindb = ey1 -1 () in bind ¢ = store!() in bind d = store() in b (coercel ley2,—1 ¢) d
Eyi1,n,3 = bind ¢ = store!() in bind d = store() in b (coercel ley2,—1 ¢) d
Eyin4 = bindd = store() in b (coercel leyz n—1 ¢) d

€ul,2 = AD.

release — = p in bind @ = store() in bindb = ¢;; a in bind ¢ = store!() in bind d = store() in E; ,
Ei1 9 = b (coercel leys ) d
Ey12,1 = release — = () in binda = store() in bindb = €;; a in bindc = store!() in bindd =

store() in b (coercel leyo 1 ¢) d
Ey1,22 = bindb = e;1 a in bind ¢ = store!() in bind d = store() in b (coercel le,a1 ¢) d
E\y1,2,3 = bind ¢ = store!() in bind d = store() in b (coercel leyz 1 ¢) d

el = Ap1.ret A\y.Apo. let!z1 = y in release — = py in release — = py in bind a = store() in ey 2 a
Ej = ret \y.Apa.let!zq = y in release — = () in release — = py in bind a = store() in ey 2 a
Ej11 = Ay.Aps.let!zy = yin release — = () in release — = py in bind a = store() in ey 2 a
Ej12 = let!zy = yin release — = () in release — = py in bind a = store() in ey2 a
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Ej 13 = release — = () in release — = () in bind a = store() in ey 2 a[((C1) ())/z1]

Ejp = ret \y.Apa. let! 25 = y in release — = () in release — = py in bind a = store() in eyr3 a[((C1) ())/21]
Ej21 = A\y.Ap2.let!xo = y in release — = () in release — = py in bind a = store() in ey 3 a[((C1) O))/z1]
Ej 22 = (release — = () in release — = () in bind a = store() in 73 a) Sa
E;3 = (retA\y.Apa.let!lzs = y in release — = () in release — = po in binda = store() in

ey a) So
Ej31 = (Ay.Apa.let!zg = y in release — = () in release — = py in bind a = store() in ey 4 a) So
Sz = [((c1) ())/xﬂ[((] 2) ())/2]
Ejni = (7)\p2 let!x,, =y in release — = () in release — = py in bind a = store() in ey, a) Sp—1
Sn—1 = [((C1) ())/z1] ... [((Cn=1) ())/2n-1]
D, 32

Ej (n—3).1 (coercel 1(Cns) 1)) () 1° By (n—2)1

D2
Ep11(coercell(C)!())() I — I B2,
Dq1
En |’ Eiqa
D22.3§
Ei3 1% Eisq
D92.2:
eis ()[((C1) 0)/z][((C2D ())/22] | Eis

D22.1:

(coercel 1(Ca) 1()) I1((C2) ()
D221

D521

Dy2.2 D52.3
Eyp1((coercel 1(Ca) '0))/y1[()/p2] | Enn e
Eia1 (coercel leya1 () () 4° Eisy

DQI:

7611 () I En D41 D42

Eui2q1 1’ B
D32:
Ey31 (coercel 1(C3) 1)) () 1° Epan

D3l

eur2 () | Eui21 Do1 D»2
Euz1l B3
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D,,_52:

El,(an),l (coercel (Cp—2) 1()) () U E, J(n—1),1

Dn_glt
D31 D32
eu1,3() | Eui31
D, 52
eutn—3 () | Euin—31 :
Euin-21 1" Eln_21
D, _12:
Ejn—1.1(coercell(Crn-1)!())() 10 Ejna
Dn_lli
Dn—21 Dn—22
eutn—2 () | Euin—21
Eutn-11 1" Eino11
D,2
e % Given
al!((C1) O)/z1]. . ['((CaD O)/zn] I v1 4% v
Eyna[(coercell(Ca)!())/zal[()/p2] U v Uk Vg
Ej n1(coercell(Cy)!()) () Uk v
D,1

D¢, 1l D12
€ul,n—1 () U Eul,n—l,l (n—1) (n—1)

0
Eul,n,l U El,n,l

Main derivation:

Dyp1 Dy2

Cul,n () | Eul,n,l
Eu,n,l Uk 'U;

vy I

E-bind

E-release

s—i—j—l1
From Lemma 48 we get v, & .y v

Lemma 51 (Lemma for appl: non-empty stack). Vi, u, p, 0, v, ve1, vy, ve2, vo1, 7,5, 5"
(t u,p,€) and (t, p, (u, p).€) are well-typed
(tu,p,0) and (t,p, (u,p).0) are well-typed
(tu,p,€) = (t,p, (u,p).€) A (tu,p,0) = (& p,(u,p).0) A
(Cuapec) (b ety W v 10p, (o 0D 0 bl B vz # Vs Rar vz
((tu,p,0)) () 4 vhy 1" v

S
-/

F0lg, vo2, 3" ((t, py (4, 0).0)) ) I vy 17" w2 A (5 —§7) = (" — §™) A Vs.vp Rav Vg2
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Proof. We prove this by induction on 6

1. Case 0 = ¢:

Directly from given

2. Case 8 =C'.0":
Let ¢ =¢C,...C. and ¢ =C}...C,_,

n

Given:

(t u,p,C".0") and (¢, p, (u, p).C".0") are well-typed A

(t0,0,C0) = (£, (0, 0).C8) A [T, TN () b hy 4" v
We need to prove that

/ -/
3”927 Vp2,] -

1, (1w, 0).C00) () b vy 7" w02 A (= ') = (7" = 5") A Vs.vp1 ~av vp2 (ET-0)

From TH we know

(t u,p,C".0") and (¢, p, (u, p).C".0") are well-typed A

(1, 0%) = (6, (0, 0)-C07) A T G () b gy W vors = 70ty v
((t. p, (u, p).C0") () U Voo V7T ve2 A (—3") = (1 —31) A Vs.ven1 RV V22 (ET-IH)

From Definition 39 and Definition 40 we know that
((t u, p,C".0")) = (((t w, p) (C')--. (Cr—1) (Cu))) (ET-1)

Since (t u, p,C’.0") is well typed therefore we know that

((t w, p, C".0")) = (((t w, p) (C') - - - (Coa) (Cad)) =

Ap.release — = p in bind a = store() in bind b = €41 a in bind ¢ = store!() in bind d = store() in E,.

where
E. = b (coercel ley ) d

e = ((( w,p) (C - - (Ca-1))D
€ty = (]Cnl) (ET—I.l)

From Krivine reduction (app rule) we also know that (¢ u, p,C".0") — (¢, p, (u, p).C".6")

Also since we know that ((twu,p,C".0")) () | vy 19" gy therefore we also know that
Elji/,’l)i,’l)l.th () U’ U1 Uh Ui

Also since we know that
(t u,p,C".0") and (¢, p, (u, p).C".0") are well-typed
therefore from Lemma 56 we also know that

(t u,p,C".0") and (¢, p, (u, p).C".0") are well-typed
Therefore from (ET-IH) we have
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‘l//)

Hji”avémavﬁl (t, p, (u,p).C".0M) () I UéQQ Uji” vese A (5 —7") = (47 — 41

N VS.’U@H éaV V22 (ET—Q)

From (ET-0) and Definition 39, Definition 40 it suffices to prove that

357", Vg v 0 P (s ) 1O - (Caad (Cal)] ) by 7 wn A (=) = (" = ") A
VS.Ugl éav Vg2 (ET—3)

Since (¢, p, (u, p).C".0") is well typed therefore we know that

(CG, 2D 4Cu, p)) (CD - (Cra) (Cab)) =

Ap.release — = p in bind a = store() in bind b’ = €}; a in bind ¢ = store!() in bind d = store() in E.

where

1= (0 2D QCu 2D (C) -+ (Cra)))

-1

From (ET-2) we know that ej;() | vjyy 71 vg22
and we need to prove that vggy (coercel lehy ¢) d || vy 17" 91" vgo (ET-p)

Since we are given that ((t u,p,C".6")) () | v, 7" vey this means from (ET-1.1) we have
Ap.release — = p in bind a = store() in bindb = e;1 @ in bind ¢ = store!() in bind d = store() in E.
) Ué1 Uj” Vo1

where

E. = b (coercel ley ) d

Also since we are given that ((t u, p,C".0")) () | vh, 177 vg; this means we have

=1
en () UUQH 1 vgny

This means vg11 (coercel lew ¢) d | — |Y vgy for some y s.t y + ji = 7"

Since Vs.vg11 éaV vgao and e = €}o = (Cy)) therefore from Definition 43 we get Vs.vgy éaV
vgo. Also from Definition 43 we have

9/ 9/ N/ /A
J —n=J —h =
N/

j” _j/” — ji/ _]1 —
j" — " = j — j' (From ET-TH)

Lemma 52 (Cost and size lemma). Veg, Dy, Fs.
(es,€,€) 5 Dy — Es A
Dy, is well-typed A
E; is well-typed A
e = (Ds) A er () | vg 7 01
—
3e,. e = (Es) A ey ) bop 7 va A Vs, vy Rop Vo A
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L. j/ =J A |Ds‘ > ’Es‘ or
2 7 =j—1 A B <Dyl + les]
Proof. We case analyze on the Dy — F; reduction

1. Appl:
Given D; = (t u, p,0) and Es = (t, p, (u, p).0)
Let D,s = (t u, p,€) and Eé = (t, p, (u, p)-€)

Since we are given that D is well-typed and FEy is well-typed therefore from Lemma 53
we also have

D’ is well-typed and E is well-typed

Also since we know that e; () || v, |7 v1 therefore from Lemma 54 we also know that

Fje-(DID () I v I vg

From Lemma 50 we know that Jv,. (EZ) () | vl ¢ ve s.t V.04 Rqy e

And finally from Lemma 51 we know that (E) () | vy ||/ v2 s.t Vs.v; éaV Vg

|Ds| > |Es| holds directly from the Definition of | — |

2. App2:
Given: (Az.t,p,c.0) — (t,c.p,0)
We induct on 6

(a) Case 0 = e:
Since we are given that Ds i.e (Ax.t, p, c.€) is well typed
Therefore from Theorem 42 ((Ax.t, p, c.€)]) is well-typed
From Definition 40 (((Az.t, p) (c)), ., €)) is well-typed
Again from Definition 40 (Az.t, p) (c) is well-typed
From Definition 39 we have
(Azq...xpAxt) (Ci)) ... (Cp) (c))) is well-typed

Therefore from Theorem 22 we know that

(Ds) =

((Ax1...zpAxt) (C1) ... (Cu) (C)) =

Ap.release — = p in bind a = store() in bind b = €41 a in bind ¢ = store!() in bind d = store() in E,.

where

E. = b (coercel ley ¢) d

ern = (Az1...zpAzt) (C1) ... (Cn))
e = (C) (S-A0)

Since we are given that (D) () | v |7 v1
therefore from the evaluation rules we know that

UCHO/2ICDO /2] - [(CDO/za] b = Vo1 (S-A0.1)
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Similarly since we are given that Fy i.e (¢, c.p,€) is well-typed

Therefore from Theorem 42 ((¢, c.p, €)) is well-typed

From Definition 40 (¢, c.p) is well-typed

From Definition 39 we have ((Az,x1...x,.t) (C) (C1) ... (Cn)) is well-typed

Therefore from Theorem 22 we know that

(B =

(Az zy...zpn.t) (C) (Ci) ... (Cn)) =

Ap.release — = p in bind a = store() in bind b = €41 a in bind ¢ = store!() in bind d = store() in E,.
where

E. = b (coercel ley ) d

enn = ((Ax x1...2p.t) (C),(C1) ... (Cn-1))

€tg = (]Cn[) (S-Al)

From (SA-0.1) we know that

@()U—Ujm

And finally from Theorem 47 we have Vs.vq éaV U1
Case 0 = C'.0":
Let #/ = Cg, ...Cg, and p=C,, ...C,

n

Since we are given that D i.e (\z.t, p,C.C".¢") is well typed

Therefore from Theorem 42 we know that ((Az.t, p,C.C".0")) is well-typed
From Definition 40 we also have (((A\z.t, p) (C),.,C".0")) is well-typed
which further means that (((Az.t, p) (C) (C'),.,0")) is well-typed

which further means that ((Az.t, p) (C) (C') (Co,) - - (Co,)) is well-typed

which further means that (Azi...zp.Ax.t) (Cp)...(Cp.) (C) (C) (Co,)--.(Co,.) is
well-typed

From Theorem 22 we have

(D) = (A1 ...zpAzt) (Cp)) ... (Cp.) (C) (C') (Coy)---(Co,) =

Ap.release — = p in bind a = store() in bind b = €41 a in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel ley ) d

(
(Az1...xnAz.t) (Cp) ... (Cp.) (C) (C') (Co,)---(Co,_.)
ey = (]Cgm[) (S—A?)

Since we are given that (D) () | vg |/ v1
therefore from the evaluation rules we know that

e’ 1M LC) O /][(CD O /2] - - [(Ca) /21 § — I A'zy .. 2.

s.t

X'y € @WC)0/2][(Co ) 0 /21] - - [(Co, ) )/2m] I — 172 v
and j1 + jo =J (S-A2.1)

Similarly since we are given that Fy i.e (¢,C.p,C".6) is well typed
Therefore from Theorem 42 we know that ((¢,C.p,C’.0")) is well-typed
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From Definition 40 we also have (((¢t,C.p) (C'),.,0")) is well-typed
which further means that (((¢,C.p) (] ') (Cq,) - .- (Co,,))) is well-typed

which further means that (Az, z1 ... 2,.t)(C) (Cp,) .. (Cp.) (C) (Co,) - - (Co,,) is well-
typed

From Theorem 22 we have

(Es) = Az, z1...2n.8)(C) (Cpy) - - (Cpn) (C) (Coy)---(Co,) =
Ap.release — = p in bind a = store() in bindb = e;1 @ in bind ¢ = store!() in bind d = store() in E.

where
E. = b (coercel ley ) d
en = Az, x1. . xn)(C) (Cp) - (Cp) (€D (Cor) - - (Cops)

er2 = (Ca,,) (S—A3)

From (S-A2.1) it is clear that
(B OV =¥ n

And finally from Theorem 47 we have Vs.vq éaV U1

|Dg| > |Es| holds directly from the Definition of | — |
. Fix:

Given: (fixx.t,p,0) — (t, (fixx.t, p).p, 0)

Let D, = (fixx.t, p,€) and E., = (¢, (fixz.t, p).p, €)

Since we are given that Dy and E, are well-typed therefore from Lemma 53 we know that
D’ and E’ are well-typed too.

Also since we know that e; () || v, |/ v1 therefore from Lemma 54 we also know that
e (DL I — 17 ve
From Lemma 57 we know that (E.) () | v% |7 ve

And then from Lemma 55 we know that (Es)) || vy ||/ v s.t Vs.v; éaV V9

|Dg| > |Es| holds directly from the Definition of | — |

. Var:
Given: Dy = (z, (to,po) - - (tzypz) .- (tn, pn),0) and Eg = (tz, pz, 0)
Let D, = (x, (to, po) - - - (tzy, pz) - - - (tny pn), €) and EL = (tz, pz,€)

Since we are given that Dy and E, are well-typed therefore from Lemma 53 we know that
D’ and E’ are well-typed too.

Also since we know that e; () || — ||/ v1 therefore from Lemma 54 we also know that
e (DL) | — 7 v,
From Lemma 59 we know that (E%) | — |7~ v,
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And then from Lemma 58 we know that (Es) | — 77! vg s.t Vs.01 %av Vg

|Es| < |Ds| + |es| holds directly from the Definition of | — | and from Lemma 4.2 in [3]

O
Lemma 53 (e typing). VO, A, I e, p, 6.
@7A = (€7P79) e = 67A = (evp76> L
Proof. Main derivation:
Given
@SAl—I(eap>9):T . .
By inversion
;A s (ep):o ;A g€ (0,0)
O;A (e, pye):o
O

Lemma 54 (e reduction). Ve, p, 6.
(e,p, 9) is well typed A (](e,p, G)D () U - U_ - = (](6,/), 6)[) () U - u_ -

Proof. Since (e, p,0) is well typed therefore from Lemma 53 we also know that
(e, p,€) is well typed

From Theorem 42 we know that ((e, p, €)) is also well typed
From Definition 40 we know that ((e, p,€)) = ((e, p))

Let0=C1...Cn

Similarly from Definition 40 we also know that
(](6,,0, 9)[) = (](6 p;C1. Cn)D -

[{e. o) C1), [1,Cs ... Co)) =

(((e; pb (Ca) - - - (Cu, [],€)) =

(((e, pD (C1) - - (Cad))

From Theorem 22 we know that

((e; p,0)) =

(((e; pb (Ca) - - (CuD)) =

Ap.release — = p in bind a = store() in bind b = €41 a in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel ley ) d

ern = (((e, p) (Ca) - - (Cra))D

ew=(C)  (EO)

Since (((e, p) (C1)--.(Ca))) I — I~ —, therefore we also know that ((e,p)) | — |~ —

Lemma 55 (Lemma for fix : non-empty stack). V¢, p,0, 5,7, 7", Ve1, ve2, vo1-
(fixz.t, p,€) and (¢, (fixz.t, p).p, €) are well-typed
fixx.t, p,0) and (¢, (fixz.t, p).p, 0) are well-typed

(
((fixz.t, p,e)) () I — ijvd A (Fixzt, p)p, ) O 1 — U7 ver A Vs.va Ry v A
((fixz.t, p,0)) () 4 = 47" vor A

—
Juge, 5. ((t, (fixz.t, p).p,0)) () | — ij vg2 A Vs.vp1 éav vge A (J—3") = (" —3")
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Proof. We prove this by induction on 6

1. Case 6 = e:
Directly from given
2. Case 0 =C'.0"
Let ' =C}...C/,and 0" =C}...C/,_,
Given:
(fixz.t, p,C".¢") and (¢, (fixz.t, p).p,C".0") are well-typed A
((fixar.t, p, €-07) () b = 17" v
We need to prove that
(¢, (fixz.t, p).p, C00) () b = 17" vo2 A Vsvgr Rav ve2 A (5 —3) = (" — 5" (ET-0)

From IH we know
(fixx.t, p,C".0") and (¢, (fixz.t, p).p,C".0") are well-typed,
(ﬁXI.t,p, C/'G//)D () U - U]il Vg11 =

(
((t, (Fixat, p).p,C0M) O I — U7 vgaa A Vs.vpr1 ~ay veaz A (j — j') = (1 = 31)
(ET-IH)

From Definition 39 and Definition 40 we know that
((fixx.t, p,C".0")) = (fixz.t,p) (C)... (Crn-1) (Cn) (ET-1)

Since (fixz.t, p,C’'.0") is well typed therefore we know that

((fixz.t, p,C".0")) = (fixz.t,p) (C')... (Cno1) (Cn) =
Ap.release — = p in bind a = store() in bindb = e;1 @ in bind ¢ = store!() in bind d = store() in E.

where

E. = b (coercel ley ) d

e = (fixx.t, p) (C')... (Cn-1)
e = (Ca)  (ET-1.1)

Since we know that ((fixz.t, p, C".0") () | — |17" vg; therefore we also know that

357, vhen() I — 177 very

Also since we know that
(fixx.t, p,C".0") and (¢, (fixx.t, p).p,C".0") are well-typed
therefore from Lemma 56 we also know that

(fixz.t, p,C".0") and (¢, (fixx.t, p).p,C".0") are well-typed

Therefore from (ET-IH) we have

N/ N/

Jvgaz, 1. ((t, (fixa.t, p).p, COM) | — V7 vgag A V50911 Nav vaza A (5 —5') = (1 — 51
(ET-2)
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From Definition 39 we know that
((t, (fixx.t, p).p,C".0") = ((t, (fixx.t,p).p) (C')... (Cn=1) (Cn))

Since (t, (fixx.t, p).p,C".0") is well typed therefore we know that
((t, (fixx.t, p).p,C".0")) =

(. (Fxat, p) ) (€D ) (Ca)) =
Ap.release — = p in bind a = store() in bind b’ = €}, a in bind ¢ = store!() in bind d = store() in E.

where

E. =V (coercel lej, c) d
en = ((t, (fixa.t, p).p) (C) - (Cn-1) (Cn-1))

1

Since from (ET-2) we know that ((¢, (fixx.t, p).p,C".0")) | — |71 vgao

Therefore it suffices to prove that

vpaz (coercel lejy ¢) d | — 19" =97 vy and Vs.vg R,y Voo (ET-p)

Since we are given that ((fixz.t, p,C’.0")) this means from (ET-1.1) we have

Ap.release — = p in bind a = store() in bindb = e;1 a in bind ¢ = store!() in bind d = store() in E. |
- Uj” vo1

where

E. = b (coercel ley ) d

This means

1) en () b — 497 vgry and
2) This means vg11 (coercel lew ¢) d || — ||Y vgy for some y s.t y + j7 = 5"

Since from (ET-2) we know that Vs.vg1y R,y Vgoy and since ep = ey = (Cy) therefore
from Definition 43 and Lemma 49 we have
vgag (coercel lef, ¢) d || — 19" =91 vpy and Vs.vgy R,y V92

This means

g
J—n=J3 —n =
-

,j// _j/// — ]1/ _ ,]1 —
j" = 3" =j— 7 (From IH)

Lemma 56. VC, 6.
0.C is well-typed = 0 is well-typed

Proof. Proof by induction on 6
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1. Base case 0 = ¢:

Directly from the typing rule for €
2. Case 0 =C'.0

This means we have C'.0’.C is well-typed. This means from the stack typing rule for closure
we know that 6'.C is well-typed.

From IH we know that 6’ is well-typed.
Since C’ is well tped and 0’ is well-typed therefore C".6" is well-typed.

Lemma 57 (Lemma for fix : empty stack). Vi, p, 6.
((fixx.t, p, €)) is well-typed A
((t, (fixx.t, p).p, €)) is well-typed A
((fixz-t, p, ) O 4 = I v =
((t, (Fixz.t, p)p, O)O) I — 1 va A Vs.v1 Rqy vo

Proof. Let p = (Cy,...,Cp)
Since we know that ((fixz.t, (C1,...,Cpn),€)) is well-typed and
((fixx.t, (C1,...,Cpn)y€)) = (Axy...zp.fixz.t) (C1) ... (Cn))
Therefore from Theorem 22 we know that
((fixz.t, (C1,...,Cpn)y€)) =
((Azq...xpfixz.t) (C1) ... (Cn)) =
Ap.release — = p in bind a = store() in bindb = e;1 @ in bind ¢ = store!() in bind d = store() in E.
where
E. = b (coercel ley ¢) d
€1 = (()\xl .. .xn.fixx.t) (]C1D c. QCn_ll))
en=(C)  (F1)

Since we know that

((Az1... 20 fixxt) (C1) ... (Cn)) O 4 — I vy
Therefore from E-release, E-store, E-bind, E-subExpE and E-app we know that

tffixz 2[(C1) ) /1] - [(Ca) O/zn) (/2] U = W o1 (F2)

Similarly since we know that ((¢, (fixz.t, (C1,...,Cp)).(C1,...,Cpn), €)) is well-typed and

((¢, (fixz.t,(C1,...,Cpn)).(C1,...,Cpn),€)) = (A\x, 1 ... 2p.t) (fixx.t, (C1,...,Cpn)) (Ci) ... (Cn))
Therefore from Theorem 22 we know that

((¢, (fixz.t,(C1,...,Cpn)).(C1,...,Cpn),€)) =

(Ax, 21 ... 2p.t) (fixe.t, (C1,...,Cp)) (Ci ... (Cn)) =

Ap.release — = p in bind a = store() in bindb = €}, a in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel lej, ¢) d

ey = (A, 21 ... xp.t) (fixe.t, (C1,...,Cpn)) (Ci) ... (Crno1))

ey = (C)  (P3)

We need to prove that ‘
(Azyzy .. .zp.t) (fixz.t, p) (Ci) ... (Cn)) U — 7 vo

This means it suffices to prove that

tlfixa[(C1)()/x1] .- [(Ca) O /2n] (/2] § — I v2
We get this directly from (F2) and Lemma 48 O
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Lemma 58 (Lemma for var : non-empty stack). V¢, p,0,, 7', 7", ve1, ve2, vo1.
(z, (to, po) - - (tzy pz) - - - (tn, pn), €) and (t., py, €) are well-typed
(x, (to, po) - - - (twy pz) - - (tn, pn), 0) and (¢, (fixz.t, p).p,0) are well-typed
(](ﬁa (to, 100) s (txvpm) s (tn,Pn), G)D () | =1 va A (](tx’pla €)D () | - UJI Vel N
V5.0 Ray Vea A

(](:Ea (th pO) Tt (txapm) cee (tnapn)7 9)[) () U - Uj” Vo1 A

N/ n __ 'l//)

Fvp2, 7" ((tes ps 0)) () U — V7" von A Vs.vg1 Ry ve2 A (G —5') = (5" — j

Proof. We prove this by induction on 6

1. Case § = e:
Directly from given
2. Case 0 =C'.¢"
Let ' =C}...C/,and 0" =C}...C/,_,
Given:
(x, (to, po) - - - (tzy pz) - - - (tny pn),C.0") and (¢, pz,C'.0") are well-typed A

((, (t0, p0) - - (t, ) - (n, ), €-0)) () b = 17" vpn
We need to prove that

((t, 92 €00 () 4 = 17" voa A Vs.vp1 Rav ve2 A (5 —5') = (7" — §") (ET-0)

From IH we know

(z, (to, po) - - - (tz, pz) - - - (tny pn), C.0") and (¢, pz, C'.0") are well-typed,

0, (0rp0) (s pa) -~ o ) GO ) b — 1 gy =

((tar P, €07 () b — U7 w2 A Ysvgr1 ~av vo22 A (5 —5') = (1 — 51") (ET-TH)

From Definition 39 and Definition 40 we know that

((z, (to: po) - - - (tas pz) - - (tns ), C0)) = (2, (t0: o) - - - (ta, pz) - - - (tns p)) (€] - .. (Cr—1) (Cn)
(ET-1)

Since (x, (to, po) - - - (tz, pz) - - - (tn, pn), C'.0") is well typed therefore we know that

(@, (t0: P0) -~ (b pa) - (s ) C-0) = @ (F0s p0) - (b Pa) - s ) (€ - (Cot) (Co)

Ap.release — = p in bind a = store() in bindb = e;1 @ in bind ¢ = store!() in bind d = store() in E.
where

E. =b (coercel ley ¢) d

en = (z, (to, po) - - (tzy pz) -« (tny pn)) (C) - .. (Cr—1)

e = (Cy) (ET-1.1)

Since we know that ((z, (fo, po) - - - (tz, pz) - - - (tn> pn), C.0)) () | — 7" w1 therefore we
also know that
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357, vlen() | — U7 o)

Also since we know that
(z, (to, po) - - - (twy pz) - - (tn, pn), C.0") and (¢, (fixx.t, p).p,C".0") are well-typed
therefore from Lemma 56 we also know that

(z, (to, po) - - - (tz, pz) - - - (tny pn),C.0") and (t,, ps, C'.0") are well-typed

Therefore from (ET-IH) we have

Fvgaa, 7. ((tz, pa, C-0M) I — U7 vgon A Vs.vg11 Rav veoz A (G —5) = (7 — 51)

(ET-2)

From Definition 39 we know that
((tz, pz, C.0")) = ((tz, pz) (C) ... (Cr1) (Cn))

Since (ty, pz,C'.0') is well typed therefore we know that
((tz, pa, C.0")) =
((tz, pa) (CD- .- (Cr—1) (Ca) =

Ap.release — = p in bind a = store() in bind b’ = €}, a in bind ¢ = store!() in bind d = store() in E.

where

E. =V (coercel lejy c) d

1= ({ta, pa) (') - .. (Cp—1] (Cr—1))
Cn)

/
€t
/
€t

Il
P

2

-1

Since from (ET-2) we know that ((tz, pz, C.0")) | — {7 vgao

Therefore it suffices to prove that

vgaa (coercel lej, ¢) d || — 19" 91" vpy and Vs.vp Ry Voo (ET-p)

Since we are given that ((z, (to, po) ... (te; pz) - - - (tn, pn), C-0)) || — 17" gy this means
from (ET-1.1) we have

Ap.release — = p in bind a = store() in bindb = ;1 a in bind ¢ = storel() in bind d = store() in E |
— 7 v
where

E. = b (coercel lew ) d

This means

1) (](.T, (t()v pO) s (toca pa:) ce (tna pn)a C/-Hﬂ)[) () | - Ujll’ vg11 and
2) This means vg11 (coercel lew ¢) d || — ||Y vy for some y s.t y + j7 = 5"

Since from (ET-2) we have Vs.vg11 Rov veze A and since e = ey = (Cy) therefore from
Definition 43 and Lemma 49 we have
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=1 ez S
vpaa (coercel lejy ¢) d | — |7 771 vpy and Vs.vgy ~qv vg2

This means

374 /A /.

J —nh= 7" —31 =
/73

J'”*j —]1*]1 =
j"—3" =7 —4" (From IH)

Lemma 59 (Lemma for var : empty stack). V¢, p, 6.
©; A;. - (=, (to, po) - -( m7px)---(tn,pn)76)l) P A
CIVARY G(tz,px, €)) : ,
(](xa (to,po) s I7p$> ( 7’L7pn )D () U - UJ v =
((tz, pzr€)) O — Vtw

Proof. From Definition 40 we also have
(](x, (t07 pO)? s (tﬂca px)? s (tnvpn)v E)D
= (z, (to, po), - - - (ta, pz), - - (tns pu))
= (Az1...x...xn.x) ((to, po)) - - ((tn, pn))

Similarly from Definition 40 we also have

(](txapame)[) = (](txapr)l) (S'Vl)

Therefore from Theorem 22 we know that

1, (1, 20~ (s ) s (s ), ) =
(Azy.oxzooxzpx) (B, 01)) - - ((By p2)) - -+ ((Bns pn)) =

Ap.release — = p in bind a = store() in bind b = e;41 5, @ in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel lewy c) d

ern = ((Azr...z...xpx) (L, 00)) -y p2)) - - (=1, Pr—1)))

€t2n = q(tmpn)l) (V4)

Simialrly

Ctin =

Ap.release — = p in bind a = store() in bindb = €41 ,—1 @ in bind ¢ = store!() in bind d = store() in E.
where

E. = b (coercel ey n—1 ¢) d

etin—1=((Az1...z...xn.z) ((t1,p1)) .- - ((tz, p2)) - - - ((En—2, pn—2)))

e2n—-1 = ((tn=1, pn—1))

In the same way we have

€t1,1 =

Ap.release — = p in bind a = store() in bindb = €411 @ in bind ¢ = store!() in bind d = store() in E,
where

E. = b (coercel lew; ¢) d

eng = Azi...x...2p.7)

er1 = ((t1, p1))

Similalry we also get
€t1,1 =
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Ap1.ret \y. Aps.let!z = y in release — = p; in release — = py in bind a = store() in el a
where
e1 = ((Azg...z...2p.2))

and

€ln =

Ap1.ret \y.Apa. let!z = y in release — = py in release — = py in bind a = store() in e, a
where

e n =T = A\p.release — = pinbind— = 1linz

)

Since we know that

((Az1..zapa) ((to, po)) - -+ (s pn))) O 4 — 10
this means from E-release, E-bind, E-store, E-app that

(bind — = 1Y in ((tz, p2)) 0) § = ¥ v '
Therefore from E-bind, E-step and E-app we know that ((t;,pz)) () | — ("1 v O

Theorem 60 (Rederiving dIPCF’s soundness). Vt, I, 7, p.
1 (t7676) T A (t767€) - (’U,p,E) = n< ‘t‘ * (I+ 1)

Proof. Let us rename t to t; and v to t,.1 then we know that
(tlv € E) - (tQa P2, 92) s (tTH Pr; 9“) - (thrl? P E)

Since we are given that (¢,¢,¢€) is well-typed therefore from dIPCF’s subject reduction we
know that (t2, p2,02) to (tn, pn,0n) and (t,41, p, €) are all well-typed.

From Theorem 63 we know that Y1 < i < n.((t;, pi, 6;)) — —
Also from Theorem 42 we know that V1 < i < n.((¢;, ps, 6;)) is well typed

So now we can apply Theorem 36 and from Definition 34 to get
Vi<i<n+ 13]1(](t17pla‘91)l) () U - Uji -

Next we apply Theorem 52 for every step of the reduction starting from (¢1,¢€,€) and we
know that either the cost reduces by 1 and the size increases by |t| or cost remains the same
and the size reduces.

Thus we know that size can vary from ¢ to 1 and cost can vary from j; to 0. Therefore, the
number of reduction steps are bounded by [¢] = (j1 + 1)
From Theorem 20 we know that j; < I therefore we have n < [t| = (I + 1) O

1.5.4 Cross-language model: Krivine to dIPCF
Definition 61 (Cross language logical realtion: Krivine to dIPCF).

(Vk, P, €) ~p Vg = Vg = Vg p
(ek, p,0) ~e €q = Yoy, p.(ex, p,0) > (Vg p/,€) = Jvgeq = va A (Vg p',€) ~u Va

Lemma 62. Ve, p,0,¢€),p0, 6.
(e, p,0) > (e}, 0/, 0") = Felp.((er, p,0)) > €y A ey = ((e}, 0/, 0"))
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Proof. Given: (ey, p,0) > (e, 0, 0")
To prove: 3e¢/,.((ex, p,0)) = €/, A ey = ((e}, p,0"))
Lets assume it takes n steps for (e, p,0) = (e}, p',0)

We induct on n
Base case (n = 1)

1. Appl:
In this case we are given (t u, p,0) — (¢, p, (u, p).0)
Let p=C,, ...C,, and 0 = Cy, ...Cy

m

From Definition 40 we know that
(](eka P, 9>D =
()\xl R F 1 u)(]Cm[) R (]Cpn[) (]C91D - (]Cng

From dIPCF’s app rule we know that

(A21...2n.t u)Cp, ...Cp, Co, ...Co, —>

t1(CpiD /1] - - [(Con) /n] wl(Cpi) /1] - - [(Cpn) /2n] (Car) - - - (Coy)

We choose €/, as t[(Cp,)/z1] .. [(Cpn)/zn] u[(Cpi)/x1]- .- [(Cp,)/xn] (Co,) - (Co,) and we
get thedesired from Definition 40

2. App2:
In this case we are given (Ax.t, p,C.0) — (t,C.p,0)
Let p=C,, ...C,, and 0 = Cy, ...Cy

m

From Definition 40 we know that

(A\x.t, p,C.0)) =

(Azq1...zn.A2.t)(Cp) ... (Cp.) (C) (Co,) - - (Co,,)
From dIPCF’s app rule we know that

(Az1 ... 2nA2)(Cpy) - - - (Cp) (C) (Coy) - (Cop) =
t[(Cp,D/z1] - - - [(Cp.D/zn][(C)/x] Co, - - . Co,

We choose € as t[(Cp,)/z1] ... [(Cp,)/zn][(C)/x] Cy, ...Cy,, and we get the desired from
Definition 40

3. Var:
In this case we are given (z, (to, po) - - - (tn, pn), 0) = (tz, Pz, 0)
Let 0 = Cog, ---Cp

m

From Definition 40 we know that

((z, (to, po) - - - (tn, pn), B)) =
(Az1... 20 A2)(Cp) .. (Cp) (Coy) - - (Co,)

From dIPCF’s app rule we know that
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(Az1 .. zn.2)((to, po)) - - - ((tns pn)) (Coy) ---(Co,,) —
(](t:ra pac)D 091 s CGm

Let p; = C4, ...Cy, therefore from Definition 40 we know that

((tz: p2)) Co, - - - Co,, =
ATy o Tgy by (Coy) ... (Cap) Coy, - - Coy,
Therefore from dIPCF’s app rule we know that
((tzs p2)) Coy - --Co,, — tz[(Cay)/x1] - [(Cap)/xx] Coy - - Co,
We choose € as t3[(Cq.])/21] - - - [(Cz,)/xk] Co, - - - Co,, and we get the desired from Defini-
tion 40
4. Fix:
In this case we are given (fixz.t, p,0) — (¢, (fixx.t, p).p, 6)
Let p=C,, ...C,, and 0 = Cy, ...Cy

From Definition 40 we know that

((fixz.t, p, 0)) =

(Azq ... xn fixe.t)(Cp) ... (Cp.) ((fixx.t,p)) (Co,)---(Co,)
From dIPCF’s app and fix rule we know that

(Az1 ... 2y fixz.t)(Cp,) - - - (Cp) (C) (Coy) - - (Co,) =
fixz.t[(Cp ) /1] . .. [(Cp,)/zn][((fixx.t, p))/x] Cq, ...Co,, —
LG o] - [(Cp,) ] (Fixe p)) ] Cay - Co,

We choose €; as t [(Cp,)/z1] ... [(Cp.)/zn][((fixz.t, p))/z] Co, .. .Cy,, and we get the desired
from Definition 40

Inductive case

We get this directly from IH and the base case

Theorem 63 (Fundamental theorem). Ve, p,0. (e, p,8) ~c ((er, p,8))

Proof. From Definition 61 it suffices to prove that
Yog, o (er, p, 0) = (vg, p/r€) = Fvgeq = vg A (U, P, €) ~v Vg
This means athat given some vy, o s.t (eg, p,0) = (vg, o, €) it suffices to prove that
Jvg.eq = vg A (Vk, 05 €) ~u Vg
From Lemma 62 we know that
Jey.((ex, p,0)) = €} A €y = ((vk, 0, €))
Let p/ = Cy...C, therefore from Definition 40 we know that
((vg, Py €)) = (A1 ... 2vE) (C1) - - - (Cn)
Therefore from dIPCF’s app rule we know that
((or, o5 ) = wg[(Ca) /2] - . [(Ca /]

We choose vgq as vg[(C1))/z1] - .- [(Cnl)/zn] and we get the desired from Definition 61
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2 Development for univariate RAML’s embedding

2.1 Syntax

Expressions

Values

Index
Sort
Kind
Types

Constraints

Lin. context

for term variables
Unres. context

for term variables
Unres. context

for index variables
Unres. context

for type variables

<

= NCQN

o

vleres| (e e) | letlz,y) =erines |
{e,e) | fst(e) | snd(e) | inl(e) | inr(e) | case e of e;e |
let!lx =ejinex |eele|]|emxe
x| ()] c|Axe| vp,ve) | (v,v) |inl(e) | inr(e) | le | nil |
Ae| rete| bindz =ejines | 11 | releasex = ey in ey | storee
(No value forms for [I] )
i |N|R|I+T|1—I|S,_;I|Ni:S.I|II
N|R*| S-S
Type | S—>K
1|b|m—omnm|n®n|n&n|n®@nrn|!7| [Il7r|MIT|L T
a|Va:K 7| Vi:Sr|i:Sr|71|3i:S.7|c=7]|ckr
I=1|I<Ilcnc

i<l

ST xeT
QT
. ©,i:8

P acK

Definition 64 (Binary sum of multiplicity context).

QD =

Qo Q

Definition 65 (Binary sum of affine context).

I'holy =

1=.
(QEN),z:7 U =Q,z:7A(x:—)¢Q
undefined M =Q,z:7TA(z:7)e
Iy I =.
M@Te),z:7 ITi=Thz:7A(x:—)¢Dy
undefined Iy =Thz:7A(x:—)ely
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2.2 Typesystem

Typing ¥; 0; A; e 7

T-varl T-var2
LNCHVAN O30 RNF IR ol T v U:0;AQ a7

T-unit T-base - 5— T-nil
U0, AT - (): 1 U, 0; AT —c:b U0, AT = mil . LY T

U:0:;A; 0T eyt T U:0;A; T e : L1
U0 A; QT @Dy e eg: L7

T-cons

U:0;A; QT ~e: L™ T
U:0;A,n=0;%Ty e :7 U 0:A,n>0:; 0T, h:rt: LV M —eg: 7

: X 7 T-match

U:0;A; T @y - match e with [nil — ey |hit—eg:T

U:0;A; 4T - e:1[n/s] O;AFn:S
T-existl

U:0;A; T -e:3s:S .7
U:0;A; 0T He:ds.r U:0,s;A; Ty, z:7¢ 7 U:0;A 7 .
— T-existE
U:0; AT @y He;xe @ 7
U:0:A; 0T,z He:m
T-lam
U;0; AT - Axee : (11 — 73)
U 0; A; T eyt (11— 72) \I/;@;A;Q;Fgl—egzﬁT
U0, AT @Ta -epeg: P
U:0; A0 e T U.0;A T <7
; T-sub
U:0; AT e T
U, 0; 05T He: T U0, AET'ET U;,0;A Q=0
Y] T-weaken
U0 A "FHe:T
U:0:A; T e :m U:0:;A; T es:m
T-tensorl
U0, AT @1 - e, e) - (11 @ )
U 0;A; T et (11 ®7) U0, A; s,z 1,y b€ 7
T-tensorE

U 0; AT @1 - letdz,y) =eine : 7

U:0;A; 0T e im U:0;A; 0T —ey:m
U 0; As 4T 1= (ep,ez) @ (11 & 12)

T-withl
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U;0; ;4T e (g & 72) U,0; AT He: (n &72)

T-fst T-snd
U:0;A; T - fst(e) : 7y U:0;A; QT - snd(e) : 7o
U:0;A; T e U:0;A; Q0T e
T-inl ; T-inr
U;0; A; T =inl(e) : 11 @ 7 U:0;A; 4T inr(e) : 71 @ 7o

U 0;A; T et (11 @) U:0;A; T,z et T U:0;A; 0T,y bex: T
U:0;A; 0T @Iy case e of eyjeq: T

\I’;@;A;Q;.I—e:TTE . U:0;A; 0T —e:lr U:0;A; 0z Do e 7
U:0;A:; Q. Hle:!r P U:0: AT @I let!lz =cine : 7/

T-ExpE

U a:K;0,A; QT +—e:T
U, 0; AT - Ae: (Vo :K .7)

T-tabs

U 0;A; T e (VoK .1) U:0;A 71K
U;0;A; T —el]: (7[7'/a])

U;0,i:S;A; T He: T ' U 0; A; T e (Vi:S.7) O;A-T:S
- T-iabs - T-iapp
U, 0;A; 4T - Ae: (Vi:S.71) U:0;A; 4T -el]: (T[1/i])
U:0;A:Qx:71;. e T U:0;A; Qe T
- T-fix T-ret
U:0;A; ;. fixze: T U 0; A; QT - rete: MOT

U:0:A; 0T e :Mnim
U:0;A; 0T, 2: 11 ey :Mnam ;A1 :R* O;A I :R*

: : T-bind
U:0;A; 11 B9 - bindx =eq inesy :M(Il—l-IQ)TQ

O:AFI:RT
0 AT -1 MI1

T-tick

U 0; ATy ey 1] 7
U 0; A; 0o,z i1 - eg : M(1y + 1) 12 O:A+I : R O:A+I: R

- T-release
U:0;A; 0T @DIg - releasexr = ey iney : M I 7o
U:0;A; T —e: T O;:A—T:RT U:0;A, ;TN e T

T-store T-CI

U:0;A; T | storee : M I ([1] 7) U:0; A; T = A e: (e=T1)

U;0; AT e (e=7) ;A Ec U, 0;A; T He: T 0;A ¢

T-CE T-CAndI
U, 0;A; 4T e[| : 7 U:0;A; 4T e (c&kr)

U:0;A; 4T e (c&kr) U:0; A ;T x:7H¢e 7

T-CAndE
U:0;A; T —cletz=cine : 7/ "

Figure 9: Typing rules for A-Amor
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U0, A7 <iT U, 0;A -7 <7

sub-refl ; ; sub-arrow
V0 A-T<iT V0;A T —o T <:T| —0 Ty
U;0;A 7 o<i7) U 0;A - <: 7
5 7 sub-tensor
VO AFTI @M <7 ®T
U;0;A 7 <7 U;0;A -7 <7 .
S 7 sub-with
VA &n<im&n
U:0;A -7 <7y U:0;A - 7o <: 7
7 7 sub-sum
V,OAFT @ <iT @7
UV:0;A T <7 CHANISN R .
— sub-potential
U:O;AF [I]7 < [I']7
U:0;A -7 <7 O;AEILT U:0;A -7 <7
— sub-monad ; sub-Exp
UV:0;A-MIT<-MI'T U:0;AHlr <1
UVO;AFT < T ) U:0;A s—17<:7 .
- — sub-list > sub-exist
U:0;A-L"T<:L" T U:0; A ds.7 <: ds.1
U, ;0 A -1 <:7o U:0,1; A 71 <:7o
sub-typePoly - — sub-indexPoly
U:0;A - Vo <:Va.m U:0: A Vim <: Vi
UV:0;A 1 <:To O;AEc =
sub-constraint
U0 A =1 <=7
UV:0:A 1 < T ;A —
! 2 = @ sub-CAnd
U:0; A c1&m <: ca&ems
U;0,i :S;A 1< 7 . O;ARI:S )
- - ; sub-family Abs - — sub-familyAppl
U:0; A - Ni:S 1< Mi S o7 U:0;A - Ni S o1 I < 7[1/i]
O;A-T:S

sub-family App2

U, 0;A - 7[1/i] <: \i:S T 1

Figure 10: Subtyping
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sub-mBase

UV,0;A-QCE.

z:7 e VAT <7 U:0; A Qi /zE Qo

sub-mInd
UV:0; A EQ,x:T
Figure 11: Q Subtyping
sub-1Base
U0, AT E.
x:7 el U:0:;A T <7 U:0; AT /=T
sub-1Base
V.0 AT e,z 7
Figure 12: T" Subtyping
O;AFi:N
- - S-var —————— S-nat ————— Steal —————— Sreall
0,i:S;A+H1i: S 0;A+N:N 0;AFR:R 0;A+i:R
0;A+I1:N 0;A+Ir:N O;A I :R* O:A+I,: Rt
S-add-Nat - S-add-Real
;AL +1:N AL+ R

;AT :N 0;A+I,:N @;A):11212
@;Al—fl—IQZN

S-minus-Nat

SN O:A - I: R AL =D
@;Al—fl—IQ:RJr

S-minus-Real

O;A+I;:N 0;Aa:N+-I,:N

S-bSum-Nat
O;A Z I, :N
a<11
O;A+ I :N O:Aa:N I :RT ©,i:S;A-T:5 )
S-bSum-Real - ; S-family
O;A Z I :RT O;A - \gi.l :S—S

a<]1

Figure 13: Typing rules for sorts
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K-unit K-base

U:0;AF1: Type U;0;A - b: Type
UV,0;AFT: K O;AHT:S _ UV0:;AFT: K U0, A+ K
7 K-List K-arrow
UV:0;A-L'7: K UV:0; A7 —oTm: K

UV:0;A 1 K UV:0; A1 K

K-tensor
VO, AT ®@m: K
UV:0;A 71 K UV:0; A1 K UV:0;AF T K UV:0;AF 1o K
K-with K-or
U:0;AFT & K UV:0, AT Do K
UV:0;AFT: K U0, AT K ;A I:RT
K-Exp K-lab
U,0;AFIT: K U 0;A R [Il7: K
UV:0;AFT: K O;A-T:RT U.a:K:0:A-7: K
K-monad K-tabs
U, 0, AFMIT: K V;0;A - Var: K
U:0,i :S;AFT: K U:0;Ac7: K
- K-iabs K-constraint
U:0;A+ViT: K UV:0;Ac=717: K
UV:0:;A+T: K 0;AkE=c U:0,i:S; AT K
K-consAnd - K-family
U:0;AF c&r: K U:0;A R MiT :SoK
U0, AFT:S> K OA-T:S
K-iapp

V,0;A-TI: K

Figure 14: Kind rules for types
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2.3 Semantics

’Pure reduction, e |4 v ‘ ’Forcing reduction, e ||§ v‘

el v es l el nil €2 v
Uty bt o b bes E-matchNil

er e Jyyttar1 vl match ey with |nil — eg |h it — e3 441,41 ¥

er by vn il esfon/h][1/t] Ve, v

- - E-matchCons
match e; with [nil — ez |h it — eg |t 41541

er gy v ealv/z] Ui, V' _ e Iy, Av.e '[ea/z] Iy V'
E-exist 7 E-app
e1; .2 Ve +to41 v e1 €2 Ity 4,41 ¥
/
e v e v e V1,V e'[vi/x]|[v v
1l v 22 o bty v1,v2) . [/1/ 1lva/y] Ut ETE
<<€17 €2>> Ut1+t2+1 <<1)1, U2>> let<<x7y>> =eine Ut1+t2+1 v
e v e v e V1,V e V1,V
14y 01 2 Uty v2 WL Ve (vr,v2) E fot Ve (vr, v2) Eoand
(e1,€e2) bty +ta41 {v1,v2) fst(e) Ji11 1 fst(e) Jit1 v2
el v el v e inl(v elv/z v
- be - E-inl - b - E-inr Utl ( /) 7 [ / ]l_th ; E-casel
inl(e) {41 inl(v) inr(e) Y41 inr(v) case e of €';€" 41,41 inl(V)
e inr(v e"lv v
Utl ( /) i [ /y] _UtQ i E-case2 E-expl
case e of €';€" |4, 41,41 inl(v") e Jole
e |y le” e'le’ /x v elfixz.e/x v
Utl : /[ / ]Ul‘a E-expE [ / ]Ut E-fix
let!z =eine |¢ttp41 v fixz.e J¢41 v
v e {(),x,nil, \y.e, A.e,rete,bindz = e; in ez, 17, release x = e; in eg, storee} vl
~va.

v {gv
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e |y A€ e Y, v e |y A€ e I, v e |y A€ e Y, v

E-tapp E-iapp E-CE
el] btytta41 v el] bty+ta+1 v el] btrtta41 v
er ¢ v ealv/z] ¢ v’ eliv
! - Lo/x] bra ; E-CandE —— 5 E-return
cletx =ejinea ¢ +t,41 ¥ rete ;1 v
erdny o vl vy ez by v wa 20 .
; - c1tca 7 E-bll’ld ﬁ E—thk
bindz = e1inez {4, 147 tui,11 V2 41 0
er by, v eafvr/x] by, v2 w2 B, vy elv
- - ; E-release ——5— E-store
releasex = ey in €2 |, 11y 4e541 V2 storee ;1 v

Figure 15: Evaluation rules: pure and forcing
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2.4 Model

Definition 66 (Value and expression relation).

[1] = {(».T,0)}

[b] = {(p.T,v) | ve[b]}

[LO7] = {(p,T, ml)}

[Ls+i7] = {(p,T,v::1)|3p1,p2.p1 + 2 <p A (p1,T,v) € [7] A (p2,T,1) € [L*T]}
[m®n] = {(b T, <<U1,U2>>) | 3p1, p2 pl +p2 <p A (p1,T,v1) €[] A (p2, T, v2) € [m2]}
[n&m] = {(pT,{vi,v)) | (p,T,v1) €[] A (p,T,v2) € [72]}

[m@m] = {(T,inl(v)) | (P,T v) € [11]} v {(p, T,inr(v)) | (p,T,v) € [2]}

[ — 7] = {(p,T, xe) |V, e, T'<T .(p),T",¢) e [n]e = (p+p,T ele/x]) € [r]e}
['7] = {(p,T,le) | (0,T,e) € [r]e}

[[n]7] = {.T0) | WP +n<pnr @, Tv)e[r]}}

Mnr] = {(p,T,v) |V W, T'<T w |V = I/ +p <p+nna@,T-T,)e[r]}
Marl = {(5TAe) | ¥, T'<T .(p,T'¢) € [r[7'/alle}

Mirl = {(pT.Ae) | YLT'<T (5,7 ¢) € [r[T/ille)

=] = {(nTAe)|.Fc—= (nT.e)erls)

[l = {(T0) | Ecn(To0) < 7))

[3s.7] = {(I%T v) | 3s'.(p, T, v) € [7[s'/s]]}

[Aei.7] = f where VI. f I = [r[1/i]]

[ 1] = [r] 1

[r]e = {(p,T,e) |VT'<T,ve|lpv = (p,T —T',v)€[r]}

Definition 67 (Interpretation of typing contexts).

[Tle = {(p,T,7) |3f: Vars — Pots.

(Vo € dom(L'). (f(x),T,~(x)) € [[(2)]e) A Xsedomr) f(¥) < p)}
[Qle = {(0,T,9) [ (Vo € dom(2).(0,T,0(x)) € [r]e)}

Definition 68 (Type and index substitutions). o : TypeVar — Type, ¢ : IndexVar — Index

Lemma 69 (Value monotonicity lemma). Vp,p’, v, T.
(p.Tv)elrl Ap<p AT'ST = (¢, T",v) € [7]

Proof. Proof by induction on 7 O

Lemma 70 (Expression monotonicity lemma). Vp,p', v, 7.
(p,Tie)elrle np<p AT'ST = (p,\T',e) € [7]e

Proof. From Definition 66 and Lemma 69 O

Theorem 71 (Fundamental theorem). VO,Q, ' e, 7, T, p;, 7,6, 0, L.
U:0;A; T —e:7 A (p,T,y) e[l oe n (0,T,6)e[Qot]e n .EAL =
(p1, Tye o) €[t ol]s.

Proof. Proof by induction on the typing judgment

1. T-varl:

T-varl

U:0;A 0N 72T
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Given: (p;, T,v) € [,z : 7 ot]e and (0,T,0) € [Q oi]¢
To prove: (p;, T,z 67) € [1 oi]e

Since we are given that (p;, T,v) € [[', z : 7 ot]¢ therefore from Definition 67 we know that
3f.(f(x), T,~(2)) € [1 at]e where f(x) < py
Therefore from Lemma 70 we get (p;, T, x 07) € [7 ot]¢

. T-var2:

T-var2
U:0:A:; Qe '—x:7

Given: (p;,T,7) € [T',ot]e and (0,7,0) € [(Q,z : 7) ot]e
To prove: (p;, T,z dv) € [T ot]e

Since we are given that (0,7,9) € [(2,z : 7) ot]¢ therefore from Definition 67 we know
that

(0, T,6(x)) €[ ot]e
Therefore from Lemma 70 we get (p;, T, x 07) € [7 ot]¢

. T-unit:

T-unit

U0, AT - ()01
Given: (p;,T,7) € [Tot]e, (0,T,9) € [ ot]e
To prove: (p;,T,() 07) € [1 ot]¢

From Definition 66 it suffices to prove that
VT'<T,v.() {p v = (p, T —T',0v") e [1]
This means given some T"<T,v" s.t () | v' it suffices to prove that

(p, T —T",v") e [1]

From (E-val) we know that 7”= 0 and v" = (), therefore it suffices to prove that

(o, T,()) € [1]
We get this directly from Definition 66

. T-base:

T-base
U 0:A; T Hce:b

Given: (p;,T,7v) € [Lot]e, (0,T,6) € [Q2 oi]e
To prove: (p;, T, c) € [b]e

From Definition 66 it suffices to prove that
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VT'<T,v.clpv = (p, T —T,v)€e[1]

This means given some T'<T, v’ s.t ¢ ||7v v’ it suffices to prove that
(pl’T - Tlvv/) € [[1]]

From (E-val) we know that 7"= 0 and v" = ¢, therefore it suffices to prove that

(pl7 T7 C) € [[b]]
We get this directly from Definition 66

. T-nil:

T-nil

U 0;A; T - nil : L0 7
Given: (p;,T,7) € [T, o0t]e, (0,T,0) € [Q oi]e
To prove: (p;, T, nil 6v) € [L° 7 oi]¢
From Definition 66 it suffices to prove that
VT'<T,v il v = (p, T —T',v') e [L° 7 ol]
This means given some T'<T, v’ s.t nil |7+ v’ it suffices to prove that
(pi, T —T',v") e [L° 7 o4]
From (E-val) we know that 7”= 0 and v’ = nil, therefore it suffices to prove that
(p1, T, nil) € [L° T 01]
We get this directly from Definition 66

. T-cons:

U:0;A; T ey T U:0;A; 0Ty es: L1 ©OFn:N
U, 0:A: QT ®la e iieg: LV

T-cons

Given: (1, T, %) € [(T1 @ To)odle, (0.T,6) € [(2) o1le
To prove: (p;, T, (e1 :: e2) 67) € [L"! 1 oi]e

From Definition 66 it suffices to prove that
Vt <T,v'.(e1::e2) 0y e v = (p, T —t,0") € [L"*! 7 0]

This means given some t <T,v" s.t (e :: e2) dv |+ v/, it suffices to prove that
(p1, T —t,v") € [L"* 7 0]

From (E-cons) we know that Jvg, l.v" = vy :: 1

Therefore from Definition 66 it suffices to prove that

Ip1,p2.p1 +p2 <pi A (p1, T —t,vf) € [T o] A (p2, T —t,1) € [L"7 04 (F-C0)

From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pr s.t
(p11,7) € [(T)ot]e and (piz, y) € [(T'2)oe]e
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IH1:

(o1, T,e1 6v) € [T oufe

Therefore from Definition 66 we have

Vil < T.ex 67 lu vp = (pn, T —t1,v5) € [7]

Since we are given that (e; :: ez) 0y |¢ vy :: | therefore fom E-cons we also know that
Jtl <t e o U4 vy

Since t1 < t <T, therefore we have (p;1,T —tl,vy) € [T 0(] (F-C1)

IH2:

(pi2, Ty e 07) € [L™T ol]e

Therefore from Definition 66 we have

Vi2 <T e 6y ol = (pio, T —1t2,1 € [L"T 01]

Since we are given that (e; :: ez) 0y ¢ vy :: | therefore fom E-cons we also know that
2 <t —1tl. eg 6y o |

Since t2 < t —t1 < t <T, therefore we have

(pi2, T —t2,1) € [L™T o1] (F-C2)

In order to prove (F-CO0) we choose p; as p;; and ps as pj2 and it suffices to prove that
(pi1, T —t,v) € [T o] A (p2, T —t,1) € [L"T o]

Since t = t1 + ta + 1 therefore from (F-C1) and Lemma 69 we get (p;1, T —t,v) € [T oi]
Similarly from (F-C2) and Lemma 69 we also get (pj2, T —t,1) € [L"7T oi]

. T-match:

U 0:; AT He: L™ T
U:0;A; T ep i 7 U, 0:A,n>0; 0T h:r,t: L r-ey: 7

T-match
U;0;A;Q; T @y - match e with |nil — ey |h it —eg: 7 o

Given: (plavay) € [[(Fl ®F2) JL]]Sa (07T7 5) € [[Q UL]]E
To prove: (p;, T, (match e with |nil — ey |h::t — e3) §7) € [T ot]e

From Definition 66 it suffices to prove that
Vt <T,vy.(match e with |[nil — e |[h::t — e) 0y |l vp = (p1, T —t,vy) € [T/ 01]

This means given some ¢ <T',vs s.t (match e with |nil — ey |h ::t — e3) 07 | vy it suffices
to prove that

(o, T —t,vy) € [7" o1 (F-MO)
From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pr s.t
(pi1,7) € [(T1)o]e and (pi2,7) € [(T2)oe]e

IH1
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(plla T7 € 5'7) € [[LnT UL]]S

This means from Definition 66 we have

V' <T .e 67 by vi = (pn, T —t',v1) € [L"7T 0/]

Since we know that (match e with |nil — ey |h 1t — e3) 07 |¢ vf therefore from E-match
we know that 3t' < t,v1.e 0y |y v1.

Since t' < t <T, therefore we have (p;1,T —t',v1) € [L"1 0]

2 cases arise:

(a) v1 = nil:
In this case we know that n = 0 therefore
TH2

(P2, Ty e1 o) € [ o]
This means from Definition 66 we have
Vi1 <T .e1 0y Iy, v = (p12, T —t1,vf) € [T 04]
Since we know that (match e with |nil — ey |h 1t — e3) 0y | vy therefore from E-
match we know that 3t <t. e; dv {4 vy.
Since t1 < t <T therefore we have
(pl2a T _tlvvf) € [[T/ OL]]
And from Lemma 69 we get
(P2 + o, T —t,vyp) € [ ot]e
And finally since p; = p;1 + pi2 therefore we get
(o1, T —t,vy) € [T ot]e
And we are done
(b) vi =wv el
In this case we know that n > 0
IH2
(P2 + i, Thex 04') € [7' ot]e
where
Y =yulh—vluft—1}
This means from Definition 66 we have
Yty <T .e2 69 |, vy = (pi2 + 11, T —t2,vy) € [7' 01]

Since we know that (match e with [nil — ey |h it — e3) dv |; vy therefore from E-
match we know that 3ty < t. ez 07 |+, vy.

Since t9 < t <T therefore we have

(pi2 + i, T —t2,vp) € [7' 0l]

From Lemma 69 we get

(pi2 +pi1, T —t,vp) € [7" ol

And finally since p; = p;1 + pi2 therefore we get

(o1, T —t,vf) € [ ot]e
And we are done
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8. T-existl:

U:0; A; T e 7[n/s] OFn:S
U:0;A; QT —e:ds:S .7

T-existl

Given: (p;, T,7v) € [l oi]e, (0,T,0) € [Q oi]¢
To prove: (p;,T,e 67) € [3s.7 ot]e

From Definition 66 it suffices to prove that

Vt <T,vs.e dy s vy = (o, T —t, vy 67) € [3I5.7 01

This means given some t <T', vy s.t e 07 || vy it suffices to prove that

(o, T —t,vy) € [3s.7 04]

From Definition 66 it suffices to prove that

3" (p1, T —t,vy) € [7[s'/s] o1] (F-E0)

IH: (pi, T, e 07) € [r[n/s] ot]e

This means from Definition 66 we have

V' <T .e &y |y vy = (p1, T —t',v5) € [7[n/s] ol]

Since we are given that e 7 |; v; therefore we get

(o1, T —t,vy) € [[n/s] o1] (F-E1)

To prove (F-E0) we choose s’ as n and we get the desired from (F-E1)
9. T-existsE:

U:0;A; 00T Fe:ds.t U:0,5A: 0Ty, x:7¢e 7 O

T-existE
U0, 00T @y - e;xe’ 7' exls

Given: (p;, T,7v) € [(T1 ®T3) ot]g, (0,T,6) € [(Q) oi]e
To prove: (p, T, (e;x.€') ) € [/ oi]e

From Definition 66 it suffices to prove that
Vt <T,vs.(e;z.€') 6y r vy = (o, T —t,vf) € [ 0l

This means given soem ¢t <T',vy s.t (e;x.€') 6y |+ vy it suffices to prove that
(pi, T —t,vy) € [7" ol (F-EE0)

From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pr s.t
(pn,7) € [(T1)ot]e and (pi2,7) € [(T2)ot]e

IH1
(pi1, T, e 67y) € [3s.7 oife

This means from Definition 66 we have
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Viy <T .e 6y |y, v1 = (pnn, T —t1,v1) € [3s.7 otfe
Since we know that (e;x.€’) dy |l; vy therefore from E-existE we know that 3t; <
t,vi.e 07 |¢, v1. Therefore we have

(P11, T —t1,v1) € [3s.7 0]

Therefore from Definition 66 we have
38" (pi, T —t1,v1) € [7[s'/s] oi] (F-EE1)

IH2
(pll +pl27 T7 6/ 5/7> € [[T/ 0_[’/]]5
where

V=du{r—e}and /=10 {s— s}

This means from Definition 66 we have

Vtg <T .€ 'y |, vF = (P + pi2, T —t2,v¢) € [7" 0!]
Since we know that (e;x.e’) év | vy therefore from E-existE we know that 3ty < t.
e &'y L, vy

Since t9 < t <T therefore we have

(p1 + pi2, T —ta,vy) € [7" 0!]

Since p; = pi1 + pi2 therefore we get

(pl7 T _t27 Uf) € [[T/ UL/]]

From Lemma 69 we get

(p1, T —t,vyf) € [ 0!]

And finally since we have ¥; © - 7/ therefore we also have
(pi, T —t,vy) € [7" ol

And we are done
. T-lam:

U:0; AT 2 He:m

T-lam
U;0; AT - Axee : (11 — 73)

Given: (p1, T,7) € [I',oule, (0,7.5) € [ o1]e
To prove: (p;, T, (Az.€) 67) € [(11 — T2) ot]e

From Definition 66 it suffices to prove that
Vt <T,vp.(Ax.e) 0y Je vy = (p1, T —t,v5) € [(11 — T2) 0t

This means given some t <T',vs s.t (Az.e) 0y | vy. From E-val we know that ¢t = 0 and
vy = (Ax.e) oy

Therefore it suffices to prove that
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(p1, T, (Ax.€) 07) € [(11 — T2) ot

From Definition 66 it suffices to prove that

V', e\ T'<T .(p/,T",¢) e [r ot]e = (m+p, T ele'/x]) € [r2 ot]e

This means given some p', e/, T'<T s.t (p/,T",¢') € |11 ot]¢ it suffices to prove that
(o + ", T e[ [z]) € [r2 ot]e (F-L1)

From IH we know that

(p+p,T,edv)erole

where

YV =yufr e}

Therefore from Lemma 70 we get the desired
. T-app:

U:0;A:Q1;T 1 ey (11— ) U:0;A; Q99 -ex i1y
U 0;A; Q0 D[P -erex:

T-app

Given: (p;,T,v) € [(T1 @ T9)oi]e, (0,T,6) € [(2) oi]e
To prove: (p;,T,e1 ex 07) € [m2 ot]¢

From Definition 66 it suffices to prove that

Vt <T,vs.(e1 e2) 6y b vy = (01, T —t,vy) € [12 04]

This means given some ¢t <T',vs s.t (e1 e2) dv s vy it suffices to prove that
(p1, T —t,vf) € [12 01 (F-A0)

From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pi s.t
(pi1,7) € [(T1)ot]e and (pi2,7) € [(T2)ot]e

IH1

(P, Ty e1 0y) € [(1 — T2) otfe

This means from Definition 66 we have

Vir <T .e1 |y, Av.e = (pn, T —t1, Az.e) € [(11 — T2) 01

Since we know that (e1 e2) 9 |l; vf therefore from E-app we know that 3t; < t.eq |4, Az.e,
therefore we have

(pi1, T —t1, Ax.e) € [(11 —o T2) 01]

Therefore from Definition 66 we have

Vp',e1, i <T —t1.(p/, Th,€}) € [11 oil]e = (pin + 9, T, ele)/xz]) € [m2 ol]s (F-A1)

IH2
(pi2, T —t1 — 1,e3 07) € [11 ot]e (F-A2)
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12.

13.

14.

Instantiating (F-A1l) with pj2, e 6y and T' —t; — 1 we get

(pir + pi2, T —t1 — 1, e[ez dv/z]) € [12 ot]e

This means from Definition 66 we have

Viy <T —t1 — Lefez dv/x] {1, vy = (pin + 12, T —t1 — 1 —t2,vy) € [12 0!]

Since we know that (e1 e2) 6y |¢ vy therefore from E-app we know that 3to.e[ea 0v/x] {4, v
where to =t — t; — 1, therefore we have

(o +pi2, T —t1 — ta — 1,v¢) € [12 o] where p;1 + pi2 = pi

Since from E-app we know that ¢ = ¢; + t2 + 1, therefore we have proved (F-AO0)

T-sub:

U:0;A; QT e T OFT<:7

T-sub
U:0;A; QT —e: 7 o

Given: (plaTa’Y) € [[(F) Ul’]]fa (OvTa 6) € [[Q O'Lﬂg

To prove: (p;,T,e 67) € [ oi]¢

IH (pla T7€ 5’7) € [[7- O'L]]g

We get the desired directly from IH and Lemma 73
T-weaken:

U0 AT He: T U,0;A T <:T U;0;A Q< Q
U:0; AT —e: T

T-weaken

Given: (p, T, ) € [(M)oule, (0,T,8) € [() ol

To prove: (p;, T, e 67) € [T oi]e

Since we are given that (p;,T,7v) € [(I')ot]e therefore from Lemma 74 we also have
(P, T, ) € [(T)oe]e

Similarly since we are given that (0,7,9) € [(?')ot]s therefore from Lemma 76 we also

have (0,7,9) € [(Q)ot]e

IH:

(o1, T,e ov) € [ o]
We get the desired directly from TH
T-tensorl:
U:0;A; 0T e 7 U:0;A; 0 T9ex:m
U0, AT @ - Leryea): (11 ® 1)

Given: (p;, T,7v) € [(T1 ®T2)ot]e, (0,7,0) € [(R2) oife
To prove: (p;,T,{e1,e2) 67) € [(T1 ® 12) otfe

T-tensorl
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15.

From Definition 66 it suffices to prove that

Vt <T Ker,e2) 07 bt Kvpr,vp2) = (01, T —t,Lvp1,vp2) € [(11 ® 12) o]

This means given some ¢t <T s.t {e1,e2)) 07 || {vs1,vy2)) it suffices to prove that
(o0, T —t, Lvpr,vp2)) € (M ®@72) oo]  (F-TIO)

From Definition 67 and Definition 65 we know that 3p;1, pjo.pi1 + pi2 = pr s.t
(pn,7) € [(T1)ot]e and (pi2,7) € [(T2)ot]e

IH1:

(o1, T, e1 0y) € [y ot]e

Therefore from Definition 66 we have

Vt1 <T .e1 0y Iy vii = (o, T —t1,vp1) € [11 01]

Since we are given that {eq,e2)) 0y |l; vf1,vy2)) therefore fom E-TT we know that 3ty <
t.e1 0y U4y, vp1

Hence we have (p;1,T —t1,vf1) € [11 01] (F-T11)

IH2:

(pi2, T, e2 67) € [2 ot

Therefore from Definition 66 we have

Vtg <T .ez 07 I, vo = (P12, T —t2,vyp2 € [12 01]

Since we are given that {eq,e2)) 6y |i {vf1,vf2) therefore fom E-TI we also know that
Jto < t.eg 67y s, vy2 s.t

Since ty < t <T therefore we have

(P12, T —t2,vp2) € [12 01] (F-TI2)

Applying Lemma 69 on (F-TI1) and (F-T12) and by using Definition 66 we get the desired.
T-tensorE:

U0 A; T Fe: (1 ®m) U:0; AT, x:m,y:m € i1

T-t E
U0, AT @ - letdz,yy =ceine : 7 enser

Given: (p;,T,v) € [(T'1 ®T2) ot]e, (0,T,9) € [Q ot
To prove: (p;, T, (letlx,y) =eine’) év) € [t o]

From Definition 66 it suffices to prove that
Vt <T,vs.(letlx,ypy =eine€) oy |y vy = (o, T —t,v5) € [T 0l

This means given some ¢t <T',vs s.t (let{z,y) = ein€’) 67 |+ vy it suffices to prove that
(o1, T —t,vy) € [T 0t (F-TE0)

From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pr s.t
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16.

(pi1,7) € [(T1)ot]e and (pi2,7) € [(T2)ot]e

IH1

(plla T7 € 57) € [[(Tl ® TQ) O-[’]]g

This means from Definition 66 we have

Yty <T .e 0y Iy Lvi,v2) 6y = (pin, T —t1,Lv1,v2)) € [(11 ® 72) 01

Since we know that (let{z,y) =eine’) v |¢ vy therefore from E-TE we know that
Jt1 < t,v1,va.e 6 |y, vi,v2). Therefore we have

(P, T =1, {vr, 02)) € [(1 @ 72) otfe

From Definition 66 we know that

Ip1,p2.p1 +p2 <pn A (p1,T,v1) € [11 ot] A (p2,T,v2) € [12 04] (F-TE1)

IH2
(piz + p1 +p2,T,€ 8v) € [T ol]e

where
Y =yu{z—v}uly— )
This means from Definition 66 we have

Yty <T .€' 69 i, vy = (D12 + 1+ D2, T —t2,v5) € [T 01]

Since we know that (let{z,y) =eine’) oy |+ vy therefore from E-TE we know that
dty < t.€’ 09 |, vy. Therefore we have

(P12 + p1 +p2, T —ta,vy) € [T 04

From Lemma 69 we get

(o1, T —t,vy) € [T ot]e

And we are done

T-withl:

U0, A e :m U0, AT ez
U:0; A; QT - (ep,en): (11 & T2)

T-withl

Given: (p;,T,7v) € [T'ot]e, (0,T,6) € [Q2 oi]e
To prove: (pr. T o1, e2) 87) € [(m & 72) ol

From Definition 66 it suffices to prove that
Vi <T Le1,e2) 67 Ve Cvpr,vp2) = (0, T —t,{vp1,vp2) € [(11 & 72) 0]

This means given (e, ea2) 6 | (vy1,vy2) it suffices to prove that
(o, T —t,{vp1,v52)) € [(m & 72) 00 (F-WIO)

IHI:

139



17.

(pi, Tye1 07) € [ ot]e

Therefore from Definition 66 we have

YVt <T .e1 0y |y, v = (01, T —t1,v51) € [11 01]

Since we are given that {e1,e2) v | (v1,vs2) therefore fom E-WI we know that 3t; <
t.e1 0y Uty vp1

Since t; < t <T, therefore we have

(n, T —t1,vp1) € [11 o] (F-WI1)

IH2:

(p1, T, ez 07) € [m2 ot]e

Therefore from Definition 66 we have

Vto <T' ez 0y |, vp2 = (1, T —ta,vp9 € [12 01]

Since we are given that {e1,e2) 67 |+ (vf1,vs2) therefore fom E-WI we also know that
Jto < t.ez 67 s, 2

Since to < t <T', therefore we have

(o, T —to,vp) € [ o] (F-WI2)

Applying Lemma 69 on (F-W1) and (F-W2) we get the desired.

T-fst:

U:0;A; T e (11 & 1)
U:0; A; ;T - fst(e) = 7y

T-fst

Given: (p;,T,7) € [(T') ot]e, (0,T,9) € [Q? ot]e
To prove: (p;, T, (fst(e)) dv) € [ ot]e

From Definition 66 it suffices to prove that
Vt <T,vs.(fst(e)) 0y |t vy = (1, T —t,vy) € [11 0t]

This means given some ¢t <T',vs s.t (fst(e)) 6 |; vy it suffices to prove that
(pl’ T —t, Uf) € [[7—1 UL]] (F_FO)

H

(p1, T, e 67) € [(11 & 72) ot]e

This means from Definition 66 we have
Vi1 <T' .e 67 ¢, (v1,v2) Oy = (p1, T —t1,{v1,v2)) € [(11 & ™) oi]

Since we know that (fst(e)) v |}; vy therefore from E-fst we know that 3t; < t.v1,v2.€ 7 |4,
(vy,v2).

Since t1 <t <T, therefore we have
(pb T _t17 <U17 U2>) € [[(Tl & 7—2) UL]]
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18.

19.

20.

21.

From Definition 66 we know that

(p1, T —t1,v1) € [11 0]

Finally using Lemma 69 we also have

(o1, T —t,v1) € [11 0]

Since from E-fst we know that vy = v, therefore we are done.
T-snd:

Similar reasoning as in T-fst case above.

T-inl:

U:0;A; % —e:m
U:0;A; T inl(e) : 11 @ 7o

T-inl

Given: (plaTa’Y) € [[FULH57 (0>T7 5) € [[Q 0-[’]]5
To prove: (p;,T,inl(e) 67) € [(11 @ T2) ot

From Definition 66 it suffices to prove that
Ve <T .inl(e) 67 |t inl(v) = (p;, T —t,inl(v) € [(11 @ 12) ot

This means given some t <7 s.t inl(e) dv |; inl(v) it suffices to prove that
(pi, T —t,inl(v)) € [(11 ® T2) ot (F-ILO)

IH:

(o, T, e1 07) € [ otfe

Therefore from Definition 66 we have

Vi1 <T .e1 0y Iy, vir = (1, T —t1,v51) € [11 01]

Since we are given that inl(e) dy |; inl(v) therefore fom E-inl we know that 3¢; < t.e §vy |4,
v

Hence we have (p;, T —t1,v) € [11 0]

From Lemma 69 we get (p;,T —t,v) € [11 0(]

And finally from Definition 66 we get (F-ILO)

T-inr:
Similar reasoning as in T-inr case above.
T-case:
U0 AT et (11 @)

U:0;A; g,z ey T U:0;A; 000,y e T
U:0;A; 0T @lg - case e of egjen: T

T-case

Given: (p;, T,7v) € [(T1 ®T3) oi]g, (0,T,6) € [Q oi]e
To prove: (p;, T, (case e of ey;e2) 67) € [T ot]¢
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From Definition 66 it suffices to prove that
Vt <T,vs.(case e of ey;ea) 6y |y vy = (p, T —t,vy) € [T 01]

This means given some ¢t <T',vs s.t (case e of e1;ez2) dv || vy it suffices to prove that

(p1, T —t,vf) € [T 0] (F-C0)

From Definition 67 and Definition 65 we know that 3p;1, pjo.pi1 + pr2 = pr s.t
(pr1,7) € [(T1)oe]e and (pi2, 7) € [(T2)oe]e

IH1
(i1, Ty e 0y) € [(11 @ 12) otfe

This means from Definition 66 we have

Vi' <T e 0y |y v1 0y = (pnn, T —t',v1) € [(11 ® T2) 0]

Since we know that (case e of ei;ez) dv | vy therefore from E-case we know that it <
t,vr.e 0y |y 1.

Since t' < t <T, therefore we have

(pi, T =t',v1) € [(1 ® 712) 0]

2 cases arise:

(a) vy =inl(v):
IH2
(P2 +pun, T —t',e1 69') € [T o]
where
v =vu{z— o}
This means from Definition 66 we have
Vtr <T —t'.e1 69 |y, vf = (P2, T —t' —t1,v5) € [T 01
Since we know that (case e of ej;e2) 6 ¢ vy therefore from E-case we know that
Iti.e1 67 || vy where t; =t —t' — 1.
Since t; =t —t' — 1 <T —t' therefore we have
(P2, T —t' — t1,v5) € [T 04
From Lemma 69 we get
(P2 +pn, T —t,vy) € [T ot]e
And finally since p; = p;1 + pio therefore we get

(o1, T —t,vy) € [T otfe
And we are done

(b) vy =inr(v):

Similar reasoning as in the inl case above.
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22. T-Expl:

U:0;A;0 . —e:T
U:0;A;Q; . Hle:r

T-Expl
Given: (p;, T,7v) € [ oi]e, (0,T,0) € [Q oi]e
To prove: (p;,T,'e dv) € [IT ot]e

From Definition 66 it suffices to prove that
Vi <T .(le) o7y |t (le) oy = (pi, T —t,(le) o) € ['7 oi]

This means given some t <T" s.t (le) 6 |; (le) dv it suffices to prove that
(pl’T —t, ('6) 67) € [['T O-Lﬂ

From Definition 66 it suffices to prove that
(0,7 —t,e ov) € [T ot]e

IH: (0,7 —t,e 07) € [T ot]e
We get the desired directly from TH

23. T-ExpE:

U:0;A; T —e:lr U:0;A; Qa1 o€ 7
U:0: A QT @I let!lz =cine : 7/

T-ExpE

Given: (p;,T,v) € [(T'1 ®T2) oi]e, (0,7,9) € [(Q) ot
To prove: (p;, T, (let!z =eine’) év) € [7' oi¢

From Definition 66 it suffices to prove that
Vt <T,vg.(let!lz =eine€) oy lr vy = (o1, T —t,v5) € [T/ ol]
This means given some ¢t <T',vs s.t (let!z = ein€’) v ||; vy it suffices to prove that

(pi, T —t,vy) € [7" ol (F-E0)

From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pr s.t
(p11,7) € [(T)ot]e and (piz, ) € [(T'2)oe]e

IH1
(plla T7 € 57) € [['T O'Lﬂg

This means from Definition 66 we have

Ve <T .e o |y, ler Oy = (pi, T —t1,le1 67) € [I1 ot

Since we know that (let!z =eine’) 0y |; vy therefore from (E-ExpE) we know that
ty < t,er.e oy |, ler 0.

Since t1 <t <T', therefore we have
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24.

(P, T —t1,'e1 67) € ['1 o1

This means from Definition 66 we have

(0, T —t1,e1 67) € [7]e (F-E1)

1H2

(pi2, T —t1,€' 8'y) € [7 ol]e
where

=0u{r—e}

This means from Definition 66 we have

Vtg <T —t1.€/ &'y Jy, vf = (P12, T —t1 — to,vf) € [7" 04]
Since we know that (let!z =eine€’) 0y |¢ vy therefore from (E-ExpE) we know that
Jty.e’ 'y || vy where to =t —t; — 1.

Since t9 =t —t1 — 1 <T —tq, therefore we have

(plQ,T —t1 — tQ,Uf) € [[T/ O'L]]

From Lemma 70 we get

(P12 + pun, T —t,vp) € [T o4

And finally since p; = p;1 + pi2 therefore we get

(p1, T —t,vy) € [ ol

And we are done

T-tabs:

U a:K;0;A, 4T —e:T
U:0;A; T - Ae: (Vo :K .7)

T-tabs

Given: (p;, T,7) € [T, oi]e, (0,T,0) € [Q oi]e
To prove: (p;, T, (A.e) dv) € [(Va.7) ot]e

From Definition 66 it suffices to prove that
Vt <T,vy.(Ae) oy |y vy = (o1, T —t,v5) € [(Va.T) 01]

This means given some ¢ <T',vs s.t (A.e) 6y |; vy. From E-val we know that ¢t = 0 and
vy = (Ae) 6y

Therefore it suffices to prove that

(pi, T, (A.e) 67) € [(Va.T) oi]

From Definition 66 it suffices to prove that
V' T'<T (p, T e) € [r[7'/a] oi]e

This means given some 7/, T'<T it suffices to prove that
(p1, T, e) € [7[7'/a] o] (F-TABO)
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25.

From IH we know that

(o, T,e 07) € [T o't]e

where

o =vufa—rT}

Therefore from Lemma 70 we get the desired
T-tapp:

U:0;A; 4T e (Vaur) U:OA 7/
U 0; AT el : (7[r'/al)

T-tapp

Given: (p;,T,7) € [Tot]e, (0,T,9) € [Q oi]e
To prove: (p;, T, e [] 6) € [7[7'/a] ot]e

From Definition 66 it suffices to prove that
Ve <T,up.(e [) 0y vy — (o, T —tyvy) € [r[r/a] o]

This means given some t <T',vs s.t (e []) 67 | vy it suffices to prove that
(o, T —t,vy) € [7[7"/a] o1 (F-A0)

H

(pi,Tye 6v) € [(Va.T) ot]e

This means from Definition 66 we have
Vip <T .e |y, e = (p;, T —t1,A.e) € [Va.T) o1

Since we know that (e []) 07 |+ vy therefore from E-tapp we know that 3t; < t.e ||, A.e,
therefore we have

(p1, T —t1,A.e) € [(Va.T) o1]

Therefore from Definition 66 we have

VT”,T1<T —tl.(pl,Tl,e) S [[T[T”/Oc] (TL]]g (F—Al)
Instantiating (F-A1l) with the given 7" and T' —t; — 1 we get
(p, T —t1 —1,e) € [7[7'/a] oi]e

From Definition 66 we have

Vtz <T —t1 — l.e Utz v = (pl,T —t1 —tg — 1,Uf) € [[T[T//Oz] 0'/,]]

Since we know that (e []) 67 |; vy therefore from E-tapp we know that 3ts.e |4, vy where
to=1t—1t —1
Since to =t —t1 — 1 <T —t1 — 1, therefore we have

(p1, T —t1 —ta — 1,v5) € [7[7'/a] 01] and we are done.
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26. T-iabs:

U:0,i:5; AT e T
U 0; A; T - Ae: (Vi:S 1)

T-iabs

Given: (p;,T,7v) € [I',ot]e, (0,T,9) € [Q o]
To prove: (p;, T, (A.e) §v) € [(Vi.T) ot]¢

From Definition 66 it suffices to prove that

Vt <T,vs.(Ae) 67 |y vy = (o, T —t,vp) € [(Vi.T) 01]

This means given some t <T',v; s.t (A.e) 0y |; vy. From E-val we know that t = 0 and
v = (A.e) 6y

Therefore it suffices to prove that

(p, T, (A.e) 67) € [(Vi.T) o]

From Definition 66 it suffices to prove that

VI, T'<T .(p;, T",e) € [T[I/i] ot]e

This means given some I, T'<T it suffices to prove that
(pl, T/, e) € [[T[I/Z] JL]]g (F—IABO)

From IH we know that

(pl7T> € 57) € [[T O'[,/]]g

where

=yuli—TI}

Therefore from Lemma 70 we get the desired
27. T-iapp:

U0, A; T e (Vi:S.1) U:0;A-1:S
U 0; AT e [] = (T[1/i])

T-iapp

Given: (p;,T,7) € [Tot]e, (0,T,9) € [ ot]e
To prove: (p;, T, e [] 6) € [7[1/i] ot]e

From Definition 66 it suffices to prove that
vVt <T,vs.(e[]) oy e vy = (o, T —t,vy) € [7[1/i] od]
This means given some t <T',vs s.t (e []) 67 | vy it suffices to prove that

(o, T —t,vy) € [7[1/i] od] (F-A0)

H

(p1, T, e o) € [(Vi.T) ot]¢

This means from Definition 66 we have
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Viy <T .e ||y, Ae = (p1, T —t1,A.e) € [(Vi.T) o]

Since we know that (e []) 0 |+ vy therefore from E-tapp we know that 3t; < t.e ||, A.e,
therefore we have

(pi, T —t1,A.e) € [(Vi.T) o1]

Therefore from Definition 66 we have

VI,T1<T —tl.(pl,Tl,e) € [[T[I/Z] O'/,Ilg (F—IAPI)

Instantiating (F-IAP1) with the given I and T' —t; — 1 we get

(p1, T —t1 — 1,e) € [T[1/i] oi]e

From Definition 66 we have

Vto <T —t1 —le {4, vf = (p1, T —t1 —to — 1,v5) € [7[1/i] 01

Since we know that (e []) 0 |¢ vs therefore from E-iapp we know that 3ts.e |4, vy where
to=t—1t1 — 1

Since to =t —t1 — 1 <T —t1 — 1, therefore we have

(p1, T —t1 —ta — 1,vy) € [7[1/i] o1] and we are done.
T-CI:

U:0;A ;0 e T
U;0; A; T - Ae: (e=71)

T-CI

Given: (p;,T,7) € [Tot]e, (0,T,9) € [ ot]c and = A ¢
To prove: (p;, T, A.e §7) € [(c=7) oi]¢

From Definition 66 it suffices to prove that
Vo, t <T Aedy liv = (p, T —t,v) € [(c=7) o1

This means given some v,t <T s.t A.e 6 |; v and from (E-val) we know that v = A.e dv
and t = 0 therefore it suffices to prove that

(p1, T, A.e 67) € [(e=7) ot

From Definition 66 it suffices to prove that

Ect = (p,T,edvy) e [roi]e

This means given that . = ¢ ¢ it suffices to prove that
(pi,Tye 6v) € [ ot]s

IH (p;, T e 67) € [1 ot]¢

We get the desired directly from TH
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30.

T-CE:

U:0; A; T e (e=1) @;A):cT

CE
U 0; AT ef] o 7

Given: (p;,T,7) € [Tot]e, (0,T,9) € [ ot]c and = A ¢
To prove: (p;,T,e[] 0v) € [(7) ot]e

From Definition 66 it suffices to prove that
Yop,t <T (e[]) 0y bt vy = (o1, T —t,vy) € [(7) o]

This means given some vy, t <T s.t (e []) 0 |; vy it suffices to prove that
(pl’ T —t, ’Uf) € [[(T) UL]] (F—Tap())

H

(i, Tye 0v) € [(c = 7) oi]e

This means from Definition 66 we have
Vo't <T e 0y | v = (p1 + pm, V') € [(c = T) 0i]

Since we know that (e []) 6y |+ vy therefore from E-CE we know that 3t < t.edy |y A.€/,
an since t' < t <T therefore we have

(o, T —t',Ae) € [(c = 1) 0l

Therefore from Definition 66 we have

Eecir = (p,T —t', e év) € [r oi]¢

Since we are given ©; A = c and . = A ¢ therefore we know that . = ¢ . Hence we get
(plaT _tla e 6’7) € [[7- OL]]g

This means from Definition 66 we have

Vi t" <T —t'.(e') 6y b v} = (01, T —t' =", %) € [(1) ot] (F-CE1)

Since from E-CE we know that €0y |¢ vy therefore we know that 3t”.e’ §vy | vy s.t
t=t+t"+1

Therefore instantiating (F-CE1) with the given vy and t” we get

(o, T =t = t",v5) € [(7) o1]
Since t = t' +t” + 1 therefore from Lemma 69 we get the desired.

T-CAndlI:

U:0;A; T e T 0;A E=c
U:0; A; QT e (c&er)

T-CAndl

Given: (p;, T v) € [ ot]e, (0,7 6) € [Q2 ot]e
To prove: (pg,e dv) € [e&T oi]¢
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From Definition 66 it suffices to prove that
Yop,t <T .e oy s vy = (o, T —t,vf 07) € [c&T 01]

This means given some vy, t <T s.t e 0y |; vy it suffices to prove that
(o1, T —t,vy) € [c&T 01]

From Definition 66 it suffices to prove that

e n (p, T —t,vy) € [T 0l

Since we are given that . = A and ©; A |= ¢ therefore it suffices to prove that
(o1, T —t,vf) € [T 0] (F-CAI0)

IH: (pi,T,e dv) € [1 o]e

This means from Definition 66 we have

V' <T .e oy |y vy = (o, T —t',vyp) € [T 0l]
Since we are given that e 67 |}; vy therefore we get
(o1, T —t,vy) € [T 0t (F-CAIl)

We get the desired from (F-CAIl)

T-CAndE:

U0, A; 0 e (c&r) U:0:;A c;UTo,x:7H—¢é 7

T-CAndE
U:0;A; T @Iy cletz =eine : 7/

Given: (p;,T,v) € [(T1®T2) oi]e, (0,T,9) € [(Q) ot]e
To prove: (p;, T, (cletx = eine€’) §v) € [7/ oif¢

From Definition 66 it suffices to prove that
Yor,t <T .(cletz =eine) oy |y vy = (0, T —t,vy¢) € [ 04
This means given soem vy, t <T' s.t (cletz = ein¢e’) 6 |+ vy it suffices to prove that

(p1, T —t,vy) € [7" o1 (F-CAE0)

From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pr s.t
(i1, T,) € [(T1)oe]e and (pi2, T, ) € [(T2)o]e

—

H1

(plla Ta € 5’7) € [[C&T UL]]g

This means from Definition 66 we have

Vip <T .e 67 s, 1 = (pi1, T —t1v1) € [e&eT oi]e

Since we know that (cletz = e in €’) 0y |; vy therefore from E-CAndE we know that

Juy,t1 < t.e 8 |y, v1. Therefore we have
(P, T —t1,v1) € [c&eT 01]
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Therefore from Definition 66 we have
Ea A (pn, T —ti,v1) € [T oi] (F-CAE1)

1H2

(pl2 +plla T7 6/ 57/) € [[T/ 0—[’]]5

where

Y =vu{r—u}

This means from Definition 66 we have

Yty <T €' 67 V4, vf = (2 +pi1, T —to,v5) € [7" 0l
Since we know that (cletz = e in €’) 0y |; vy therefore from E-CAndE we know that
Aty < t.e! 0y |4, vy.

Therefore we have

(P2 + pi1, T —ta,vy) € [T 0]

Since p; = py1 + pi2 therefore we get

(plaT —t2,’Uf) € [[T/ GL]]

And finally from From Lemma 69 we get

(o0, T —t,vp) € [7" o1]

And we are done.

T-fix:

U, 0;A0x:T;.Fe: T
U:0;A;Q; . - fixee: T

T-fix

Given: (0,7,7) € [.]e, (0,T,0) € [Q ot]e
To prove: (0,7, (fixx.e) §v) € [T ot]e (F-FXO0)

We induct on T'
Base case, T'= 1:

It suffices to prove that (0,1, (fixxz.e) ) € [T ot

This means from Definition 66 it suffices to prove
Vit < 1.(fixz.e) oy |y v = (0,1 —¢,v) € [7]

This further means that given ¢t < 1 s.t (fixx.e) d |; v it suffices to prove that
(0,1 —t,v) € [7]

Since from E-fix we know that minimum value of ¢ can be 1 therefore ¢t < 1 is not possible
and the goal holds vacuously.

Inductive case:

IH: (0, T —1, (fixz.e) dv) € [T ot]e
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Therefore from Definition 67 we have
(0,7 —1,¢") € [,z : 7 ot]¢ where &' =0 U {x > fixz.e 0}

Applying Definition 66 on (F-FXO0) it suffices to prove that
vt <T .(fixx.e) 0y ¢ vy = (0,T —t,vy) € [T 0t

This means given some t <T' s.t fixxz.e 07 |; vy it suffices to prove that

(0,T —t,vf) € [T 01 (F-FX0.0)

Now from IH of outer induction we have

(0, T —=1,e §'y) € 1 oe

This means from Definition 66 we have

Vi) <T —l.e &'y lp vy = (0,7 —1—1t,vy) €7 o/]

Since we know that fixz.e é7y |+ vy therefore from E-fix we know that 3¢’ = ¢t — 1 s.t
e &y |y vy

Since t < T therefore t' =t —1 < T — 1 hence we have

(0,T —t,vy) € [ 04]

Therefore we are done

T-ret:

U:0;A; Qe T
U:0;A; T +rete: MOT

T-ret

Given: (p;,T,7v) € [T'ot]e, (0,T,6) € [Q2 oi]e
To prove: (p;, T,rete d) € [MOT ot]¢

From Definition 66 it suffices to prove that
Vt <T,vg.(rete) oy Jrvg = (p1, T —t,v5) € [MOT ot

It means we are given some t <T',vs s.t (rete) oy |; vy. From E-val we know that ¢t = 0
and vy = (rete) 07.
Therefore it suffices to prove that

(pi, T, (rete) 6v) € [MOT od

From Definition 66 it further suffices to prove that
Vi' <T .(rete) dv Uﬁl vy = '+ <pA Tt vf) € [T ol

This means given some t' <T s.t (rete) Mﬁl vy it suffices to prove that

W +p <p A @, Tt vp)e[r ol

From (E-ret) we know that n’ = 0 therefore we choose p’ as p; and it suffices to prove that

(pi, T —t',vg) € [T 0l (F-RO)
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"

(o1, Tye dy) € [ o]
This means from Definition 66 we have
Vi1 <T .(e) 6y Vs vy = (o, T —t1,vy) € [T 04]

Since we know that (rete) &y |9 vy therefore from (E-ret) we know that Jti.e dv |4, vs

Since t1 < t <T therefore we have
(p1, T —t1,v5) € [1 01]

And finally from Lemma 69 we get
(o1, T —t,vy) € [T ol

and we are done.

T-bind:

U:0;A; 0T e :Mnimy
U:0;A; o, 2: 71 Fea: Mng 7o O©F n;: R OF ny:RT

- - T-bind
U;0; A; T @9 - bindx = e; in ey : M(ng + ng)

Given: (p;, T,7v) € [(T1 ®T2)ot]e, (0,7,0) € [(R2) ot]e
To prove: (p;, T,bindz = e in ey §7) € [M(n1 + n2) 72 otf¢

From Definition 66 it suffices to prove that
Vit <T,v.(bindz =ejines) oy |t v = (p;, T —t,v) € [M(n1 + n2) 2 ot

This means given some ¢t <T,v s.t (bindz = e in e2) 67 |; v. From E-val we know that
t =0and v = (bindz = e; in e3 67)
Therefore it suffices to prove that

(pi, T, (bindx = ey in eg 67)) € [M(n1 + n2) 72 ot

This means from Definition 66 it suffices to prove that

V' <T,vg.(bindz = ey ineg 0v) |5 vy = /s’ +p' <p+n A @, T —t,vs) € [ 0]

This means given some ¢’ <T',vs s.t (bindz = ey in ez §7) Uf,/ vy and we need to prove that

W+ <p+naA@,T -t v)e[mn ol (F-B0)

From Definition 67 and Definition 65 we know that 3p;1, pjo.pi1 + pro = pr s.t
(pi1,7) € [(T1)ot]e and (pi2,7) € [(T2)ot]e

1H1

(pi1, T, e1 67) € [M(n1) 71 ot]e

From Definition 66 it means we have

Vi1 <T .(e1) 67 bty vm1 = (pu1, T —t1,vm1) € [M(n1) 71 0t]
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Since we know that (bindx = e in e3) dv Uf// vy therefore from E-bind we know that
E|t1 < t’,vml.(el) 5’}/ Utl Uml-

Since t; < t’ <T, therefore we have

(P, T —t1,vm1) € [M(n1) 71 ot (F-B1)

This means from Definition 66 we are given that

Vt) <T —t1.01 %0 v1 = 3plsi +0) <pn+n1 A P, T —t1 —th,0) € [11 ol

Since we know that (bindxz =e;ineg) 6y |y vy therefore from E-bind we know that
Ity <t —ty.(e1) oy Uf,ll V1.

Since t} <t —t; <T —t; therefore means we have

Ipy.s1+0) <pn+n APy, T —t1 —t),v1) € [n1 0/ (F-B1)

IH2
(plQ +p/1,T —t1 — tll,eg (5’)/ U {a: — ’Ul}) € [[M(TLQ) D) O'L]]g

From Definition 66 it means we have

Vo <T —t1 — tll.((Eg) 5’7 U {l’ — 1)1} utz Uma — (plg + p’l,T —t1 — tll — tg,vmg) S
[M(n2) 72 ot

Since we know that (bindz = e in eg) 07 Uf,/ vy therefore from E-bind we know that
Eltz <t — t1 — tll.(eg) (5”)/ U {1’ — 1)1} Utg Um?2-

Since tg <t —t; —t) <T —t; — t} therefore we have

(P2 + P, T —t1 — ] — t2,vm2) € [M(n2) 72 01]

This means from Definition 66 we are given that

Vil <T —t; —t) —t2.vm2 uf,; vy = Iph.so+ph < pr+pit+ne A (Ph, T —t1 —t) —th,ve) €

[r2 od]

Since we know that (bindx = e in e2) dv Uf,l vy therefore from E-bind we know that
E|t/2 <t = t1 — tll — 12,892, V2.Um2 Uf,; V9.

This means we have

Iph.so + ph < pr2 + Py +ne A (Ph, T —t1 —t) —ta — th,v2) € [12 0l (F-B2)

In order to prove (F-B0) we choose p’ as pf and it suffices to prove

(a) & +p) <p +mn:
Since from (F-B2) we know that
S2 + Py < piz + P+ ne
Adding s; on both sides we get
51+ 52+ py <2+ 51+ P+ n2

Since from (F-B1) we know that
s1+ Py <pu+m

153



therefore we also have
S1 4 S2 + ph < pi2+pn + 11+ N

And finally since we know that n = nq + ng, s’ = s1 + s9 and p; = p;1 + pjo therefore
we get the desired

(b) (p/2,T —t1 — tll — 19 — tIQ,'Uf) € |IT2 0’1,]]2
From E-bind we know that vy = vy therefore we get the desired from (F-B2)

35. T-tick:

O+ n:R"T
U, 0; 00T 1" :Mnl

T-tick

Given: (p;,T,7) € [Tot]e, (0,T,9) € [ ot]e
To prove: (p;, T,1™ 6v) € [Mn1l o]

From Definition 66 it suffices to prove that
Vi <T,v.(1") oy v = (p, T —t,v) € [Mn1l oi]

This means we are given some t <T',v s.t (1") 07 |+ v. From E-val we know that ¢t = 0
and v = (1) oy

Therefore it suffices to prove that

(pi, T, (1™) 07) € [Mn1 o]

From Definition 66 it suffices to prove that

W <T (17) Sy b () = I 40 <pibnoa (T () € [1]
This means given some ¢ <7 s.t (1") 6y ||} () it suffices to prove that
I+ <pr+na@,T—t,()e[1]

From (E-tick) we know that n’ = n therefore we choose p’ as p; and it suffices to prove
that

(. T =1, () € [1]
We get this directly from Definition 66

36. T-release:

U:0;A; 4T ey [n]n
U;0;A; 09,201 F eg : M(ng + ng) 7o OF n;: Rt OF ny: R
U:0;A; 0T D9 - releasex = €1 in ey : M no T

T-release

Given: (p;,T,v) € [(T1 @ T9)oi]e, (0,T,6) € [(R2) oi]e
To prove: (p;, T, releasex = ey in ez §7) € [M(n2) 72 ote

From Definition 66 it suffices to prove that
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Vit <T,v.(releasex = ey inez) 6y |t v = (p;, T —t,v) € [M(n2) 72 o]

This means given some t <T',v s.t (releasex = e in e3) 0y || (releasexz = ey in e2) §v. From
E-val we know that ¢ = 0 and v = (release z = e; in eg §7)

Therefore it suffices to prove that

(p1, T, (release x = ey in e2) 07) € [M(n2) 12 ot]

This means from Definition 66 it suffices to prove that

V' <T,vy.(releasex = ey in ey 67) l}f,/ vp = WS+ <pi+neg A T —t,vy) €
[r2 od]

This means given some t' <T',vs s.t (releasex = ey in ez 67) Uf,, vy and we need to prove
that

W+ <pr+ne A (p,T —t,vp) € [12 04 (F-RO)

From Definition 67 and Definition 65 we know that 3p;1, pi2.pi1 + pi2 = pi s.t
(pi1,7) € [(T1)ot]e and (piz, y) € [(T'2)oe]e

—

1

(P, T, e1 6v) € [[m]m ote

From Definition 66 it means we have

Vi1 <T .(e1) 67 bty i = (o1, T —t1,01) € [[ma] 71 ot

Since we know that (releasex = e; inez) 07y Uf,/ vy therefore from E-rel we know that
Jt < t’.(el) o7y Uty v1.

Since t; < t' <T, therefore we have

(p, T —t1,v1) € [[ma] 1 o]

This means from Definition 66 we have

WL+ <pn A (P, T —t1,v1) € [11] (F-R1)

IH2
(pi2 + Py, T —t1,e2 6y U {x — v1}) € [M(n1 + n2) 72 otfe

From Definition 66 it means we have

Vig <T —t1.(e2) oy v {z — vi} Ity Vma U {x — 11} = (pp+ |, T —t1 — ta,vm2) €
[M(n1 + ng) 12 ol

Since we know that (releasex = eq in ea) &y |5 vy therefore from E-rel we know that
Jto <t —ti.(e2) oy U {x — v1} 1, Um2. This means we have

(plz +p/1,T —t1 — tQ,UmQ) € [[M(m + 77,2) T2 OL]]

This means from Definition 66 we are given that
Vté <T —t1—1t2.Vm2 Uf,j Vg =—> E|p/2.82 +p'2 < Ppi2 +p/1 +n1+ng A (pIQ, T —t1—t9 —tl2, 1)2) €

[r2 o]
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Since we know that (releasex = e; inez) 0y Uf,/ vy therefore from E-rel we know that
Elt’2.vm2 U:,j V2 s.t. té = t/ — tl — tQ -1
Since th, = t' — t; — to <T —t1 — to, therefore we have

ph.so + ph < prg + Py +n1+ne A (P, T —t1 —ta — th,ve) € [12 0l (F-R2)

In order to prove (F-R0) we choose p’ as p), and it suffices to prove

(a) s 4+ phy < pp + no:
Since from (F-R2) we know that
S92 +p’2 < pr2 +p’1+n1+n2
Since from (F-R1) we know that
Py +n1 <pn
therefore we also have
52+ Dy < pro + i1+ Pl + N2
And finally since we know that s’ = so, p; = p;1 + pi2 and 0 = p,,,1 therefore we get

the desired

(b) (p3, T —t1 —ta2 —ty,vy) € [12 0]
From E-rel we know that vy = vy therefore we get the desired from (F-R2)

T-store:

U:0;A; T e T OFn:RT
U:0;A; T |- storee : Mn ([n] 7)

T-store

Given: (p;,T,7) € [Tot]e, (0,T,9) € [Q ol e
To prove: (p;,T,storee 67) € [Mn ([n]7) o]

From Definition 66 it suffices to prove that

Vit <T,v.(storee) oy |y v = (p, T —t,v) € [Mn([n]T) oi]

This means we are given some t <T',v s.t (storee) 67 || v. From E-val we know that ¢t = 0
and v = (storee) oy

Therefore it suffices to prove that

(1, T, (store e) 6v) € [Mn ([n] ) o]
From Definition 66 it suffices to prove that
V' <T,vp,n'.(storee) 6y |\ vy = Ip/n’ +p' <pp A (P, T —t',vp) € [[n] 7 0]

This means given some ¢’ <T',v¢ s.t (storee) oy U;}' vy it suffices to prove that

'+ <pa (P, T —t,vp) € [[n] T 0]

From (E-store) we know that n’ = 0 therefore we choose p’ as p; + n and it suffices to
prove that

(p+n,T —t',vp) € [[n] T o/]
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This further means that from Definition 66 we have
PP +n<p+nn@,T -t vp)e[r ol
We choose p” as p; and it suffices to prove that

(p, T —t',vg) € [T 01 (F-S0)

H

(0, T,e 67) € [ oi]e

This means from Definition 66 we have

Vi1 <T .(e) 67 bty vp = (o1, T —t1,v5) € [1 01]

Since we know that (storee) dvy | vy therefore from (E-store) we know that 3t; <
t'.e &y 4, vy

Since t; < t' <T therefore we have
(o1, T —t1,v5) € [1 01]

and finally from Lemma 69 we have

(p1, T —t',vg) € [T 01

Lemma 72 (Value subtyping lemma). V¥, 0,7 € Type, 7.
UV, AFT<iT A EAL = [roc|[r ol

Proof. Proof by induction on the ¥;0; A 7 <: 7/ relation

1. sub-refl:

sub-refl

U0, AT <T
To prove: Y(p,T,v) € [T o] = (p,T,v) € [t oi]
Trivial

2. sub-arrow:
U;0;A T <7y U;0;A -7 <:T

U;0;A T —omp <:T| —0 Ty

sub-arrow

To prove: V(p, T, \x.e) € [(11 — 72) 0t] = (p, T, A\x.e) € [(1] —o 75) ot

This means given some (p, T, \z.e) € [(T1 — T2) o] we need to prove

(p, T, A\x.e) € [(1] — 75) ol]

From Definition 66 we are given that
VT'<T,p,e.(p),T'¢)e[rn os = (p+p, T ele/x])€[r os (F-SL0)

Also from Definition 66 it suffices to prove that
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v CZ"//<CZ",I?//’e”.(p”7 T”7 e//) c [[T]’_ O,L]]g _— (p+p//,T//7e[e///x]) c [[Té O_L:[Ig

This means given some 77 <T,p" e" s.t (p",T",e") € [1] ot] we need to prove
(p+p,T" ele"/x]) € [T ot]e (F-SL1)

IH1: [ o] < [ of]

Since we have (p”,T",¢e") € [} o] therefore from TH1 we also have (p”,T",¢") € [ o(]
Therefore instantiating (F-SLO) with p/, 7", " we get

(p+p", 1" ele"/x]) € [r2 0']¢

And finally from Lemma 73 we get the desired

. sub-tensor:

U:0;A -7 <7 U:0;A 1o <:7h
UVOAFTI R <7 QT

sub-tensor

To prove: V(p, T, {vi,v2)) € [(11 ® 12) o] = (p, T, v1,v2)) € [(11 ® 75) (]

This means given (p, T, v1,v2)) € [(11 ® T2) ot
It suffices prove that

(p, T, v, v2)) € [(1] ® 13) 0]

This means from Definition 66 we are given that

Ipr,papr +p2 <p A (p1,Tyv1) € [ o] A (p2, T, 02) € [12 04
Also from Definition 66 it suffices to prove that

I, Py + 05 <p A (p1, To01) € 71 o] A (P2, T v2) € [ 0]

IH2 [[(72) ot] < [(72) o]

Choosing p; for pj and ps for p,, we get the desired from IH1 and IH2
. sub-with:

U;0;A 7 <i7] U;0;A -7 <7

5 7 sub-with
VoA &n<in&n

To prove: V(p,T,{vi,v2)) € [(11 & ™) o] = (p,T,{v1,v2)) € [(1] & 73) 0]

This means given (p, T, {v1,v2)) € [(11 & T2) 0!
It suffices prove that
(2, T, <vr,v2)) € [(11 & 13) 0]

This means from Definition 66 we are given that
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(p, T,v1) € [11 ot] A (p,T,v2) € [12 01 (F-SW0)
Also from Definition 66 it suffices to prove that

(p, T,v1) €[] ot] A (p,T,v2) € [15 ot

H1 [(71) ou] < [(m1) o]

IH2 [[(72) ot] < [(72) o]

We get the desired from (F-SWO0), IH1 and TH2
. sub-sum:

U,0;A -7 <7 U, 0;A -7 <iT
U:0:;A 1 @7 <:T{E|—)Té

sub-sum

To prove: V(p,T,{vi,v2)) € [(11 ® 12) o] = (p,T,{v1,v2)) € [(11 ® 75) ol]
This means given (p,T,v) € [(T1 @ T2) ot]
It suffices prove that
(p.T,v) € [(r{ ®713) 0]
This means from Definition 66 two cases arise
(a) v =inl(v"):
This means from Definition 66 we have (p,T,v") € [11 o] (F-SS0)
Also from Definition 66 it suffices to prove that
(p, T,v") € [r{ o/]
H [() o1] < [(7]) o]

We get the desired from (F-SS0), IH
(b) v = inr(v'):

Symmetric reasoning as in the inl case

. sub-list:

UVO;AFT <7
UV:0;A-L"T<:L" 1

sub-list

To prove: Y(p,T,v) € [L" 7 oi].(p,T,v) € [L"™ 7" o1

This means given (p,T,v) € [L™ 7 o] and we need to prove

(p, T,v) € [L™ 7" o]

We induct on (p,T,v) € [L™ T o1
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(a) (p,T,nil) € [L° T ou]:
We need to prove (p, T, nil) € [L° 7/ o.]
We get this directly from Definition 66
() (p,T,v" = 1) € [L™F! 7 4]
In this case we are given (p,T,v" :: I') € [L™! 1 o4]
and we need to prove (p,T,v’ :: I') € [L™F! 7/ ¢.]
This means from Definition 66 are given
Ip1,p2.p1 +p2 <p A (p1, T,V) € [1 o] A (p2, T, 1') € [L™7 1] (Sub-List0)

Similarly from Definition 66 we need to prove that
3P, Pe Py + 0 <p A (py, T,0") € [7" o] A (p2, T, 1) € [L™ 7 04]

We choose p] as p; and p), as ps and we get the desired from (Sub-List0) IH of outer
induction and IH of innner induction

7. sub-exist:

U:0,sA 1< 7
U:0;A - 3s.7 <: 3.7

sub-exist

To prove: Y(p,T,v) € [3s.7 oi].(p, T, v) € [Is.7" o1]

This means given some (p,T,v) € [3s.7 o] we need to prove

(p, T,v) € [3s.7" o1

From Definition 66 we are given that

3¢ (p, T, v) € [Tou[s'/s]] (F-exist0)

IH: [(1) ovu{s— s} < [(7)) oru{s— §}]
Also from Definition 66 it suffices to prove that
As".(p, T, v) € [T'ou[s"/s]]

We choose s” as s’ and we get the desired from IH

8. sub-potential:

U:0;A T <7 U:0;An' <n
U:0; A [n]T <: [n]7

sub-potential

To prove: Y(p,T,v) € [[n] T oi].(p, T,v) € [[n'] 7" o]

This means given (p,T,v) € [[n] T ot] and we need to prove
(p,T,v) € [[n'] 7" o]

This means from Definition 66 we are given

W +n<pna @, T,v)e[r ol (F-SP0)
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And we need to prove
' +n' <pnapT,v)e[r ol (F-SP1)
In order to prove (F-SP1) we choose p” as p/

Since from (F-SP0) we know that p’ +n < p and we are given that n’ < n therefore we
also have p' +n' <p

IH [7 o] < [7' o/]
We get the desired directly from TH

9. sub-monad:

U:0: AT <7 U:0;An<n
U:0;A-MnT <:Mn' 7

sub-monad

To prove: Y(p,T,v) € [MnT oi].(p,T,v) € [Mn' 7" o]

This means given (p,T,v) € [Mn T o.] and we need to prove

(p, T,v) e [Mn' 7" o]

This means from Definition 66 we are given

YVt <T,ny,v' o |t v = ' ni+p <p+na @, Tt ) elrol] (F-SMO)
Again from Definition 66 we need to prove that

V" <T,ng,v" v |7 v = " na+p" <p+n' A Q"T —t" ") e[ ol

This means given some t” <T',v",ny s.t v |7 v" it suffices to prove that

W' ne+p" <p+n' A QT —t" V") e[ ol (F-SM1)

Instantiating (F-SMO) with ¢, ng,v” Since v |}};? v" therefore from (F-SMO) we know that

W no+p <p+nna@p,T—t"0")e]r ol (F-SM2)
IH [ o] < [ od]
In order to prove (F-SM1) we choose p” as p’ and we need to prove

(a) ng+p" <p+n'

Since we are given that n < n’ therefore we get the desired from (F-SM2)
(b) (', v") e[r" o]

We get this directly from IH and (F-SM2)

10. sub-Exp:

UVO;AFT < T
U;0;A T <!

sub-Exp
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11.

12.

To prove: V(p,T,v) € [I7 o].(p, T,v) € [!7" o1

This means given (p, T, !e) € [!I7 o¢] and we need to prove
(p,T,le) € [\ o]

This means from Definition 66 we are given
(0,T,e) e |7 otfe (F-SE0)
Again from Definition 66 we need to prove that

(0,T,e) e[ ol]e (F-SE1)

IH [r o] < [ ot
Therefore from (F-SE0) and TH we get (0,7, ¢) € [7’ o] and we are done.
sub-typePoly:

U, o;0; A7 <:To
U:0;A - Vo <:Vi.m

sub-typePoly

To prove: Y(p, T, A.e) € [(Vi.T1) ot].(p, T, A.e) € [(Vi.T2) oi]

This means given some (p, T, A.e) € [(Va.71) ot] we need to prove
(p,T,A.e) € [(Va.12) ot

From Definition 66 we are given that

Vr, T'<T .(p,T",€) € [r[7/a]]e (F-STPO)

Also from Definition 66 it suffices to prove that

V' T"<T .(p,T",e) € [r2[7'/a]] e

This means given some 7/, T”<T and we need to prove
(p,T",e) € [r=[7'/a]]s (F-STP1)

IH: [(11) oru{a— 7} S [(12) ovu {a— 7'}]
Instantiating (F-STP0) with 7/, 7" we get

(p7 T”7 6) € [[7_1 [T//Oé]]]g

and finally from IH we get the desired.

sub-indexPoly:

U: 0,5 A1 <7
U:0;A - Viom <: Vi

sub-indexPoly

To prove: Y(p, T, Ai.e) € [(Vi.11) oi].(p, T, Ai.e) € [(Vi.Tz) o1

This means given some (p, T, Ai.e) € [(Vi.11) ot] we need to prove
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(p, T, Ai.e) € [(Vi.T2) oi]

From Definition 66 we are given that

VI,LT'<T .(p,T',e) € [1[I/i]]e (F-SIPO)
Also from Definition 66 it suffices to prove that
VI T"<T .(p,T",e) € [12[I'/i]]e

This means given some I’, T”<T and we need to prove
(0. T",¢) € [r2[I'/i]] e (F-SIP1)

IH: [(11) ovu{i—TI'}] € [(12) o v {i—I'}]
Instantiating (F-SIPO) with I’, 7" we get

(0. T",¢) € [[I'/i]]e

and finally from IH we get the desired

. sub-constraint:

U:0:A 71 <: T ;A ECc = ¢

U AR =1 <=7

sub-constraint

To prove: Y(p, T, A.e) € [(c1 = 1) oi].(p, T, A.e) € [(ca = 12) 0]

This means given some (p, T, A.e) € [(c; = 71) o] we need to prove

(0. T, Ae) € [(c2 = 72) 0u]

From Definition 66 we are given that

Ear = (p,T,e) € [riot]e (F-SCo)
Also from Definition 66 it suffices to prove that
: ): Col =—= (vav 6) € [[TQUL]]S

This means given some . = cot and we need to prove
(. T.e) e [ (F-SCL)

Since we are given that ©; A = co = ¢ therefore we know that . |= ¢1¢

Hence from (F-SCO0) we have
(p,T.e) € [mot]e (F-SC2)

IH: [(11) ot € [(12) o]

Therefore we ge the desired from IH and (F-SC2)
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14. sub-CAnd:

U:0;AFT <7 A E = ©
U:0; A & <: co&emo

sub-CAnd

To prove: Y(p,v) € [(c1&T1) ot].(p,v) € [(c2d&ems) ot

This means given some (p,v) € [(c1&71) ot] we need to prove

(p,v) € [(c2&em2) o]

From Definition 66 we are given that

Ecin (pe)e[nole (F-SCA0)

Also from Definition 66 it suffices to prove that

Ecat A (p,e) € [rroi]e

Since we are given that ©; A = cy = ¢ and . |= ¢1¢ therefore we also know that . = cor

Also from (F-SCAO0) we have (p,e) € [riot]e (F-SCA1)

IH: [(m1) o] € [(12) ot

Therefore we ge the desired from IH and (F-SCA1)

15. sub-familyAbs:

U:0,i:S-71<:7
U0 - \i S .1 <: M\i ST

sub-family Abs

To prove:

Vfe[Mi:S.Tol.fe[M\i:S.7" ol

This means given f € [\ :S .7 ou] and we need to prove
fe\i:S .7 ol

This means from Definition 66 we are given

VI.f I€|r[l/i] o] (F-SFADbs0)

This means from Definition 66 we need to prove

VI'.f I' e [7'[1'/i] od]

This further means that given some I’ we need to prove
fIelr'[I'/i] o (F-SFAbs1)

Instantiating (F-SFAbs0) with I’ we get

fIelr[I')i] o]

From IH we know that [t ov v {i —>I" i} S [7' ovu {i— I' }]

And this completes the proof.
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16. Sub-tfamilyAppl:

sub-familyApp1
U0 A NS T <ir[l)i] PP

To prove:

V(p, T,v) € [Mi:S .71 ol].(p,T,v)€e[r[I/i] o]

This means given (p,T,v) € [\ :S .7 I o1] and we need to prove
(p,T,v) € [7[1/i] o]

This means from Definition 66 we are given

(p,T,v) e [M\i:S.T] I o0

This further means that we have

(p,T,v) e fIowwhere fIov=[r[l/i] o]

This means we have (p,T,v) € [7[I/i] oi]

And this completes the proof.

17. Sub-tfamily App2:

b-family App2
U0 A - T[L)i] <t Mi:S T 1 SHbTamy AP

To prove: Y(p,T,v) € [T[1/i] oi].(p,T,v) € [M\ei :S .7 I ol
This means given (p,T,v) € [7[I/i] o(] (Sub-tF0)
And we need to prove

(p, T,v) € [M\i:S .71 0l

This means from Definition 66 it suffices to prove that

(p, T,v) e [M\i:S 7] I o0

It further suffices to prove that

(p,T,v) e fIoLwhere fIov=1[r[l/i] o]

which means we need to show that
(p, T, v) € [r[1/i] o]
We get this directly from (Sub-tFO0)

Lemma 73 (Expression subtyping lemma). V¥, 0, 7, 7.
UV:0OF71<:7 = [7olec|[rol]e
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Proof. To prove: Y(p,T,e) € [T ot]e = (p,T,e) € [r' oi]¢
This means given some (p,T,e) € [T ot]¢ it suffices to prove that
(p,T,e) €[ a]e
This means from Definition 66 we are given
Vi <T,v.e |t v = (p,T —t,v) € [r o] (S-E0)

Similarly from Definition 66 it suffices to prove that
V' <T v'e |y v = (p, T —t,v') €[ ol

This means given some t' <T',v’ s.t e || v’ it suffices to prove that
(p, T —t',2v") e [T o]

Instantiating (S-E0) with ¢/, v we get (p, T —t',v') € [ o1]
And finally from Lemma 72 we get the desired.

Lemma 74 (T subtyping lemma). YU, 0,T'1,T9, 0, ¢.
U:0 T <: Ty = [[10i] € [0

Proof. Proof by induction on ¥; 0 - I'y <: T’y

1. sub-IBase:

—— X sub-1Base

U:0+I <.
To prove: VY(p,T,7) € [l1ot]e.(p, T, 7) € [ e
This means given some (p,T,7) € [I'10t]¢ it suffices to prove that (p,T,v) € [.]¢
From Definition 67 it suffices to prove that

3f Vars — Pots. (Yx € dom(.). (f(z),T,v(z)) € [L(x)]e) A (Xiedom() [(@) <p)

We choose f as a constant function f'— = 0 and we get the desired

2. sub-lInd:

x:7 el V0T <7 U0 Ty /e<: Ty
U:0FIy <:Tg,z:7

sub-1Base

To prove: Y(p,T,v) € [T'1ot]e.(p, T,v) € [T2,x : T]e

This means given some (p,T,v) € [I'10t]¢ it suffices to prove that (p,T,v) € [Tz, z : 7]¢
This means from Definition 67 we are given that

Af :Vars — Pots.

(Vo € dom(I'1). (f(2),T,~(x)) € [I'()]e) (L0O)

(Zmedom(f‘l) f(ZE) < p) (Ll)

Similarly from Definition 67 it suffices to prove that

3f' : Vars — Pots. (Vy € dom(T'a,z : 7). (f'(y), T, 7(y)) € [(Ta, 2 : 7)(y)]e) A
(Zyedom(FQ,x:T) f/(y) < p)

We choose f’ as f and it suffices to prove that
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(a) Vy e dom(L'y, z: 7). (f(y), T,7(y)) € [T,z : 7)(y)]e:
This means given some y € dom(I'y, x : 7) it suffices to prove that

(f(W): T,7(y)) € [r2]e where say (Iy,z : 7)(y) = 72
From Lemma 75 we know that

y:mel A¥;0 -1 <1

By instantiating (L0) with the given y
(f(y),T,7(y)) € [m]e

Finally from Lemma 73 we also get (f(y),T,v(y)) € [72]¢
And we are done

(b) (Zyedam(f‘g,xzf) f<y) < p):
From (L1) we know that (3,cg0m(r,) f(2) < p) and since from Lemma 75 we know
that dom(T'e,x : 7) € dom(T'1) therefore we also have

(Zyedam(Fz,x:T) f(y) S p)

Lemma 75 (I" Subtyping: domain containment). ¥p,~y,'1, Ts.
U0+ <y = Ve:7elg.z:7 el AU;07T <i7

Proof. Proof by induction on ¥; 0 | I'y <: I'y

1. sub-IBase:

— sub-1Base
U:0+I <.

To prove: Ve : 7' e (Jx:7ely AV;0 7 <7
Trivial
2. sub-lInd:

z:7 el V.07 <7 U0 -1 /z < Ty
U:0+I <:To,z: 7y

sub-1Base

To prove: Yy : 71 € (Do, x 1 73)y:Tel1 AY;0 7' <o 7

This means given some y : 7 € (I'9, x : 7) it suffices to prove that
y:7Tel AU 7 <i 7

The follwing cases arise:

o y=u:
In this case we are given that z : 7/ €'y A ¥;0 7/ <: 7
Therefore we are done

® Yy F
Since we are given that ¥;© - I'y /z <: I'y therefore we get the desired from TH
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Lemma 76 (2 subtyping lemma). Y¥, ©,Q,Q9,0,¢.
U:0 Q) <:Qy = [[QIO'L]] < [[QQO’L]]

Proof. Proof by induction on ¥;0 Q1 <: s

1. sub-IBase:

sub-mBase

VO Q<.
To prove: Y(0,7,9) € [Q10t]¢.(0,T,6) € [.]e
This means given some (0,7, ) € [Q10t]¢ it suffices to prove that (0,7,9) € [.]¢
We get the desired directly from Definition 67
2. sub-lInd:

x: 7T e V0T <7 U0 - Q/z <:
U:0OF Q) <:Qo,x:7T

sub-mInd

To prove: Y(0,7,6) € [Q10t]e.(0,T,6) € [Qa,x : T]¢
This means given some (0,7,9) € [Q0t]¢ it suffices to prove that (0,7,9) € [Qq,z: T]¢

This means from Definition 67 we are given that

(VY :7€Q1.(0,T7,(x)) € [7]¢) (LO)

Similarly from Definition 67 it suffices to prove that

(Vy i1y € (Qo,2:7).(0,T,6(y)) € [1y]e)

This means given some y : 7, € (22,2 : 7) it suffices to prove that
(0,T,6(y)) € [ry]e

From Lemma 77 we know that 37".y : 7/ € dom(Q1) A U;0 7/ <: 7y
Instantiating (LO) with y : 7" we get (0,7,0(y)) € [7']¢

And finally from Lemma 73 we get the desired

Lemma 77 (§2 Subtyping: domain containment). Y¥, 0, Q, Q.
VO < = Vo:7eM.2:7eM A¥;0H7T <7

Proof. Proof by induction on ¥; 0 Q1 <: s

1. sub-IBase:

sub-mBase

U0 Q<.

To prove: Vo : 7€ ()a:T eQAV;0 7 <7
Trivial
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2. sub-lInd:

x:7 e V0T <7 U0 - O /z <: Oy
U:0F O <:Q9,z:7

sub-mInd

To prove: Vy: 7€ (Qo,x: 7).y T €U AV;0 7 <i 7

This means given some y : 7 € (9, x : 7) it suffices to prove that
y: 7 e AVORT <7
The following cases arise:
o y=um
In this case we are given that
z:7TeM A0 T <7
Therefore we are done

® Yy F I
Since we are given that ¥; O | Q;/x <: Q9 therefore we get the desired from IH

Theorem 78 (Soundness 1). Ve, n,n’, 7 € Type,t.
Fe:MnT Aell v — n'<n

Proof. From Theorem 71 we know that (0, + 1,e) € [Mn7]¢

From Definition 66 this means we have
V' <t+1lelpv = (0,t+1—t)e[Mnr7]

From the evaluation relation we know that e g e therefore we have
(0,t+1,e) € [MnT]

Again from Definition 66 it means we have
V" <t+1l.e Uﬁ/ v= P +p <0+nA @, t+1-t"0v)e[r]

Since we are given that e |7 v therefore we have
I +p <n AP, 1v)e[r]

Since p’ = 0 therefore we get n’ < n

Theorem 79 (Soundness 2). Ve, n,n’, 7 € Type.
Fe:[n]l—MOT Ae() Iy —Ihv = n/<n

Proof. From Theorem 71 we know that (0,t1 + to + 2,€) € [[n]1 — MO 7]¢

Therefore from Definition 66 we know that
V' <ty +ta+2vellyv = (0,t1 +t2+2—t,v)e[[n]1 -MOT] (S0)

Since we know that e () |, — therefore from E-app we know that 3e’.e |+, Az.€/
Instantiating (S0) with ¢1, \x.¢’ we get (0,t2 + 2, \z.€’) € [[n]1 — MO 7]

This means from Definition 66 we have
Vet <to+2.(p),t",€") e [[n]1]e = (0+ ', t",e[e"/x]) € [MOT]e (S1)
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Claim: Vt.(I,¢t,()) € [[1]1]¢
Proof:
From Definition 66 it suffices to prove that

0 dov = (I,t,v) € [[1]1]

Since we know that v = () therefore it suffices to prove that
(Z,t,v) e [[1]1]

From Definition 66 it suffices to prove that

WP +I<I A (P, tv)e[1]}

We choose p’ as 0 and we get the desired

Instantiating (S1) with n, (),t2 + 1 we get (n,t2 + 1,€'[()/x]) € [MO7]¢
This means again from Definition 66 we have

V' < to + 1.e'[()/z] Jp v/ = (n,ta+1—t,0v") e [MOT]

From E-val we know that v' = ¢/[()/z] and ¢’ = 0 therefore we have

(n,ta +1,€'[()/z]) € [MOT]

Again from Definition 66 we have

V' <ty + 1e[()/z] {7 v = W'/ +p <n+0A (@ t2+1—t ") e [r]
Since we are given that e |4, — Ug v therefore we get

' +p <noA (P 1L0") € 7]

Since p’ = 0 therefore we have n’ <n

Corollary 80 (Soundness). VI',e,q,¢',7,T,p;.
gaal e [gl —MO[g']T A
(pl’Ta ’7) € [[F]]S A
e()y b ve b, v
t1 +to <T
—_—

Elpv-(pvyT —t — tQ,U) € [[T]] A J < (q +Pl) - (q, +pv)
Proof. From Theorem 71 we know that (p;, T,e) € [[¢]1 — MO[¢'] T]e

Therefore from Definition 66 we know that
VT'<T,vey v = (p, T —T',v) € [[qg] 1 — MO[¢] 7] (S0)

Since we know that e ()y |+, v¢ therefore from E-app we know that
de'.e Jy Az’ and €[()/z] Jp ve st ty +] +1 =1

Instantiating (S0) with ¢}, \x.¢’ we get (p;, T —t}, Ax.e’) € [[¢]1 — MO [¢'] 7]
This means from Definition 66 we have

Vo, T'< (T —ty),e. (¢, T",¢") € [[q]1]e = (o + ', T",€'[¢"/x]) € [MO[¢'] T]e (S1)

Claim: VT .(I,T,()) € [[I] 1]«
Proof:

From Definition 66 it suffices to prove that
VT'"<T,v.() Ipnv = (I, T —T",v)e[[I]1]

From (E-val) we know that 7”= 0 and v = () therefore it suffices to prove that
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(1,T,0) € [[1]11]
From Definition 66 it further suffices to prove that
W +I<IAP,T,()e[1]}

We choose p’ as 0 and we get the desired

Using the claim we know that we have (¢,7 —t] — 1,()) € [[q] 1]¢
Instantiating (S1) with ¢,T —t} — 1, () and using the claim proved above we get

(pr+q, T =ty = 1,e'[()/x]) € [MO[¢] 7]e
This means again from Definition 66 we have
VT <T —t) —1.e[()/z] | vV = (m+¢q, T —t) —1=T1,v") € [MO[¢] 7]

Instantiating with /', v, and since ¢; < T, therefore we also have t] < T —t].

Also since we are given that e()y ||, v, therefore we know that v’ = v;. Thus, we have

(i +q, T —th —1—t,v;) e [MO[¢'] 7]

Again from Definition 66 we have

Gty <T —ty—t— L b o —> W0 < pitg A (0T 6 —t—1—th ") € [lg) 7]
Instantiating with v, ¢y and since to < T —t) —t{ — 1 and e |4, vt U;]Q v therefore we get
W JT+p <pr+qgn @, T —t) —t] —1—ta,v) € [[¢] 7] (S2)

Since we have (p/,T —t] —t|] — 1 — t9,v) € [[¢'] 7] therefore from Definition 66 we have
Ipi+d <p A LT -t -t —1—ty,v)er]}  (S3)

In order to prove Ipy,.(py, T —t1 — ta,v) € [7] A J < (¢ + ) — (¢ + py) we choose p, as p}
and we need to prove

1. (p/l,T —t1 — tQ,U) € [[7']]2

Since from (S3) we have (p}, T —t} —t] —1—t9,v) € [7] and since t} + ] + 1 = t; therefore
also have

@), T —t1 —ta,v) € [7]

2. J<(qg+p)—(d +po):
From (S2) and (S3) we get

J<(pi+q)— (¢ +py)

2.5 Embedding Univariate RAML
Univariate RAML’s type syntax

Types 7 == b Lir | (11,72)
A == T iy T
Type translation
(unit) =1
(b)) = 1lb
(L77) = 3s.([6(7,5)]1® L))
() = ((n) ® (7))
(nn) = (41— (n) — MO[q] (7))
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Type context translation

Function context translation
(S, z:7) = (X),z:(7)

Judgment translation
T I—g, er:T o~ (2D (0) - eq gl 1 — MO ([¢](7))

Definition 81. ¢(7,n) = ¥, ;. (1)@ as defined in [2, 1]

Expression translation

uni uUng unit
DIHN FZJFK ' () : unit ~» Au.release — = u in bind — = 1% "inbinda = store() in ret(a)
Kbn,se . . Kbase . . K base
X5, it ¢: b~ Au.release — = w in bind — = 1 in bind a = store(!c) in ret(a)
q+K”‘" . . Kvar . . ; var
YT ] x T ~> Au.release — = w in bind — = 1 in bind a = store z in ret(a)
a/q
T — 12 € X(f)
app app
Sizim I—q,JrKlapp fx:m~ duFEy
q _K2
where
Eq = release — = w in bind — = 151" in bind P = store() in E;
Ey = bind fi = (f P x) in release fo = f1 in bind — = 152" in bind f3 = store fo in ret f3
nil

= @ K il L
Au.release — = u in bind — = 15" in bind a = store() in bind b = store(a, nil}) in ret(b)

ﬁ: (pla"'vpk)

Cons cons
Siap i Ta: LEPr I—g+p1+K cons(xp, xy) : LPT ~>
Au.release — = w in bind — = 157" in Ey
where
Ey = ap;x.letlxy, xe) = x in By
E; = release — = 1 in bind a = store() in bind b = storela, z, :: x2)) in ret(b)
q_KmatN
z:7 I_‘ l_q/-i-légm’tN €1 : 7-/ ~ €ql
. q+p _K’matC
= (p1,---,Dk) ST h:7t: LE Py I—q/Hl{;na}N €31 T ~ eqo
match
Y[y LPr I—Z, match z with |nil — ey |h it eg: 7 ~ Au.E
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where

Ey =release— = wuin Eg

Ep1 = z;a.letlzy,x2) = ain By

Ey = match z9 with |nil — Es |h :: [, — Ej
E5 = bind — = 157"V in By,

Es1 = bindb = store() in E},

E} =bindc = (eq1 b) in Ef

EY | =released = cin E},

/ . KmatN . /
EY, 5 = release — = x; in stored
. tC .

Es = bind — = 15" in B3,
FE31 = release — = 21 in FE35

FEs59 = bindb = store() in B33
FE33 =bindt = ret<<b, lt>> in 34
Es5.4 = bindd = store() in E35
E35 =bind f = eq din E3¢
E36 = releaseg = f in Eg 7

FEs57 = bind— = TKﬁth in store g
Sihrz:m,y:mrLe: ~e, T=T1Y T T=T1=Ta=1
1 q 7 Share-unit
5Tz 7y elz/z, 2/y] 1 7'~ Eo
EO = )\’LLEl
Ey =binda = coerce1 11 z inletlz,y) = ain e, u
coercei 11 : (1) — MO ((1) ® (1))
coercer11 = Au.retl1(),'())
ST :m,y:mrLe: 7~ e, T=T1Y T T=T1=T9=Db
4 Share-base

“:oz:r I—g/ elz/z,z/y] : 7~ Ey
Eo = )\UEl

Ei = binda = coerceppp 2 in letdz,y) = ain e, u

coercer1,1 : (b) — MO ((b) ® (b))
coerceppp = Au.let! v’ = w in ret{l/, u'))

/
DR I A S TR ) l—g, e:T ~ ey
T = LpT// 7_1 — LplT{/ 7_2 — Lpg,ré/ 7_// — {/ Y'Té, ﬁ: p_i + —

7 7 P2 Share-list
5Tz o7y elz/z, 2/y] i 7'~ Eo

EO = )\uE’l
E; = binda = coercer , , z inletdz,y) = ain e, u

coerceLﬁT,LpiTl,LpéTg l((]Tl) —o MO (]TlD ® (]TQD) —° (]LﬁTD —o MO (]Lp_i’rl[) ® (]Lp_éTQD
COCTCer i, 171y iar = fiXfA g e letlg = ginez. letdp, 1)) =z in Ey

where
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Ey = release — = pin Ey

F1 = match [ with |TL7,Z — F9q |h wt— FEj
Ey1 = bind z; = store() in Ea

Es9 = bind z9 = store() in Ea 3

B3 = retd {21, nil), {22, nil)))

FE3 = bind H = g’ hin E31

FE31 = bindo; = () in B39

Eso2=bindT = fg <<0t,t>> in By

Ey = Iet<<H1,H2>> = H in Ej5

Es = |et<<T1,T2>> =T in Fg

Eg = Ty;tp. let{ph, 1)) = tp1in E7y
Erq =15 tpo. Iet<<p’2, ll2>> =1poin E7 9
E79 = release — = p) in Er 3

E73 % release — = ply in B4

Er.4 = bind o = store() in E75

E;5 = bind 0y = store() in Eg

Eg = retdloy, Hy :: T1 ), Lo, Hy :: To )

X1,y T I—g/ e: 7 ~eq
T=n¥n 71=(mn) n=([,n) 7n=(4m7)
“i:lyz:71 Fg, elz/x,z/y] : 7' ~ Ej

Share-pair

EO = )\uEl
Ey = binda = coerce(r, r) (1 1) (rr.7r) % inletd@, y) = ain eq u

COCTCC (7, 7, (rt my) () H((Ta) —o MO (73) © (7)) —o!((m) — MO (75) @ (7)) — ((7a, 7)) —
MO (](Té’ Tl;)D ® Q(Tg? TI;I)D
COETCE (7, 1), (7h,0),(rt! 7I) 2 X_g1.)A_g2.Ap. let !<<p1,p2>> =pin Ey

where

Ep = let!g] = g1 in B}

FE = Iet!g’2 = goin By
Ey = bind P{ = ¢g}p1 in E3
E3 = bind Pé = gépg in E4
By = let (g, pp) = P{ in By
Es = let/(phy. phy) = Py in Eg
Eg = retdp'y, Py ), P2, Pha))
E;Fl—q,e:Twea <7
g Sub
q 7 u
E;Fl—q,e:T ~ Eq
E;F,x:nl—g,e:rwea T <:T
g Super
DI N A g €57 ~ €a
SiTHheiT~e, q=2p q-p=q—p
Relax
;T l—g, e: T~ do.Ey
where
Ey =release— = o in B}

174



Ey = binda = store() in Es
E2 = bindb = eaain E3

FE3 = releasec = b in storec
qulet prlet
Uilibp o erimivea MU x Tk e €20 T €2
3 Let
¥:Tq, T }—g, let x =e; in es: T~ E;
where
Et = )\UEO
Ey = release — = uw in B4
E; = bind — = 151% in E,
E5 = binda = store() in Ej
E3 = bindb = €q1 Q in E4
E4 =releasex = bin Ej5
Es = bind — = 155" in Eq
Eg = bind ¢ = store() in E7
E7 =bindd = ey ¢ in Eg
FEg = release f = d in Eg
Eo = bind — = 155" in By
FEqy = bindg = store f inretg
pair
Sixy T, T I—Z+Kp (z1,22) : (T1,72) ~ E4
where
Et = )\'LLEO
Ey = release — = w in By

. pair .
E{ =bind— = TK in By
E5 = bind a = store(z1, z2) in reta
. q_Kma,tP ) ’
T = (71,72) S, 0,21 : 1,29 0 T |—q,+K1matP e: 7~ ey
2 matP

YU o 7 =1 match x with (71, x2) —e:7 ~ By

where
Et = )\UEO
Ey = release — = uw in By

E; = bind — = 151" in By
Ey = letlzy,x2)) = x in B3

E5 = binda = store() in Ey4

E4s=bindb=c¢; ain Ex

FEs = releasec = b in Eg

Eg = bind — = 155" in B,
FE7 = bindd = storec in retd

E;Fi—g,e:Twea

v g Augment
o g €57~ €a
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2.5.1 Type preservation

Theorem 82 (Type preservation: Univariate RAML to A-Amor ). If ¥;T l—g, e : 7 in Univariate
RAML then there exists €/ such that ;T I—Z, e : 7 ~ € such that there is a derivation of
G (2D, (0) =€ : [g] 1 — MO ([¢'](7])) in A-Amor .

Proof. By induction on ;T Fg, e:T

1. unit:
Kunit . . . K'u,nit . . . unit
XL i () : unit ~ Au.release — = w in bind — = 1 in bind a = store() in ret(a)
Ey = Au.release — = u in bind — = 15" in bind a = store() in ret(a)
Ey = release — = u in bind — = 15" in bind a = store() in ret(a)

To = [q + K*""] 1 — MO ([¢](unit))
Ty = [q + K] 1

Ty = M(q + K*"") ([q] 1)

121 = M(q) ([q] 1)

T = M K"“t1

Ty =MO([q] 1)

Ts = Mq([q]1)

D1:
555 (3]s . - store() : T gaa(X);a (g1 ret(a) - Ty
5.5 (X);. - bind a = store() in ret(a) : T
DO:
G (2 - AT
DO0.0:

D0 D1
551 (2); . - bind — = 15" in bind a = store() in ret(a) : Ty

T-bind

Main derivation:

T-var DO0.0
saa(Eu T Fu: Ty

T-release
g (EhuTh - Ey Ty
T-lam
554 (X)s -+ Eo: To
2. base:
Kbase . . Kbase . . . base
%L ¢: b~ Au.release — = win bind — =1 in bind a = store(lc) in ret(a)
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base
=K

Ey = Au.release — = w in bind — in bind a = store(!c) in ret(a)

= 15" in bind a = store(!c) in ret(a)

FE{ = release — = w in bind —
Ty = [q+ K*¢] 1 — MO ([q](b))
T, = [q + Kbase] 1

T> = Mi(q + K**) ([q] 'b)

To1 = M(q) ([¢] 'b)

Ty = MKbase q]_[)

Ty = MO ([q]'b)

Ts = Mq([q]'b)

D1:
555 (2); . - store(le) = T s (X);ac: [q] b ret(a) - Ty
5.5+ (2); . - binda = store(lc) in ret(a) : To.1
DO:
G (2D 1R Ty
DO0.0:

DO D1

T-bind
555 (X);. F bind — = 15" in bind a = store(!c) in ret(a) : Th

Main derivation:

T-var DO0.0
saaEu T Fu:Ty
T-release
gaa(EhuTh - Ey Ty
T-lam
(X)) = Eo: To
. var:
var var var
SixT I—Z+K z: 7~ Au. bind — = 157" in ret(2)
Eo = \u.release — = u in bind — = 15" in bind a = store x in ret(a)
FE| = release — = v in bind — = TKW” in bind a = storez in ret(a)
To = [g+ K*"]1 — MO ([g] (7))
Ty = [q+ K"r]1
Ty = MO ([qg + K"*](r))
TS = M Kver (]]_D
Ty = MO ([gl(7))
Ts = Mq ([q](7))
D1:
g (XD (1) - storex : T s (X)sac[q] (7) - ret(a) - Ty

55 (X);x s (7) - binda = storex in ret(a) : T
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DO:

gaa(E)sa () - 1K Ty
DO0.0:

DO D1
5 ()2 (7) - bind — = 15" in bind @ = storez in ret(a) : Ty

T-bind

Main derivation:

T-var DO0.0
saaEuT Fu: Ty
T-release
sy (r),u: T - Ey Ty
T-lam
g X)z () Eo: To
. app:
Ty g T2 € X(f) X
a PP
iz I—q,JrK{:p f T~ Au.Ey
quz
where
Eq = release — = w in bind — = 151" in bind P = store() in E;
E; =bind fi = (f P z) in release fo = f1 in bind — = 152" in bind f3 = store f5 in ret f3
FE1 1 = release fo = f1 in bind — = TKgpp in bind f3 = store f in ret f3

E15 = bind — = 152" in bind f3 = store fy in ret f3
E4 3 = bind f3 = store f in ret f3

FEq 4 = store fo

Ei5=retfs

Eo1 = bind— = 15" inbind F = f in By

To = [¢ + K" 1 — MO ([¢' — K5™]())
Toa = [q + K] 1

To.2 = MO ([¢" — K5™](m2))

T = Mg+ Ki™)1

T2 =MO[q — Ky ()

T = M(K7™) 1

T5 = M(q) (m2)

Ty = Mg ((r1) — MO [¢'] (2))

Tya = ((r1) — MO[q'] (7))

Ty2 = MO[q] (m2)

Tys = [d'] (72)

Tya=M(q — K3™)[d — K3 ()
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Tya1 = M(¢)[d — K57 (72)
Tys = [¢ — K3™] (m2)
Tye = MO [q — K5 ()

D2.3:
G (E)sfar () - Era i Tyy G5 (X); f3: Tas = Eis : Tas
S (3D foi (rel, f3: Tas = Ers : Tay
D2.2:
a D2.3
G () 1T MK
G55 (3); fo () = Ere s Tusm
D2.1:
D2.2
G () fr o Tug = fr:Tys
s (XD fi i Tas = Erg s The
D2:
D2.1
sz (m),Pilgll- f Pax:Tyo
gas Xz (n), Pilgll - Ey:The
D1:
D2
53+ (2); - 1 store() : Mg [q] 1
5 (2);x s (1) F bind P = store() in Ey : T 9
DO:

D1

G (E) o (m) H TK?pp : Ty
gz () - Eox:Tie

Main derivation:
T-var DO

5 (E)yus Toa b u:Toa
s (XE);x(m),u:Tor - Eo: Toeo
gaa (X2 (m) F AuEy : Ty

. nil:
il = nil
¥ I—ZJ” nil : LP1 ~~
Au.release — = u in bind — = 15" in bind a = store() in bind b = store{a, nil) in ret(b)
Ey = Mu.release — = u in bind— = 15" in binda = store() in bindb = store{a, nil}) in
ret(b)

E; = release — = w in bind — = 15™" in bind a = store() in bind b = storea, nil)) in ret(b)
E5 = bind— = 15" in binda = store() in bind b = storela, nil)) in ret(b)
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Es5 = bind a = store() in bind b = store(a, nil)) in ret(b)
E, = bind b = store{a, nil)) in ret(b)
E5 = ret(b)

Ty = [q¢ + K™ 1 — MO0 ([¢] In.¢ (P, n) @ list[n](r))
T =[(g+ K™)]1

Ty = MO ([q] 3n. [¢(p, n)] 1 @ list[n] (7))

T3 = Mg+ K™) ([q] 3n. [6(7, n)] 1 @ list[n] (7))

Ty =M K™ 1
Ts = M(q) ([q] 3n- [¢(p,n)] 1 @ list[n](r))
Ts.1 = (lg] 3In. [6(P, n)] 1 @ list[n] (7))
Ts = M(0) ([g] 3In- [¢(P; n)] 1 @ list[n](r))
D4:

¢(p,0) =

55 (E);a:[0]1+a:[0]1 5 (2);a: [0]1 = nal - list[0](7)

s (X);a: [0]1 F Ka,nil)y : Ts[0/n]

(XD e [0]1 - La,nil)) : Ty

D3:

G (B0 Tsa = By 2 T
D2:

D4
D3
555 (X);a: [0]1 - storea, nil)) : T

5 (X);a:[0]1 - By Ts

D1:
D2
5 (X);. - store() : MO[0] 1
G55 (3); - B3 T

DO:

D1

s (D). - KTy
g (X)) - By Ts

Main derivation:
DO

sas@Ehu:ThFu:Ty
saaEhu:Th - Er Ty
g () + Eo:To

6. cons:

ﬁ: (plv"' 7pk)
Siap i 7a: LS P }—q+p1+K CCCCC

Au.release — = w in bind — = 15" in By

cons
cons(mh, xy) : LPT ~>
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where
Ey = ap;x.letlxy,xe) = x in By

E; = release — = x1 in bind a = store() in storela, zp, :: T2)

Ty = [q + p1 + K<™ 1 — MO ([q] 3n. [6(7, )] 1 ® L" (7))
Ty = [qg+p1 + K] 1
Ty = MO ([q] 3. [¢(p, )] 1 ® L™ (7))
To1 =M(q +p1) ([q] 3. [¢( 7)1 ® L™ (7))
Too = M(q + p1 + ¢(<p, 5)) ([q] 3n'. [6(5,n)] 1 © L™ (7))
To3 = M(q) ([q] 3n". [¢(5, )] 1 ® L™ (7))
Tyq = 30 [¢(5,n)] 1 ® L™ (7)
Tos = [¢(p,n)] 1 ® L™ (7)
T3 = [(; + ¢(=p,5))] 1
1) = 3s.([¢p(<=p,s)] 1 ® L*(7))
Tii = ([¢(<p. s)] 1 ® L*())
Tiz = [¢(<p. s)]1
)

[ R W—

Tz = L*(r
D1.4:
58 Ny (2D @h c (1), w2 : Tisy a0 Ts b= La, g i w2)) < Tas[(s +1)/n]
s:NFs+1:N
58 Ny (B)s (1), 22 Tisya: Tz = Kayxp = xo) : Toy
58 N (XD (1), 22 : Tisya: Ts + storela, xp, i x9) : To s
D1.3:
_ _ D1.4
580 N; 5 (X); . 1 store() : M(p1 + ¢(<p) 5)) [p1 + d(<ap, 5)] 1
55Ny (E);zn : (7)), 22 : Tis + bind @ = store() in storela, xp, :: x2)) : Tho
D1.2:
D1.3
58 Ny (E)s 2 Tie b a2 T
58 Ny (B); 2 (1), 21 Tioy e : Tis + By - Tog
D1.1:
D1.2
s N (i Ta o T
58 Ny (E)sxy (1), 2 Ty - letlxy,xz0) = xin By : Thy
D1:

D1.1

G (B)iwe T a2 T
g (XD an ()2 T = Eo : Taa
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DO:
D1

EIRTENN by BT
g (XD an s (7)), 2 Ty - bind — = " 0 By Toy

Main derivation:

DO

gaaaEhu T Fu:Ty

g (B);xn s (), xe : Ty, u: Ty - release — = w in bind — = A i By Ty

g (Z)s @ : (1), 0 T - Auerelease — = w in bind — = 15" in By : Ty

. match:
KmatN /
E F '_ /+KmutN 61 T ~ eal
N ) - q+p1_K7rLatC .
p:(plv"'apk) Z,F,]’L.’T,t.L( ﬁ)T }_q'-ﬁ-Kénath €2 1T ~ €g2
- - match
Y., 20 LP7 9, match x with |nil — ey |h it —eg: 7 ~ Mu.Ey
) 9 q
where
Ey = release — = u in Ey

Ep1 = z;a.letxy,x2) = ain By

Ey = match zg with |nil — Ey |h:: 1y — Es
Ey = bind — = 157"V in By,

E51 = bind b = store() in E,

El} =bindc = (eq1 b) in Eb

/ s /
E5, = released = cin E5,

/ . KmatN . /
E), ; = release — = x; in stored
. tC .

E3 = bind — = 157" in E54
FE31 = release — = 21 in 35

Es9 = bindb = store() in E33
Es33 = bindt = ret{b, ;) in E34
Es.4 = bindd = store() in E35
Es35 =bindf =eqa2 din Esg
E36 =releaseg = fin E3 7

Es7 = bind — = 155" in store g

To = [q]1 — MO ([¢'] (7))
Ty =[q]1

T =MO([¢
Too =M¢ (
Toq =Mq([

1)
'] (D)
¢1('))
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Ty10 = M(g — K"*) ([¢'] (')
To11 = M(g — K" ([¢'] (+'))
To12 = M(q — K7"N) ([(¢ — K™*N)] 1)
Toa3 = ([(¢ — K{"*N)] 1)

T3 = Mg — K" + p1 + ¢(<p,4)) [¢'] ()
T30 = M(q — K" + p1) [¢'] ()
T51=MO[q] ()

T32 = M(d' + E5) [¢'] (')

Tyo = M(p(=p,i)) 1
Ty10=MO0Ty1

Ty =35 ([(d(=p, &)1 © L¥ (7))

Ty = ([(¢(=p,1))] 1 ® L' (7))

Taaz2 = ([(¢(<=p,i))] 1

Ty13 = L'(7))

Ty2 = M(q — k7 + p1) [(q — K710 + p1)] 1
Ty =MO[(d + K5 (r)

Tyq = [(¢ + K3*)] (7)

T, = [o(<p,s')] 1

T. =35 ([¢(<p,s)]1 ® L (7))

Ty = [q— K" + p1]1

Ty =Tyq

Tip = L*(7)
T3 = 35’ .([¢(<p, s')] 1 ® L* (7))
Ty = L'(7)

Tin1 = [q — KP"™N]11 — MO ([¢ + K5V (7))
Tin11 = MO ([¢' + KN (7))

Tinr2 = ([q" + KN (7))

Tina = [q+p1 — K" 1 — MO ([¢' + K5 (')
Tinza = MO ([¢" + K3"*“] (7))

D3.8:

gsi3s =14 1;(X);9: Ty + storeg : M ¢ [¢'] ()
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D3.7:

ma E38
.;S,i;S =1+ ].7 (]ED, — TKQ o :MKglatC]_

58,48 =1+ 1;(X);9: Ty - Ez7:T33

D3.6:
- , Es7
ssis =1+ 1L (X) f Ty = f: 1y
5808 =1+ 1;(X); f: Ty - Eze: T3
D3.5:
, , Es¢
asyiys =1+ 1;(8); (0D, A (7),t: Te,d: Tyt eqad:Tys
gsyiss =1+ 1;(2); (O),h: (7),t: Teyd: Ty Ess: T2
D3.4:
- , Ess
58,038 =1+ 1;(X);. + store() : Tyo
gsyiss =1+ 1;(8); (0D, A (7),t:Te - Esq: T3
D3.31:
g8,y s =10+ 1 (X); 0 Tyg, 0 Ty = Kby 1y Tya
38,8 =10+ 1;(X);l : Tig, b Ty = Kbyl )y - Tyq
D3.3:
D3.31
, , D34
syiys =1+ 1;(8); 0 Tya, b2 Ty = retdb, 1) : Tyao
gsyiss =1+ 1;(2); (0D, k(7,0 : Tyayb: Ty - Es3: T34
D3.2:
; , D3.3
58,038 =1+ 1;(X);. + store() : Tyo
58,058 =4+ LX) (U h: (70,0 Tia = Es2: T3
D3.1:
; ; D3.2
Gsiis — i+ L (S)ian : Ty - @y T
58,058 =14+ LX) (0, z1 : Tin, hos (7)1 T = E3.1 2 Too
D3:
anatc D31
38, s =1+ 1;(X);. 11 :MK{”atcl
gsyiys =1+ L (X); (O), 21 : Ty hos (1), 0 : Tig = Eg 2 To g
D2.32:
5858 =0;(E);z1: T a1 : I 5838 =0;(%);d: (7') - stored : Ty
3838 =0;(X);21 : T, d: (7') = By 5 Tao
D2.31:

o — D2.32
858 =05 (X);. 172 MK 1

3838 =0;(X);21 : T, d: (7)) = By g i Tsa

184



D2.3:

D2.22:

D2.21:

D2.2:

D2.20:

D2.1:

D2:

D1.1:

D1:

DO:

Main derivation:

D2.31

585 =0;(X);c: Tipta - c:Tipia
388 =0;(E);21 : Tinye: Timao b Eyq Ty

585 =0;(X);b:Toaz = b:Th3

5858 =0; (X); (T) - eqr : Tina

D2.21 D2.22
5878 =0;(E); (0),b:Toa3 - eq1 b: Tipia

D2.2 D2.3
588 =0;(%); (0), 21 : Tin,b: Toas b By : T

D2.20
5838 =0;(%);.  store() : To.1o

5835 =0;(X); (0), 21 : T = Eoq - Ton

D2.1

matN
Kl

588 =0;(%);. 1 MKtV 1

5838 =05 (X); (), 21 : Ty = Ep = Ty

D2 D3

5855 (B)s w2 T =20 2 Tjo
58 (2D (), 21« Ty : Tig = By Tog

D1.1
38 (E)a: T Fa:T)

5855 (2); (0D, a: T - letdwy, z2) = ain By : Ty

D1

saaEse:TiFa: T
S () (), 2Ty = Eoa : Toa

DO

S @),z:Thu:Th Hu:Ty
s () (O), 2z Thyu:Th = Ep = Th
S (2D (0),z - Ty = AuEy = Ty
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8. Share:

STx:m,y:m-Le:m ~eq T=T71Y T2 T=T1=T9=1
4 7 ; Share-unit
ST z07 by elz/a, z/yl o 70~ Eo
EO = )\uEl
Ey =binda = coerce1 11 z inletlz,y) = ain e, u
To = [q] 1 — MO ([¢'] (=)
D1:
g (B (M), uc[g] Lz (n),y: () e To 5 (E)sufgfl-u:[g]l
P (305 () ws [g] 1o (7, y e () b eq w:MO[g'] 1
DO:

D1

50505 (D e () @ (7)) = a: (1) ® (7))

25 (D5 (T),w s [g] 1y a: (1) @ (7)) = letla, y) = ain eq u: [q] — MO[q] (')

Main derivation:

Del a2z () oz (1) Do
0 (X); 2 (7) Focoercer i 2 MO ((11) & (72)
p3 (2D (0D, 22 (7)), w [q] 1= Eo : MO [g'] ()

s (2D (0)y 2 2 (7)) = AuEp : T
coercer1,1 : (1) — MO ((1) ® (1))
coercer 1 = Au.ret!(), ()
Teo = (1) — MO ((1) ® (1))
Ter = MO((1) ® (1))
Teo = (1) @ (1)
Dcl:

=000 ¢ Teo

SR (] ) = <1000 : Teo

G -(] ) = ret!(),10) : Tea

g Aueret1(), 100 Teo

E;F’x:Tl’y:Q'_Z’e:leea T=nYm 7-:7-1:7—2:bShare—base

SiD,z 7 ) elz/a, 2yl 70~ By
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E() = )\u.El

E; =binda = coerceppp 2 in letdz,y) = ain e, u
To = [g]1 — MO[q'T ()

D1:

s (E) (), w: [q] 1,z : (1), y 2 (m2) - eq : To s (Ehuilg]lFu: g1
G (2D (), ws [q] 1,20 (ma),y s (m2) - equw:MO[¢']1

DO:
D1

55 (E)sa: () @ () = a: (1) ® (7))
55 (2505 (0D, w s [g] 1sa: (1) @ () = letl, y) = ain eq w: [q] — MO[q] ()

*9

Main derivation:

g (X2 () E o2 (1)
: (]TD F coerceppp 2 : MO ((]TID X (]7'2[))
F (205 (0D, 2 = (7),w: [g] 1 = Eo : MO[q'] (')
a5 (2D (), 2 2 (1) = AuEy = T

DO

\.QN

coerceppp : (b) — MO ((b) ® (b))
coerceppp = Au.let! v = win retlu/, \u)
Teo = (b) — MO ((b) ® (b))

Ter =MO((b) ® (b))

Teo = (]bl) ® (]bl)

Dc2:

g by QY s T
gaau by et Y s Ty

Decl:
Dec2

gagsuslbbu:lb
gagaus (b) Flet!u = win retdu’, ) Ty
G- Audlet!la’ = win retdu’ ) T

XiIa i1,y m l—g, 6‘T/~‘->6a
T =LP7" T = L7/ Ty = LP?7) ™ =7'Y 1 p=pi+Dp2 Sharelist
are-lis
5Tz:7 Fg, elz/x,z/y] : 7' ~ Ej
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E() = )\U.El

E; = binda = coercer -, , z inletdz,y) = ain e, u
To = [q] 1 — MO ([¢'] (')

D1:

s (E)(0),uw: [q) L, : (1), y s () - eq: To s (Ehuilg]lFu: g1
G (2D (), ws [q] 1,20 (ma),y s (m2) - equw:MO[¢']1

DO:
D1

55 (E)a: ((n) @ () - a: (1) ® (7))

*9

555 (20 (0w [g] La: ((r) @ (m2)) 1= letla, y)) = aineq w s [q] — MO[g] (')

Main derivation:

DO
S5 ()2 (1) - ocoercerry 2 MO ((T1) ® (72))

535 (205 (0D, 2 = (7, s [q] 1 = Eo : MO [g] (')
5 (2D (0, 2z 2 (1) F AuEy = Ty

COCTCe g, 1 7y pary 1 ((T) —o MO (11) ® (m2)) —o (LP7) — MO (LPi7i) ® (L)
COETCE 5y 13 1) P37y = TIX[.Ag. Ae. let!g’ = gine;x.letdp, 1) =z in Ey

where

FEy = release — = pin E;

Ey = match [ with |nil — Eoq |h::t— E3
Es1 = bind z; = store() in E29

E59 = bind z9 = store() in Ea3

Ey 3 = retd{{z1, nil ), Lz2, nil))
E3=bindH =g hin E34

Es1 = bindoy = () in E3

Es9 2 bindT = f g Lo, t) in Ey

Ey = Iet<<H1,H2>> = H in E5
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Es = letdT1, T5) = T in Eg

Eg = Ty;tpy. letpy, 1) = tp1 in Bra
E71 = To;tpo. letdph, l5) = tpa in Ero
E79 % release — = p) in E73

E73 = release — = ply in Eq 4

E;.4 = bind o] = store() in E75

E;5 = bind 0y = store() in Eg

Es = ret{{oy, Hy = Ty ), Loz, Hy :: To)Y)

To =!((r) — MO ((11) ® (72))) —o (LP7) — MO ((LFi71) ® (LP73))
Ty =!((7) — MO ((71) ® (72)))

1] = ({r) — MO (1) ® (72)))

Tio = 3s.([¢(P, 5)] 1 ® L*(r))

Tia = ([¢(P.s)] 1 ® L*(r))

Ti2 = [9(p.s)]1

Ty 3 = L%(7)

Ty = (LP71) — MO ((LPi71) ® (LP273))

T3 = MO ((LPi71) ® (LP72))

Ts1 = M(9(,5)) ((LPim1) ® (LP>7s))

T511 = M(¢(<p,s — 1)) ([(¢(<p, s — 1))] 1)
Ts12 = [(¢(<ps —1))]1

Ty = MO ((m1) ® (7))

Ty1 = ((r1) ® (m2))

Ts = MO ((L™Pim) ® (L™P7))

Ts1 = ((L7Pim) @ (L=P27o))

Tso = (L™Pi7) = 3s).([6(<pi, )] 1 ® L1 (1))
Ts.o1 = ([p(<pi, s4)] 1 ® L1 (m1))

T5.22 = [¢(<pi, s1)] 1

Ts.03 = L1 (1)

Ts3 = (L™P275) = 3sh.([p(<ps, s5)] 1 ® L*2(r2))
Ts.31 = ([¢(<p3, $5)] 1 ® L2 (7))

Ts.32 = [¢(<p2, 55)] 1

189



Ts.33 = L2 (1)

Py =pi |1 +é(<pi, 51)
Py =p3 |1 +é(<p3, s5)
Ts =M P ([P1]1)

Ts1 = [P1]1
Tr =M P> ([P2]1)
Try = [P]1

Tso = M(p 11) ((LPi1) @ (LP273))

Ts1 = M(F L1 +P1) ((LPi71) @ (L))
Ts2 = M(F L1 +P1 + P2) ((LP' 1) ® (LP272))
Ts3 = M(p3 L1 +P2) ((LP' 1) ® (LP273))
Ty.a = MO ((LPim1) ® (LP27a))

Tsa1 = (LPi7y) ® (LP21o)

Tys = (LPir)

Tys51 = 3s1.([0(p1, 51)] 1 ® L[s1](m1))
Tsso = ([6(p1,s1)]1 ® L1 (1))

Tss = (LP31)

Ts61 = 352.([¢(P2,52)] 1 ® L[s2](72))
Tss2 = ([¢(P3, 55)] 1 ® L% (r2))

D1.82:
8y, 81,8509 T, f < Tos Ha « (), Iy : Ts.33,00 : Tra = (o2, Ha = 1) : Tyeo
5 89,81,859 T, f « To; Ha : (1), 15 : Ts 33,09 : Tra 1= Koa, Ha 2 15) : Ty 61
D1.81:
5 8y,81,8 .59 T, f - Tos Hy : (mi), 1y : T3, 01 : Toa = o1, Hy = 14) - Triso
3 8y,81,8 59 T, f - Toy Hy : (mi), 1y : T3, 01 : Tea = Cor, Hy = 1)« Tyis1
D1.8:

D1.81 D1.182
89, 81,89 T, f  Toy Hy : (1), Ha : (m2), 1 : Ts.03,15 : Ts.33,01 : To1,00 : Tra b
{or, Hy =2 11),&oa, Hy 2 1)) : Ty
8y 81,8 g T, f Toy Hy : (), Ha : (72), 1 : Ts.03,1 : Ts33,01 : To1,00 : Tr b
retd oy, Hy 2 1), Koo, Hy 2 15)) : Tea

589, 81,8559 T, f + Tos Hy : (1), Ho : (72), 13 : Ts.03,15 : Ts.33,01 : Tg.1,02 : Trq b Eg : Toy

D1.75:

D1.8
3 8h, 81,8509 T, f: Ty; . - store() : Ty

585,81, 8 50 T, f 2 Tos Hy : (m), Ho « (m2), 1 : T3, 05 : Ts.33,01 : Toq
bind 0o = store() in Eg : Ty 3
i 8h,s1ysiag Ty f Toy Hy : (ml), Ha : (m2), 1y : Ts.03, 1y : Ts.33,01 : Teq - Frs: Tss

190



D1.74:

— — D1.75
589, 81,8; 59 Th, [ To; . - store() : Tg

.;8/2,8/1,8; .;g’ : T{,f Ty Hy (]TlD,HQ : QTQD,lll : T5.23,l/2 : 1533 - bindoy = store() in B75:139
589,81, 859 T, f 2 Toy Hy : (m), Ho : (7o), 1 : T3, 15 : Ts.33 - Era s Thoo

D1.73:

/ / ! / / / D174
589,851,859 T, f :Tospy : Ts.32 = po - Ts.32

589,81, 8559 T, f c Tos Hy w (), Ho < (7o), 1) Th.03, 05 : Ts2,15 : Ts.33
release — = p, in E74: Ty
589,81, 859 T, f c Tos Hy : (1), Ha : (72), 17 : Ts23,05 : Ts32,15 : Tss3 — Erg : Ty

D1.72:

! / ! / / / ‘D173
5 89,81,8559 T, f - Tospy : Tso2 = pp : Th.00

5 89,81,8 59 T, f « To; Hy < (mi), Ho = (72), 0 5,10 5,05 - Ts32, 15 - Ts33
release — = p} in Er3: Ty
8y, 81,8559 T, f : Tos Hy : (), Ha : (), Py 5517 505 : Ts.32, 15 Ts33 = Era : Txo

D1.711:

— — D1.72
589,581,859 17, f : Tostpa : Ts.31 = tpa : T5.31

589,81, s5g T, f c Tos Hy « (i), Ho < (7o), 1) ¢ Th.22, 01 : Tho3,tpa : Trs1
|et<<p/2, l/2>> = tpo in E7o: TS.O

D1.71:

R— D171
581,859 Ty, f Ty Te i Ts3 = Ta 1 Ts3

81,8 g Ty fcTos Hy : (ma), Ha : (), T : Ts.3,0) : Th00, 11 : Ts.03 —
To; tpa. letdpy, ) = tpa in Era : Ty
g8 siag T f c Tos Hy 2 (m), Ho : (72, To : T3, p) : Ts.02, 15 : Ts03 - Er7 : T

D1.61:

R D171
581,859 Ty, f :Toytpr : Tso1 = tp1 - T5.01

381,89 Ty, f 2 To; Hy : (1), Ho : (m2), T : Ts.3,tp1 : Tso1 + letdp), 1) = tp1 in E7 : Ty

D1.6:

a89 T f i To;Th : Tso =T : Th o
gsiag Y f i Tosp: Toay Hy ot (i), Ho o (7o), Ty i T2, T - Ts3
Ty tpr. Iet<<p/1, l/1>> =tip1in By :Tg
gsiag T f i Tos Hy 2 (i), He : (), Ty : T2, Ty : Ts3 + Eg : T

D1.61
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D1.5:

— D1.6
589 Ty, f Ty T o Tsq =T Tsa

.5 8; .;gl : T{,f cTo;p:Tio,Hy : qul),HQ : (]TQD,T T51 - Iet<<T1,T2>> =T in Eg: 139
a8y59 T f Toyp: T, Hy 2 (1), Ho 2 (m2), T : Tsa = Es < Ty

D1.4:
— D1.5
5859 Ty, f i Toy H 2 Tyy = H 2Ty
5 S .;g/ : Tl/v f : To;p : TLQ,H : T4.1,T 2151 - Iet<<H1,H2>> =Hin E5: Ty
g8iag T f i Toyp:Tio, H Ty, T:Tsq = Ey: Ty
D1.3:

D14

gsiag T f Tost: LN (1), 00 : Thao b f Kopt)) : T

a8 T, f i Top:Tia, H :Tyq,t: Lsfl(]TD,ot : T390 bindT = f o, tyin By : Ty

D1.21:
D1.3

a8 Ty f cTosp:Tia, b (7),t: Lsfl(]T[) - store() : T5.11
a8 g Ty f - To;p: Tio, h: (7),t: L5 (7)) - bind oy = store() in B39 : Ty
ssiag T f Tosp: Toa, b (7))t L7 r) - Es: Taa

D1.2:
— : D13
gsa9 T, fiTosh: () =g h:Ty
a8 Ty f To;p:Tio,h: (7),t: L5 (1) - bind H = ¢ hin E3;: T4
a8 ag Ty f cTo;p:Tio, h: (7),t: LS Y1) = B3 : Ty
D1.14:

5839 Ty, f:To;22: [0]1 F 29: [0] 1 a8 g T f :To; 222 [0] 1 F nil = LP(m)
58350 1T f 2 Tos 22 [0]1 - (o, mil) : ([0]1 @ LO(r2))
3839 T f To; 20 : [0]1 = Lzo,mil)y : 38" ([s']1 ® LSI(]TQD>

D1.13:

a8ag T f i To;21: [0]1F 21 : [0]1 a83g Ty f 2 To; 21 : [0]1 = nal = LO(ry)
3859 T T f 2 Toyzn 2 [0]1 1 e, mal) = ([0]1 @ LO(ma))
ssiag T f 1 Torzn 1 [0]1 - Ko, mal) : 35'.([']1 @ LY (1))

D1.12:
D1.13 D1.14
g8 g T f i To;21 2 [0] 1, 29 : [0] 1 = {21, nil), Lza, nil )y : To
g8iag T f i Tos21 0 [0] 1, 29 1 [0] 1 retd a1, nil)y, zo, nil)yy : Ts4
38 T, f:To;21:[0]1,20: [0] 1+ Eas: Tha
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D1.11:
D1.12

389 Ty, f:To;. - store() : MO[0] 1
58359 Ty, f:To; 21 : [0]1 + bind 29 = store() in Ea 3 : Ts1
5839 Ty, f i To;21 : [0]1 = B : Th

D1.10:
— D111
58559 T4, f : To;. + store() : MO[0] 1
K .;g/ : Tll,f :Ty;. — bind z1 = store() in Byo:T34
asiag T, f To;. = By Tsa
D1:

D1.10 D1.2

.;s;.;g’:T{,f:To;l:Tl,gI—l:T1_3

5839 Ty, f:To;p:Tia,l: Th3 - match [ with |nil — Ey |h it — E3: T3

DO0.3:
— D1
gsiag T fiTosp:Tig-piThio
859 T, f :To;p:Tia,l: Ty release— = pin By : T
58iag T, f Tosp:Tig,l: Tz Eo: Ty
DO0.2:
— D0.3
a8ag I frTye T a1
gsiag T f i Tosx: Tog - letdp, 1)y = zin Ey : T
DO.1:
DO0.2
guag T f i Tose: (LPT) = et (LPT)
gaag T fToe: (LPT) - e;z.letdp, 1) = zin Ey : Ty
DO:
D1.1
gaafiTyg: T +g: T
gaafiTog:Te: (LPT) = letlg =ginex.letdp, ) = xin Ey: Ts
guafiTo;g:Ti = Xelet!g' =gine;z.letdp, 1) =z in Ey: T
g f i To; = Agdelet!g =gine x. letdp, 1) = zin Ey : Ty
G- Efixf A geletlg =ginex. letdp, 1) = xin Ey : Ty
XiIe i1,y m %g, e: 7~ e,
T=T1Y T T = (TaaTb) T = (7—(,177—1;) T2 = (TgaTé/) .
7 ; Share-pair
ST zT by elz/z,z/y] : 7" ~ Ey
EO = )\uEl

Eqy = binda = coerce(r, 1) (1 1) (rr.7r) % inletd@, y) = ain eq u
To = [q] 1 — MO ([¢'] (')
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D1:

s (2D (), w [g] 1,2 (m)sy () B oeq: To s (Ehuilg]lFu: g1
P (305 (0D, w s [q] L@ s (ma,y 2 (m2) b= eq w: MIO[q]

DO:

D1
i (B)sa s () @ () Ea: (1) @ ()

555 (20 (0w [g] 1 a: ((r) @ (7)) 1= letla, y)) = aineq w s [q] — MO[g] (')

Main derivation:

DO

NEP (]EDa EE (]TD = CO@TC@(TG,Tb)7(7'(’1,7é)7(7'(’1/,7'é/) z: MO (quD ® GTQD)
s (2D (0D, 2 s (), u: [¢] 1 = Eo : MO[¢] ()
i (2D (0)y 2 2 (7) = AuEp : T

COcTCe(rmy my (e ety (7 — DO (72D ® (720) —o1((7) —o MO (75) @ (7)) —o (7 7)) —
MO ((75, 7)) @ (735 7))

COETCE(r, 1) (r1 71), (2 7ty = A-g1.A-g2.Ap. let [p1, p2)) = p in Ey
where

Ep =let!g) = g1 in By

E; = let!gh = goin Ey

E5 = bind P{ = g{p1 in E3

E3 = bind P) = ghpo in Ey

By = let!{ply,p1o) = P/ in Es

Fs = letrhy, phy) — P in Fi

Eg = retdpiy, Py s KPhas Pao)

To =!((a) — MO ((r2) ® (74))) —!((7) — MO ((7) ® (7)) —
((7a> 7)) — MO ((72, 7)) ® ((

) ® ((7s,
To.31 =!({7a) — MO ((75) ® (7))
To.s2 = ((7a) — MO ((72) ® (72)))
To.a =((re) — MO ((75) ® (7)) —o ((7a, 7)) — MO (((75, 7)) ® (73, 7))
To.a1 =!((m) — MO ((m) ® (7))
To.a2 = ((r) — MO ((r) ® (7))
To.s = ((7a: 7)) — MO (((73, 7)) ® (72, 7))

To.s = MO (((m3, 7)) & (75, 7))
Toer = (72 7)) ® (3> 7))

Ty = MO (7o) ® (7))

Tia = ((7a) ® (7))
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Ty = (72)

Tia2 = ()

> = MO ((m) ® ()
Tr1 = (7)) ® ()
Toa1 = ()

Tra2 = (7))

D6:

g f T 91+ Tos2, 95 To.a2; P11 Tians Pl Tia2s Por  Toa1, Do  Toao -
<<P/117p,21>>) <<p,12a]9/22>> :To.61
g f T 91 Toses 95« To.a2; P11 Tiats Pl T, Do« Toat, Do : Toao -
ret{p'1, o1 ), P2 Pa2) : Tos
g o591 Tos2, g5« To.az; Py Than, Pha : Traz, Dby Toan, pho : Toaz - B : Toe

D5:
D6

gl T3 g1 Tosa, g5t Toao; Py i Ton - Py Toy

g f 1 Toig1 c Tose, 9o - Toazs s Py e Tox, ply « Tran, Pl Thaz - let 1 phy, phy) = Py in Eg

:Toe

g f T g1 Tose, g Toazs, Pyt Toa, iy Tian, Plo : Tiaz - Es : Tos

D4:
D5

g S Tos gy Toses 9 Toaes , Py T = Py Tha
g f T 91 Toses 95« Toags Py T, Pyt Tog = let\phy, pla) = Py in Es : Toe
gaaf i Toidy : Tos, g5 Toao; P Tha, Py i Ton - Ey: Toe

D3:
R T . . D4
g Tos gy Tos2, 9o Toaz;pe : (12) F gop2 : T
g S Toi91 : Tos, g5 : Toazipz : (m2), Pl : Tra b bind Py = gapa in By : Tog
g fiTos91 : Tose, g Toazipa : (m2), P i Thia b Es : Toe
D2:
. . . . . / . / . . . / . D3
g5 f i Tos gy Tos2, 95 2 Toazspr : (m1) = gip1 - Th
g fiTo391 : Tose, gb : Toaz;pr : (T1),p2 ¢ (m2) - bind P{ = ¢ip1 in Es: Tog
g fiToigy  Tose, gb : Toaz;pr : (T1),p2: (1) H Ea: Tog
D1:

D2
g f i Tos91 : Tos2; 92 : Toar b+ g2 - To.an

g fiTogy c Tose; g2 : Toar, 1 : (T1),p2 : (mo) F let!gh = goin By : Ty
gaaf i Tog1 : Tos; 92 : Toar,p1: (1), p2 i (m2) - E1: Toe
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DO0.1:
D1

saafiTosgn : Tost g1t Tos
g fiToig1 : Tost, g2 Toar,pr: (T1),p2: () F let!g) = g1 in By : Tog
saafiTosg : Tost, 92 : Toar,p1: (1), p2 : (m2) = Eo : Toe

DO:
DO0.1
s fiTosp:Tost = p:Tost
s Tosgn : Tost, 92 - Toar,p : Tost - let!pi, pa)) = pin Ey : Tog
s Toigr - Tos, 92 : Toar = Ap.let!p1,p2) = pin Ey : Ty s
s Tosgr s Tost = Aga.Ap. let!p1,p2) = pin Ey: Toa

555 f 1 Tos - = Agr A g2 Ap. let!p1,p2)) = pin Ey : Ty

g b fixf gL ALge Ap. let 1 p1, pa )y = pin Ey : Tj
9. Sub:

ST+l eir~we, T<i7
4 Sub

E;Fl—g,e:T’wea

Main derivation:

r<:7 . .
emma
(2D (0D F eq s [q] 1 — MO ([¢'](7)) g () < () Tosah
555 (25 (0) - eq : [g] 1 — MO ([¢'](7))
10. Super:
E;I‘,x:ﬁl—g,e:Twea T <:T
g Super
DI R o1 gy €57~ €a
Main derivation:
, ’7'{ <!T1
G (205000, s () - ea s [q] 1 — MO (1)) Lemma 83

5 ) < ()
g (5D (0D, @ s (71D - ea : [q] 1 — MO ([¢](7))

T-weaken

11. Relax:
SiPHD eirmes  qzp  q-p=qd -9
P Relax
T l—g, e: T~ No.Ey
where
Ey =release— =o0in By

E; = binda = store() in Es
Ey =bindb=-¢, ain E3

196



12.

FE3 = releasec = b in storec

D2:
55 (B)s 0 [P7) = b [ ](7)
555 (B)se: (7) = storec: M(q —p + ') ([g — p + P'1(7))
5 (E);0: [P0) - Es : M(g —p) ([a — p + P'1(7))
D1.2:
G5 (E)a:[pll-ac[p]l
D1.1:
H
555 (B () = eq : [p] 1 — MO ([p'](7))
D1:
D11 D12
D2
555 (Z)5 (0D, a: [p] 1+ eq a = MO ([p'](7))
555 (2); (0D, a: [p] 1+ By - Mg —p) ([q — p + 2](7))
DO: D1
55+ (2); . = store() : Mp([p] 1)
535 (8)5 (0) = E1: Mi(q) ([q — p + 2] (7))
DO0.0:

ﬁGiven
¢ <q—p+p

- F (g —p+2107D) <: ([¢'](D)
5 0([g = p +p'1(7D) <: MO ([¢'](7))

Main derivation:

oo g1 Y

55 (2D (0D, 0 [q) 1+ Eo : MO([q —p + p'](7)
s (2); (0D, 0: [q] 1+ Eo = MO ([¢](7))
545 (ED); (0) - Ao.Ep : [¢] 1 — MO ([¢'](r))

DO0.0

T-sub

Let:

let let

. q—K : . . p—K )
Ty Fp Loer i1~ eq1 XiTo,x:m l_q/-i-sz €9 1T ~ €42
Let
1,1y |—Z, let x =ej iney: T~ Ey

where
E;, = \u.Ey
Ey = release — = uw in By

E; = bind — = 151" in B
E5 = binda = store() in Ej
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FE3 =bindb=-¢,41 ain Ey

FE4 =releasex = b in Ej5

Es = bind — = 155" in Eg
Eg¢ = bind ¢ = store() in Er
E; =bindd = e45 cin Eg

FEg = release f = d in Ey

Eo = bind — = 155" in By
FE1¢ = bindg = store f inretg

To = [q] 1 — MO ([¢'](7))
To1 =[q]1

To2 = MO ([¢'](7))
Tos = Mg ([¢'](7))
To.a = M(q — Ki*
Tos = M(q — K]
Tos1 = [¢ — K{']
To.e = MO [p] (1)
To.e1 = [p] (1)
Tor = Mp ([¢'](7))
Tos = M(p — K§*)
Too = M(p — K§*)
Toor = [(p — K§)]1
Ty = MO [(¢' + K3')] (7)
Ti1 = [(¢ + Ks')] ()

Ty = M(q + K3') ([¢'](r))
Tis =Md ([¢'(7))

) ([¢'1(7))
“) (lg — Ki*]1)
1

([¢'1(7D)
([(p — K59]1)

D10:

553 (20 g2 (g1 r) = retg - MO [q] (7)
Do:

D10
(XD f (7)) - store f T3
g (X); f i (7) = bindg = store finretg : Th 3
G XD f () = Ero: Ths

D8:

D9

R TKé&t : MK:lft 1
a5 02); f 2 (7) = bind — = 155" in By : Tho
S (B f o lr) - Eo: The
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D7:

Dé6:

D5:

D4:

D3:

D2:

D1:

DO:

D8

saaXyd:Tiab-d: T,
s (X);d Ty release f =din Eg : Tpo
s (E)id Ty = Eg: Toe

D7

555 (2D; (e, e : To.o1 = eaz ¢ Th
e (]EI)7 (]FQD,C :To91 Fbindd =ego cin Eg : Tpo
55 ()5 (Ce), e : Toor = Er = Tz

D6

55 (2); . store() : To.g
5. (2); (C2) + bind ¢ = store() in By : Tp g
s (X);(Co) - Es: Tos

D5

G (S - R MK
5.3 (2); (Ta) - bind — = 1557 in By : Ty
55 (B); (Te) = Es = Tor

D4
553D 0 Toer =0 Toe

S QED, (]FQI), b:The1 - releasex =bin E5 : Tpo
55 ()5 (T2, b Toer = By : Too

D3
G (B)s (T, a: Tost - ear a:Toe

e (]ZD, (]Fll), (]FQD,CL :To51 Fbindb=e41 ain By :Tpo

555 (8)s (), (T2, a: Tost = B Toa

5455 (2); (Ta), (Ta) - store() : Tos ”

54 02); (Tq), (C2) - binda = store() in Eg : Tp4
535 ()5 (Ta), (To) = B2 2 Toa

Klet let D1
S T MK

33 (2); (D), (D) F bind — = 159" in By : Ty s
g (2D (Ta), (T2) = Er - Tos
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13.

Main derivation:

DO

5 (2D5 (Ta)y (Ta)yw: Toa = w: Toa
55 (2D; (Th), (Ta),w: Toq - release — = win Eq : Tpo
g (2D (Ta), (Te),w: Toa = Eo = Too
g (2D (Te), (Te) = Au.Ep = Tp

Pair:
— pair
. . + P .
E,a?l.Tl,xQ.TQ }—g (131,:62).(’7’1,7’2)WE7§
where
E; = \u.Ey
Ey = release — = uw in B4

Ey = bind — = 157" in By

E5 = binda = store(z1,z2) in reta

Ty = [(g + KP*")]1 — MO ([q] (r1) ® (72))
Toa = [(¢ + KP")]1

To.2 = MO ([¢] (1) ® (m2))

Tos = M (g + K*") ([q] (r1) ® (7))

To.a = Mq ([g] (r1) ® (72))

D2:
(2D a: [q] (m) ® (m2) - reta : MO [q] (11) ® (72)
D1:
D2
g (B)s s (1), 22 0 (T2) Fostore(xy, x2) : Toa
(XD 21 2 (1), e : (m2) - binda = store(x1, x2) inreta : Toy
gaa(XZ)sxr s (T, e () - Ea: Toa
DO:
pair . Dl
e (EDs = T MK L
g (2D 2 s (T, z2 ¢ (m2)  bind — = TKPW in By : Th 3

g () s (m), 22 () H Eq o Tos

Main derivation:

DO
s (XD (), 22 : (), u: Tor b u:Toq

g (B (), 22 s (), w: Toa b release — = win By : Ty o
s (E)ser (), 22 (), u: Toa = Eo : Too
(22 s (T, 2o : () E Au.Ep : To
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14. MatP:

q_KInatP

. /
q’+K§natP €T ~ €t

T = (11,72) S, 0 271,20 : T
matP

DORN I l—g, match x with (z1,22) — e: 7 ~~ Ej

where

E; = \u.E,

Ey = release — = uw in B4

E; = bind — = 151" in By

Ey = letlzy,x2)) = x in E3
Es = binda = store() in Ey4
E4s=bindb=c¢; ain Ex

FEs = releasec = b in Eg

Eg = bind — = 15" in B,
FE7 = bindd = storec in retd

To = [q] 1 — MO ([¢'] (=)
To1 = [q]1

To.2 = MO ([¢'] (7))

Tos = Mq([¢'] (7))

To.a = M(q — K7"") ([¢'] (+'))
Tos = M(q — K1) ([(¢ = K{*P)] 1)
Tos1 = [(¢ — K{"F)]1

Tos = MO ([¢ + k5F] (7))
Toer = [(¢" + k7)1 (')

Tor = M(q' + K5"") [¢'] (')
Torn = [¢']1(7')

Tos =M¢q ([¢']())

Dr:
55 (E)id s [¢T(7) b retd - MO [¢'] (')
D6:
D7
g (E);e: (7)) F storec: M [¢] ()
5 (E);e: (7) - bindd = storecin retd : Ty g
5 (BDse: (7) - Br: Tos
D5:
mat D6
S (2)ie: (7)) - 1R YoM KT
2
552D e (7) = bind — = TKQMP in B7 : Tor

g (Z)ses (7)) = Eg: Tog
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15.

D4:
D5

(XD Toer Hb: Toer
g (X);b: Toer - releasec =bin Eg : Tpo
G (3);0: Toer = Es : Toe

D3:
D4
S (E)(0), 21 : (mi), 22 : (m2),a: Tost Hepa:Toe
s (B); (), 21 (7)), 22 2 (2),a: Tos1 - bindb =€ ain Es : Toa
S (8D (0D, 21 2 (), 22 : (m2),a: Tosi - By : Too
D2:
D3
555 (). - store() : Tos
5 (2D (0D, 21 2 (71, 22 ¢ (m2)) = binda = store() in Ey : T4
s (2D (D), 21z (T, 22 : () = B3 Toa
D1:
D2
7 7 7 (]EDV:C qTI) l_ x q D
G (2D (0, 22 (1) - letlay, z0) = xin Eg: Tog
aaa(]EDa(]D (]D|_E2‘TO.4
DO:

... . KmaetP matP D1
g (2D - KT MRt

20 (2D (0), 2 ¢ () - bind — = 157" in By 1 Ty g
55 (2D (T, 22 (7) = Er oz Tos

Main derivation:

DO

555 (D (@), 22 (7, w: Toa b= w: Toa
(2D (0), 22 (1), w: Toq - release — = win Ey : Tpo
S () @),z (), u:Toa - Eo: Toe
S (2D (), z 2 (7) = Au.Ep = Tp

Augment:

Z;Fl—g,e:Twea

g Augment
DL RN gy €57~ €a

Main derivation:
5455 (2); (0) et [q] 1 — MO ([¢'](7))
5o (D5 (@), 22 (') - ea : [g] 1 — MO ([¢'](7))

T-weaken

Lemma 83 (Subtyping preservation). V7, 7’.
T<:7 = (1) <: (7)
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Proof. Proof by induction on the 7 <: 7’ relation

1. Base:

b<:b
Main derivation:
5. b <:b
2. Pair:
T <:T Ty <: T4

(Tlv 7-2) < (7-{7 Té)
Main derivation:

———  [H1 1H2
(1) <: (1) (r2) <: (m3)
(1) ® (7)) <: ((71) ® (72))
3. List:
1 <! T2 pP=q
Lﬁﬁ <: LCTTQ
Main derivation:
—— Given
g<p H
P(q.s) < o(p, ) 58t (m) <t (m)
;s [o(p, )] 1 < [o(q,8)]1 s LP(m) <: L°(m2)
;s ([0, 8)] 1@ L)) <: ([¢(q,5)]1 @ L*(m2))
;- 3s.([0(p, 8)] 1 @ L)) <

$3s.([0(0,8)] 1 ® L7 (72))

203



2.5.2 Cross-language model: RAMLU to A-Amor
Definition 84 (Logical relation for RAMLU to A-Amor ).

|unit |8 = {(T,%v,') | *v € [unit] Atve [1] A %v =tv}

|b|H = {(T,%v,!%0) | *v e [b] Atve[b] nsv="v}

[(rem)ly = (T4 v o)) [ H(E) = (v, %) A (T, %0, ') € [1i]y A (T, %w, ') € [y}

lL:TJg = (T, 45, K0 1)) | (T, s, 1) € |L 7[5}

|L 7|3 & {(T,NULL,nil)}}u

/ {(T, 6, = 1) | H(O) = (Pv,4s) A (T,%v,%v) e |7]y A (T, ls, 1) € |L 7]y}

|71 9/q TQJ{ZI, = (T, f(x) = es, fixfAuAz.ep) | V' Lo’ , T'<T . »
(T, 50, 1) € |mily = (T, e, e0[()/u]['0' [a][fixf Auda e,/ f]) € [m) &)

[TJZ’H = {(T,es,er) | YH Sv,p,p/,t <T . V.H I—z, es ¢ v, H =

I, top, Joep |-ty V72 bop A (T —t,%v,vy) € [TJ{}V Ap—p < J}
Definition 85 (Interpretation of typing context).
T = {(T,V.6) | YV : 7 € dom(D).(T, V(x), 6 () € 7]}

Definition 86 (Interpretation of function context).

IS = (1,855, 00) | (Y (0 2% 70) € dom(D).(T, 54 (F) Sup, 00 (F) Gup) € L(m L5 7))}

Lemma 87 (Monotonicity for values). Vév,'v, T, 7, H.
(T,%v, ") e 7|} = VT'ST (T",%v,'v) e |7|H

Proof. Given: (T,%v,'v) e ||

To prove: V T'<T .(T',%v,'v) € |7|

This means given some T'<T it suffices to prove that

(T',%v,'v) e 7]

By induction on 7

1. 7 = unit:
In this case we are given that (T,%v,%v) € |unit|H]
and we need to prove (17,%v, v) € |unit|

We get the desired trivially from Definition 84

2. T=h
In this case we are given that (T, %v,!"v") € |b]#
and we need to prove (17, %v,!"v’) € |b|f
We get the desired trivially from Definition 84
3. 7= LPr'"
1 H
1%

In this case we are given that (T',%v,*v) € |[LP7/|

Here let $v = £5 and v = (), v, =2 1))
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and we have (T, (s, vy, =2 I;) € | L7')H (MV-L1)

And we need to prove (T, £s, vy, 2 1) € | LP7' |2

Therefore it suffices to prove that (77, €5, tvy, 2 I) € | L7/ |
We induct on (T, £s, tvy, = 1y) € | L' |

e (I,NULL,nil) € |LPr'|I:
In this case we need to prove that (1", NULL, nil) € |L7'|#
We get this directly from Definition 84

o (T4, vy 2 ly) e | L |4
Since from (MV-L1) we are given that (T, (s, ‘v, 2 1) € |[L7/ |8
therefore from Definition 84 we have

H(ls) = Cop, bst) A (T, 5op,top) € |7y A (T, €st, lg) € |[L 7'y (MV-L2)

In this case we need to prove that (17, (s, vy, :: l;) € |L7']
From Definition 84 it further it suffices to prove that

- H(es) = (svhagst):
Directly from (MV-L2)

- (T’, Svh, t'l)h) € [T/JVZ
From (MV-L2) and outer induction
- (T,agst, lt) € [L T/Jvl
From (MV-L2) and inner induction
4. 7 = (11, T2):

In this case we are given that (T, ¢, (‘vi,'w)) € |(11, 72) |

This means from Definition 84 we have

H(l) = (5v1,%w1) A (T, %v, ) € ||y A (T, 5w, ) € 2]y (MV-P0)
and we need to prove (T7, £, (*v1, ")) € | (11, 72) |8

Similarly from Definition 84 it suffices to prove that

H(0) = (Cv1,%v2) A (T %0, ) € [y A (T, 5w, '02) € [12]y

We get this directly from (MV-P0), TH1 and TH2

O]

Lemma 88 (Monotonicity for functions). Vév,'v, T, 7, H.

(T, f(z) = es, fixfAu z.er) € |71 kg )l = VT'ST (T, f(z) = e fixf uAz.e;) €

!
I % 7|7

Proof. We need to prove that (17, f(x) = e, fixf  u.\x.e;) € |7 i )

This means from Definition 84 it suffices to prove that
Ve ! T <T (T", 50, 0) € ||y = (T, es, e[ () /u] [PV /] [fix f u z.e0/f]) € lT2J;{ng vhH

This means given some *v’, '’ T"<T" s.t (T”,%v','') € |11]y it suffices to prove that
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(T, es, e[ () /ul[t0' [ [fix fAuAa.e,/ f]) € [m) 7P (MFO)

Since we are given that (7', f(z) = e, fixf.\u.Ax.e;) € |7 kg 28, therefore from Defini-
tion 84 we have
Vo], bl Ty <T (T}, %v{,'v)) € |11y = (17, es, e[ () /u][tv] /2] [fix f. A uAz.er/ f]) € |72]g

Instantiating with the given *v’, %0, T" we get the desired
O

Lemma 89 (Monotonicity for expressions). Ves,eq, T, 7, H.
(T,es,er) € |T|8 = VIT'ST (T, e5,e) € | 7|2

Proof. To prove: (T, es,e;) € |T|H

This means from Definition 84 it suffices to prove that

VH' v, p,p/st <T' . V,H 0, es by v, H = 3'u,'vp, ey |- 'u V2 top A (T
_tasvatvf) € lTJ\})II AD _p/ <J

This means given some H',%v,p,p',t <T' st V,H i—g, es |t v, H' it suffices to prove that

Frop, top, Jer b tu U2 top A (T —t, %0, top) e |7 A p—p/ < T (MEO)

Since we are given that (T, es,e;) € |7|F therefore again from Definition 84 we know that

VH' Sv,p,p',t <T .V,H }—2, es e Sv, H = Ftu,top, Jep |- tu |2ty A (T —t,%0,t0p) €
T Ap—p <J

Instantiating with the given H’,*v,p,p’,t and using Lemma 87 we get the desired

O

Lemma 90 (Monotonicity for I'). Vév,%v, T, 7, H.

(T,V,6;) e |T| = vVT'<ST .(T',V,&) € ||
Proof. To prove: (T",V,&;) € |T|i

From Definition 85 it suffices to prove that

Va : 7 e dom(D).(T',V(x),8(2)) € |7]

This means given some z : 7 € dom(I") it suffices to prove that

(T, V(2), 8(2)) € |71

Since we are given that (T, V, ;) € [T[{

therefore from Definition 85 we have

Va : 7€ dom(D).(T,V(z), () € |7]

Instantiating it with the given x and using Lemma 87 we get the desired O
Lemma 91 (Monotonicity for ). Vév,tv, T, 7, H.

(T, 85, 0if) € |Z)H = VT'ST (T, 657, 015) € | 2]
Proof. To prove: (T, 05y, 6:¢) € |S|H

From Deﬁnition 86 it suffices to prove that

(Vf: (7'1 Y 7'2) € dom(X).(T", 655 (f) ds5,0er(f) 0ey) € (11 g 7'2>J5/)

This means given some f : (73 ik T9) € dom(X) it suffices to prove that

/ /

(T",635(F) bsg. 81y (£) Oeg) € (1 5 )

Since we are given that (T, dsy, d:f) € |S|H

therefore from Definition 85 we have /

(VF : (11 2 1) € dom(2).(T,645(F) bug, 80 (F) 0p) € [(m 23 m)))

Instantiating it with the given f and using Lemma 88 we get the desired O
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Theorem 92 (Fundamental theorem). V3, T, q,¢', 7, es, €4, I,V, H, 6,045,615, T.
E;I’Fg, €s 1T ~> € A
(T, V,8) € [TR] A (T, 055, 015) € |2
—

(T, es6sf,e0 () 6:55) € ]

Proof. Proof by induction on 3;T° I—Z, €51 T ~ €t

1. unit:
— unit
;. |—g+K ' () : unit ~ E;
where
E; = u.release — = w in bind — = 15" in bind a = store() in ret(a)
E} = release — = w in bind — = 15" in bind a = store() in ret(a)

To prove: (T, 2055, E¢ () 0¢0if) € [TJEVH

This means from Definition 84 we are given some
Sv, H' Sv,r,r' t st V,H T, () e (), H. From (E:Unit) we know that ¢t = 1

Therefore it suffices to prove that

(a) v, top, JE () U= to I top A (T —1,(), 0f) € |unit|y:
We choose ‘v, tvg, J as B}, (), K“"" respectively
Since from E-app we know that E, | EJ, also since E| |5 () (from E-release,
E-bind, E-store, E-return)
Therefore we get the desired from Definition 85

(b) r—r' < J:
From (E:Unit) we know that Ip.r = p + K“" ¢/ = p and since we know that
J = K" therefore we are done

2. base:
Fobase unit
3. I—g+ c:b~ Ey
where
E; = Au.release — = u in bind — = 15" in bind a = store(lc) in ret(a)
E, = release — = u in bind — = K" in binda = store(lc) in ret(a)

To prove: (T, xdsf, By () 0i0sy) € [ngH

This means from Definition 84 we are given some
Sv, H' Sv,r,r' t st V,H ], ¢ |y ¢, H. From (E:base) we know that ¢ = 1

Therefore it suffices to prove that
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(a) Htvt,tvf,J.Et O -ty (K4 tvf A (T -1, (),tvf) € |b]y:

t

We choose “u, tvf, J as E}, lc, Kbase respectively

Since from E-app we know that E; | FEj, also since Ej UKbase!c (from E-release,
E-bind, E-store, E-return)
Therefore we get the desired from Definition 85

(b) r—r' < J:
From (E:base) we know that Ip.r = p + K"*¢ ' = p and since we know that
J = Kb%s¢ therefore we are done

3. var:
var Var
E;x:TI—Z+K T~ Fy
where
E; = \u.release — = u in bind — = 15" in binda = store z in ret(a)
E} = release — = () in bind — = 15" in bind a = storez in ret(a)

To prove: (T, x5, By () 6161f) € [TJ}S‘/H

This means from Definition 84 we are given some
S, H',%v,r, ' t st V,H 7, x |l V(z), H. From (E:Var) we know that t = 1

Therefore it suffices to prove that

(a) Fo,tvp, JE: () |- Ty ([ fop A (T =1,V (z),tvy) € ||y
We choose ‘v, tvg, J as Ej, §;(z) respectively

Kvar

Since from E-app we know that E; | Ej, also since E; | d¢(z) (from E-release,

E-bind, E-store, E-return)
Therefore we get the desired from Definition 85 and Lemma 91
(b) r—r' < J:
From (E:VAR) we know that Ip.r = p+ K ' = p and J = K", so we are done

4. app:
m /4 T2 € X(f) X
Kapp pp
Yixim I—Z,tKlgpp fa:im~ B

where
Et = )\UEO
Eq = release — = w in bind — = 151" in bind P = store() in E;
Ey, =bind fi = (f P ) in release fo = f1 in bind — = 152" in bind f3 = store f5 in ret f3

To prove: (T, f x, E; () 0:0¢f) € l7'2J‘5/7H

This means from Definition 84 we are given some
Sv, H' Pv,rr’ ¢t <T st V,HF], f x0sp |4 *v, H'

and it suffices to prove that

208



Frup, o, J B () | Pog U7 top A (T —t,50,tvp) € [l Ar—0/ < (F-A0)
Since we are given that (T, ds¢,0:f) € |S]H therefore from Definition 86 we know that
(T,8,7(F) 8ug 807 (£) 1) € L(m % ) 8

From Definition 84 we know that d,¢(f) = (f(x) = es) and 6¢(f) = fixf.Au.Az.e; and we
have

Vool W T <T (T, 50! W) € |l = (T7, eq, e[ () /u]['' [a][fix f AuAa.e,/ f]) € [ra) &P
(F-Al)

Since we are given that (T, V, ;) € [[|[§ therefore we have

(T, V(@),0(2)) € Iy}

This means from Lemma 87 we also have (T' —1,V(z),&,(z)) € |m|i

Instantiating (F-A1l) with 7' =1,V (z), 0;(x) we get
(T —1, eq, o[ () /u][6: () /] [fix f. Aw .1/ f]) € |7 |77V EH

This means from Definition 84 we have
VHy, *vi,r1,ry,t <T =1LV, H =17 es Ly So, HY =

1

1
Eltvt,tvf,Jl.et[()/u][5t(:c)/x][fixf.)\u.)\az.et/f] b U tvf A (T —1—t’,5v1,tvf) € [7'2]51 A
r — 7“/1 < Ji (F—A?)

Since we know that V, H 7, f xds5 |4 *v, H where t <T therefore from (E:FunApp) we
know that

V.H I—:,_:ﬁ;;p es lt—1 v, H' therefore instantiating (F-A2) with H',Sv,r — K" v/ +
KPPt — 1 we get

Eltvt,tvf,Jl.et[()/u][5t(:c)/x][fixf.)\u.)\az.et/f] Voo 7 tvf A (T —t,sv,tvf) € [TQJ{;{, A
(r— K{P") — (r' + K3") < b (F-A3)

From E-release, E-bind, E-store we know that J = J; + K{*¥ + K™ therefore we get the
desired from (F-A3)

. nil:
Kl = nil
DIN] FZJ” nil : LP1 ~ E
where
E, = Au.release— = u in bind— = 15™ in binda = store() in bindb = storea, nil)) in
ret(b)

To prove: (T, nil, Ey () 6:6f) € [LﬁTJ‘;H

This means from Definition 84 we are given some
So, H Sv,t <T st &, }—Z, nil |y Sv, H'
From (E:NIL) we know that v = NULL, H' = H and t = 1 and it suffices to prove that
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(a) oy, top, Jeg |t U7 oy A (T =1, nil, toy) € | LP7 ]y
From E-bind, E-release, E-return we know that ‘v = (), nil)) therefore from Defini-
tion 84 we get the desired

(b) p—p' < J:
Here p = g+ K™ p/ = g and J = K™, so we are done

6. cons:
ﬁ: (plv'” 7pk)
cons cons
Siap:ma: LEPr l—g+p1+ cons(xp,xy) : LPT ~~ Ey
where
E; = Mu.release — = w in bind — = 15" in E,
Ep = ap;x.letlxy, me) = x in By
E, = release — = 1 in bind a = store() in storea, zj, :: x2))
E! = release — = () in bind — = 15" in Ey

To prove: (T, cons(xp,x¢), By () 6:0:f) € [LﬁTJ‘g/’H

This means from Definition 84 we are given some
Su, H' Sv,p,p/,t <T s.t &, I—i, cons(wp, v¢)0ss e v, H'

and it suffices to prove that

(a) o, top, JE () I bo VY top A (T —t, H'(€),boy) € | LPT|H:
From (E-app) of \-Amor we know that E, () | E;
Also from E-release, E-bind, E-store we know that ‘vf = (), &:(xs) == 6(z) o)

Therefore it suffices to prove that (T —t,£,{(), 6 (zs) == 6:(2¢) l2)) € | LP7]

From Definition 84 it further suffices to prove that
(T —t,0,01(xp) == 0¢(xy) 2) € | L TJ{}V

Since from (E:CONS) rule of univariate RAML we know that H' = H[¢ — v] where
v = (V(zn),V(z))

Therefore it further suffices to prove that
(T —t,V (xn), 0¢(xn)) € |7 and (T —t, V(xy), 6 (2) l2) € | L 7|8

Since we are given that (T',V, ;) € [EJE’,H therefore from Definition 85 and Lemma 87
it means we have

(T —t,V(zp), 6 (zp)) € | 7|8 (F-C1)

and

(T —t,V(xy),01(x4)) € [L<ﬁTJ{;{

This means we also have (T' —t, V (2¢), 6¢(z¢) l2) € |L 7] (F-C2)

Since H' = H[{ — v] where v = (V(xp,), V(z)) therefore we also have
We get the desired from (F-C1), (F-C2) and Definition 84
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(b) p—9p' < J:
From (E:CONS) we know that p = ¢’ + K" and p’ = ¢ for some ¢’. Also we know
that J = K™%, Therefore we are done.

7. match:
qumatN ’
E7F l_q/_,'_[(lénatN 61 LT eal
o g+p1—K[tC /
F= (. opk)  SDhert: LD 0000 G er i 7/ v e
- - match
¥:Dyx: LPr I—g, match z with [nil — ey |h it eg: 7 ~ Au.Ey
where
Ey = release — = win Eyq

Ep1 = z;a.letlz,x2) = ain By

E1 = match zg with |nil — Ey |h:: [, — Ej
E5 = bind — = 15" in By,

Es1 = bindb = store() in E},

E} =bindc = (eq1 b) in Ef

El, | =released = cin F),

Eb o = bind — = 155" in B},
EY 4 = release — = x; in stored
Ej3 = bind — = 157" in B3,
FE31 = release — = x1 in F39

Es5.9 = bind b = store() in E33
Es3 = bindt = retb,l;) in E34
Es.4 = bindd = store() in Es 5
FEs5 =bind f =egdin E3g
FEs6 =releaseg = fin F37

FE37 =bind — = TKﬁnatC in store g

To prove: (T, match z with |nil — ey |h 1t — ea, Mu.Ep () 0;65) € [T’J‘g/’H

This means from Definition 84 we are given some

So, H' Sv,p,p/,t <T st V,H l—g, (match z with |nil — ey |h ::t — e2)dss |t v, H'

2 cases arise:

(a) V(x) = NULL:
Since (T,V,0:) € [FJKH therefore from Definition 85 and Definition 84 we have
6¢(x) = (), mil)
nV,H

IH: (T —1,e10,,€q1 () 0¢syp) € |7']¢

This means from Definition 84 we have
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VH{, vy, p1,pyt1. V. H l—g,i er I, Svi, H = v, tvpy, Jieq | fon [ bopp A (T
—1- tl,svl,tvfl) € [7"]51 Apr—p) <1 (F-RUA-MO)

Since we are given that V, H I—Z, (match  with |nil — ey |kt — e2)dsp | v, H'
therefore from (E:MatvhN) we know that V|, H l—z 25(17;:5\, e1 Jt—1 v, H' therefore
instantiating (F-RUA-MO) with H’ v, p — KM@ p/ 4 KN we get

g, topr, Ji-ear | Ton (/R4 fopr A (T —t, 50, gy ) € [T’J{}V Ap— KPatN g — KmatN
Ji (F-RUA-M1)

It suffices to prove that
Fhup, tup, JAwEo () | o § oy A (T —t,%0,top) e |7 [ Ap—p' < T
We choose “v; as fuy1, fvy as 'vpy and J as Jy + KmatN - KmatN and we get the desired
from E-bind, E-release, E-store and (F-RUA-M1)
(b) V(x) =l
Since (T, V,0;) € [FJ‘;H therefore from Definition 85 and Definition 84 we have
Se(x) = L0, top = 1y st
H(ls) = (Svp, bys), (Sv,tv) € |7']y and (4s,1;) € |L 7’|y and
Let V! =V U{h— Sup} u{t — b} and 6; = & U {h — o} U {t — I}
From Definition 85 and Lemma 87 we have (T' —1,V’,6;) € [T, h: 7,¢ : L<'ﬁTJ¥l’H
Therefore from TH we have
(T 1, €855, eqn () 86,5) € |7]5
This means from Definition 84 we have
VH,, Sva, pa, Py t1. V, H I—g,i ez I, Svo, Hy = Ftvpa, Mg, Jo.eqa || fupo |72 bopg A (T
—1—t1,%um, vp) € [7"]5é A pa —ph < Jo (F-RUA-MO0.0)
Since we are given that V, H l—g, (match x with |nil — ey |h it — e2)dsy It v, H'
therefore from (E:MatvhC) we know that V, H l—z,j;{;:;cc es li_1 *v, H' therefore
instantiating (F-RUA-M0.0) with H’,%v,p — K¢ o + K¢ ¢ — 1 we get
Frug, "vpe, Ja.eaz | tug 172 Tupe A (T —t,%w2, 0p0) € [T'Jgé A p2—ph < Ja
(F-RUA-M2)
It suffices to prove that
It v, top, JAuEp () | Py 17 Pop A (T —t,5v,%vf) € [T’ng Ap—p <J

We choose tv; as tvg, tvf as t’l}fg and J as Jo + K{natc + K;"“tc and we get the desired
from E-bind, E-release, E-store and (F-RUA-M2)

8. Share:

E;F,x:ﬁ,y:Tgl—g,e:T/wea T=T11Y T2 T=T1=T2=1

5Tz:7 I—g, elz/x,z/y]l : 7' ~ Ej

Share-unit

EO = )\uEl

Ey =binda = coerce1 11 z inletlz,y) = ain e, u
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coercer 11 = Au.ret!(),!())
To prove: (T, e[z/x,z/y], Eo () 6:0sf) € [T/J;/’H

This means from Definition 84 we are given some
su, H' Sv,p,p/,t st V, H '_Z/ elz/z, z/yldss Ve Sv, H'
And we need to prove

oy, top, JEy () |t V7 fop A (T —t, %0, vy) € [TJ{}V Ap—p <J

Let

Vi=Vu{z—V()}uly—V(z)}

8 = 6w {z = 6:(2)} v {y — di(2)}

Since we are given that (T, V,d;) € [I', z : 1J¥H therefore from Definition 85 we also have
(T,V',8) €T a:1,y: 1)}

IH

(T, e,eq () 86:5) € |74

This means from Definition 84 we have

VH{, Sv,p1,0), 0. VI, H l—z,i e Iy Su, H = Fu,tvp, Jel() | toe |7 top A (T
—t1,%v1, vp) € [T/J{}I/ Apr—py<J

Instantiating it with the given H',%v,p,p’,t we get the desired

E;F,CL‘ITl,yZTQFg,GZT/WBG T=T71Y T T=T=To=Db
7 y Share-base
5Tz elz/z, 2/y] 1 7'~ Eo
Eo = )\U.El
Ey = binda = coerceppp, 2z inletlx,y) = ain e, u
coerceppp = Au.let!u' = win retdu/, u”)
Similar reasonign as in the unit case above
/
E;I’,az:ﬁ,szgkg,e:T ~ eq T=T1YT
p__I N 5 I " " " — — -
T=1L"1 T = L7 Ty = LP?1, =7 DT D=p1Dps .
Share-list

Iz 7 I—Z, elz/z,z/y] : 7' ~ Ey

EO = )\UEl
Ey =binda = coercer 7, , zinletlz,y) = ain e, u
COETCE 5y 117y 737y = TIX[.Ag. Ae. let!g’ = gine;x.letdp, 1)) = zin Ey

where
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Ey = release — = p in Ey

Ey = match [ with |nil — Ea; |h::t— E3
Es.1 = bind z; = store() in E29

Es9 = bind 29 = store() in Ea 3

Es3 = retd{z1, nil)), za, nil))

Es 2 bindH = ¢ hin Es,

Es1 = bindo; = () in E32

E3o 2 bindT = f g Kot t) in Ey

E, = let{H;,Hy)) = H in Ej

Es = 1et{Ty, Ts) = T in Eg

Eg = Th;tpy. letdpy, 1) =tp1 in Era

E71 = To;tps. letdph, ly) = tpz in B2
E79 = release — = p) in Er3

E73 = release — = pl, in Er 4

E;.4 % bind o = store() in E7 5

E;5 = bind 0y = store() in Eg

Es = ret{{oy, Hy :: Ty )y, Loa, Hy :: To )
To prove: (T, e[z/x,z/y], Eo () 0¢0:) € lT’J‘E/’H

This means from Definition 84 we are given some
S, H',Sv,p,pl,t <T st V, H i—g, elz/z, z/yldss Ve Sv, H'
And we need to prove

g, top, JEy () | Ty V7 bop A (T —t,5v,%vp) € [TJ{){, Ap—p <J

Let

Vi=Vule—V(z)}u{y—V(z)}

0 =0t u {z > 6:(2)} v {y = 6:(2)}

Since we are given that (T, V,d;) € [T, z : TJEH therefore from Definition 85 we also have
(T, V',8) e D,z 71,y : 2y,
IH

(T.e.ea () Sjorp) € 7]
This means from Definition 84 we have

VH, Sv,p1,p),t1. VI, H I—ii e Uy Svi,H = 3, v, Je) || T V7 top A (T

—t1, 5o, top) € |7 A pr—ph < T

/7H

Instantiating it with the given H', v, p,p’,t we get the desired
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iU,z 7,y :7 l—g,e:T'wea
T=T1Y T2 7 = (Ta, ) T = (75, 7) T2 = (15,7) T=T1DT
“T0,z:7 I—g, elz/z,z/y] : 7' ~ Ey

Share-pair

EO = )\uEl
Ey = binda = coerce(r, 1) (1 1) (rn7r) 7 inletd@, y) = ain eq u

COETCE(r, 1) (v 1) (2 7)== A-g1-A-g2.Ap. let!I{p1, p2)) = pin Ep

where

Ep = let!g] = g1 in B}

s
b

Iet!g'g = g9 in Fy
bind P{ = ¢g}p1 in E3

&5
bk

bind Py = ghpo in Ey
= let K(ply, pla) = | in B
let [y, p3o)) = Py in Eg

Eg = retdphy, 091, KPlas Pho)
Same reasoning as in the list subcase above

S
b

. Sub:

/
Z;Fl—g/e:Twea T<T

DDl e v e
To prove: (T, e,eq () 6¢if) € [T/J‘gf’H
IH: (T, e,eq () 5t5tf) € [TJ?H

We get the desired from IH and Lemma 94

. Relax:
E;Fl—z,e:Twea q=p g—p=q -7
E;F}—g,e:TWEt
where
Et = )\O.Eo
Ey = release — = o0 in B4

E; = binda = store() in Es
E2 = bindb = eaain Eg

FE3 = releasec = b in storec
To prove: (T,e, E; () 0:645) € [TJ‘S/H

This means from Definition 84 we are given some
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S, H' Sv,rr' ¢t <T st &, S+, e lly v, H'
And it suffices to prove that
v, top, JE () U v U7 top A (T —t, 50, t0p) € |Tly Ar—1' < J (F-RO)

IH: (T,e,eq () 8:01f) € |7]p "

This means from Definition 84 we have

Vou, Hy,r, vty <T V,H =10 e by, o, H = 3o, tvp, Jea () U P U7 fop A (T
1

—t1, %, vp) e Ty AT —1' < J
Instantiating it with the given v, H',r, 7', t we get
3oy, top, T eq () | Py (R Lop AT =t %0, ) e Ty A =1 < T (F-R1)

In order to prove (F-R0) we choose ‘v, vy, J as tvt’,tv]’c, J’ and we get the desired from

E-app, E-release, E-bind, E-store and (F-R1)

11. Super:
SiTe:mbLe:m~e, T <iT
g g Super
e :m g €57~ €a
Given: (T,V,&) € [T,z : |
To prove: (T, e,eq () 6¢0if) € [TJ}S/H
This means from Definition 84 it suffices to prove that
VH' Sv,p,p',t <T . V,H I—z, es ¢ ‘v, H = Eltvt,tvfjj.ea O o |7 tvf A (T
~t,5v,top) e [T Ap—p < T
This means given some H',%v,p,p’,t <T st V,H l—i, es | *v, H' it suffices to prove that
vy, top, Jeeq () I v 7 top A (T —t, %0, top) € [TH}V Ap—p <J (F-Su0)
Since we are given that (T,V,&;) € |,z : 7{] therefore from Definition 85 we know that
(T, V(x),0:(2)) € ] [§]
Therefore from Lemma 93 we know that (T, V(z), 8 (x)) € |11]
IH: (T,e,eq () 8:01f) € |7]3 "
This means from Definition 84 we have
VH!, v, pi,pit1. V,H l—if e Iy Sv,H = 3Fu,tvr,Je, () | 'u V7 bop A (T
—t1,%v;, vp) € [TH}V Api—pi<J
Instantiating it with the given H’,%v,p,p’,t we get the desired
12. Let:
_ iet p_Kéet
T bp e1: 71~ €ql ilg,w:m l—q,+K§Ez €2 1 TL ~ €42

Let

¥, Ty |—Z, let x =ej iney: T~ Ey
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where

E, = \u.Ey

FEy = release — = uwin By
E; = bind — = 151" in By
E5 = binda = store() in Ej
FE3 =bindb=—¢41 ain Ey
E4 =releasex = b in Ej5
E5 = bind — = 155" in F
Eg¢ = bind ¢ = store() in Er
E7; =bindd = e43 cin Eg
FEg = release f = d in Ey
Eo = bind — = 155" in £y
F1¢ = bindg = store f inretg

To prove: (T, let x = ey in ez, By () 0;0:f) € [TJXH

This means from Definition 84 we are given some

S, H' Pv,r,r' ¢t <T st V,H &I, (let z = ey in e2)dss |t v, H'

it suffices to prove that

Fhup, top, e bt U7 top A (T —t, %0, bup) e [T Ar =0/ < T (F-L0)
Since we are given that (T, V, ;) in|I'1,T2|H therefore we know that
WV, Ve, 81,02 st V = V4, Vo, & = 6}, 67 and

(T, V1,07) € [Dufi] and (T, V3, 67) € T2}

IH1

(T,e1,ear () 01ory) € ] ™

This means from Definition 84 we have

VH{,%v1,p1,p},t1. V. H l—g,i er1 y, Svi, H = §|tuﬂ7tvf1,J1.ea1 0 by UJl t’Ufl A (T
—tl,svljtvfl) € [legi Apr—p) <1 (F-L1)

Since we know that V, H 7, (let x = ey in e2)ds¢ |+ *v, H' therefore from (E:Let) we know
that 3H], %oy, 1,1 5.t V, H o ™0 €15 e, Sv1, HY

Instantiating (F-L1) with HY, %vy,r — K¢, ry,t; we get

v, opr, Jiear () I ton | fopr A (T —t1, 501, topy) € [legi Ar—Klt—r <y
(F-L1.1)
IH2

Vau{z—Sv },H!
(T —t1,ea,eaz () 67 O {w = Pop1}oyp) € ]2 o0

This means from Definition 84 we have
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13.

VH,, Sva, pa, ph,ta <T —t1. V,H l—zz e2 Vi, S, H == Fuy, vpo, Joeaz () | for |72
fopg A (T —t1 — to, v, tvpg) € [TJgé A pa—ph < Jo (F-L2)

Since we know that V, H |7, (let x = ey in e2)dsy |+ *v, H' therefore from (E:Let) we know
that 3H), “uz,ty < £ — t1 5.t V. H -1 eador biy v, Hy

Instantiating (F-L2) with H5,%v,ry — K r' + K¥ ¢y we get

ez, gz, Jo-eaz () U oz 172 tugs A (T —ti—ta, %0, upa) € [T])2 A m— KIE— (1 + K1) <

Jy  (F-L2.1)

In order to prove (F-L0) we choose tv; as tvy2, tvp as tvpo, J as Jy + Jo + K1 + KL+ Kt
,tast] +ta+ 1 and we get the desired from (F-L1.1) and (F-L.2.1) and Lemma 87

Pair:
. pair
e . +RPeT .
Xix1 T, T9 1 T }—g (.CEl,LUz).(Tl,TQ)WEt
where
Et = )\UEO
Ey = release — = uwin By

E; = bind— = 15" in B,

Es = binda = store(z1, z2) in reta

Given: (T,V,6;) € |z1 : 11,22 : TQHZI

To prove: (T, (1, %2), Bt () 8:0,5) € [ (11, 72) |2

This means from Definition 84 it suffices to prove that

VH' Sv,rr’ t <T . V,H !, (x1,22) |t v, H = 3o, vp, JE () | ' V7 fop A (T
—t,%v, vy) € [(7'1,7'2)]5, Ar—r < J

This means given some H',%v,r,7',t <T s.t V,H -7, (x1,22) |; *v, H' it suffices to prove
that
Eltvt,tvf,J.Et Ot I’ tvf A (T —t,sv,tvf) € [(7’1,7'2)]5/ Ar—r < J (F-PO)

This means we need to prove that 3w, tvf, J

o B O btu ! by
From E-app, E-release,E-bind,E-tick, E-store and E-return we know that ‘v; = Ej,
top = (3y(21), 61(x2)) and J = KPoir

/

o (T —t,%v,tvg) € |(m1,m2) ]
Since we are given that V, H 7, (z1,22) |+ *v, H', therefore from (E:Pair) we know
that Sv = £ where £ ¢ dom(H) and H' = H[{ — (V(21),V (22))]

Since we are given that (T,V,0;) € |21 : 71,22 : ngg therefore from Definition 85,
Definition 84 and Lemma 87 we get the desired.
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o r—1r' < J:
From (E:Pair) we know that Ip.r = p + KP%" and ' = p. Since we know that
J = KP%" therefore we are done.

14. MatP:
_KmatP
T:(TI’TQ) 271—‘7'%.1 :T17:U2 :7_2 l_Z/_,,_I{l;natPe:T/’V‘-)et
matP
5T, x 7 =1 match x with (v1,22) — e : 7~ By

where

Et = )\UEO

Ey = release — = u in Ey

E; = bind — = 151" in By

Ey = let{x1,22)) =z in E3

E5 = binda = store() in Ey4

E4 =bindb=e; ain Ej

E5 = releasec = b in Eg

Eg = bind — = 155" in By

E; = bindd = storecin retd

Given: (T,V,&) € |,z : 7|if

To prove: (T, (match x with (x1,x2) — €), By () 0¢0sy) € [TJ‘S/H

This means from Definition 84 it suffices to prove that
VH' Sv,p,p', t <T .V, H }—2, (match x with (x1,x2) — €) ¢ Sv, H' = v, vp, JE () |
bog 7 top A (T —t,%0,tvy) € [T/J]I;I/ Ap—p <J

This means given some H',%v,p,p',t <T s.t V, H '_Z’ (match x with (z1,x2) — €) |t Sv, H'
it suffices to prove that

Eltvt,tvf,J.Et O Ut 7 tvf A (T —t,sv,tvf) € l’T/J{j/ Ap—p <J (F-MPO0)

Since we are given that (T,V,d;) € |I,z : 7|#f therefore from Definition 85 and since
7 = (71, 72) therefore we know that (T, V (z), 8 (x)) € [(t1,72) |

This means from Definition 84 that 3¢ s.t H({) = (Svi, %) A (T,%v,tv) € |1y A (T
S, b)) € | o]y
m: (T,e,et () 5t U {1:1 N t’Ul} U {562 N tUZ}(Stf) c [T/Jgu{xu_ﬁm}U{$2»—>Sv2}7H

This means from Definition 84 we have

VH], *vi,pi,pi,t1 <T —1. V. H P—gf e |ty *v, H = vy, topr, Jie () ton 17 top A (T
o

—t1,%v;, ') € 7', A pi = < 1

Since we are given that V, H l—i, (match x with (x1,z2) — e) | *v, H therefore from
(E:MatP) we know that
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15.

p_KimatP
tP
p/_,’_K;na

Instantiating it with the given H’, *v,p — K" o + K9P ¢ 1 we get

v, fopr, Jre () | fon V7 fopr A (T —t, 50, vpy) € [T’H;I/ A p—KMatP _(pf ¢ KInatPy < 7
(F-MP1)

Vulrr—u}u{ze— Swl, HE- el v, H

In order to prove (F-MPO0) we choose tv; as tu, foy as tvgy, J as Jy + KPP 4 KjnatP
and ¢ as t — 1 and it suffices to prove that

o B () tor |7 by
We get the desired from E-app, E-bind, E-release, E-store, E-tick, E-return and (F-
MP1)

o (T —t,%v,tvy) e |7
From (F-MP1)
e p—p < J:
We get this directly from (F-MP1)

Augment:

E;Fl—g,e:rwea

ST 2.7 . Augment
M R A |—q,€.7’~‘->€a

Given: (T,V u{x — *u,},0, U {z — 'v,}) € [T,z : ]3]

To prove: (T, e,eq () 6 U {x > ‘v, }dip) € [TJ(‘g/'u{mHs»uz},H

This means from Definition 84 it suffices to prove that

VH' 5v,p,p'st <T .V u{x — v}, H '_Z/ es ¢ Sv, H = Flu,tvp, Jeg ()0 U {z —
tvw}(stf U tUt UJ tvf A (T _t7svvtvf) € [TJ]I}{, AND _p/ <J

This means given some H' Sv,p,p/.t <T st V u {x — v}, H I—Z, es ¢ Sv, H' it suffices
to prove that

Eltvt,tvf,J.ea (o v {x — tvx}(stf Ut |7 tvf A (T —t,sv,tvf) € [TH}V Ap—p <J
(F-Ag0)

Since we are given that (T,V U {z — v;},0; U {z — v,}) € [T,z : 7]

therefore from Definition 85 we know that

(T,V,&) € |T)i

IH: (T,e,eq () 0:61p) € 715"

This means from Definition 84 we have
VH], v, pi,pit1 <T . V.H l—z}: el v, H = o, tvp, Jeq )60 | tor |7 top A (T
—t1, v, top) € [T A pi—p < T (F-Agl)

Since we are given V U {x — *u,}, H i—g, es |t *v, H and since = ¢ free(e) therefore we
also have
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VoH 2 e by So, HY
Instantiating (F-Agl) with the given H',*v,p,p’,t we get
Eltvt,tvf,J.ea ()0¢0sr I toy |7 tvf A (T —t,sv,-,tvf) € [TJ]}/I/ Api—pi<J

Also since x ¢ free(e) therefore we get

!

Htvt,tvf, Jeq ()0 v {z — tvx}5tf | oy UJ tvf A (T —t,svi,tvf) € [TJ{} Api—ps < J

Lemma 93 (Value subtyping lemma). V7, 7/, H,%v, v, T.
T<:7 A (T5v,)e|rl] = (T,%0,%) e ||

Proof. Proof by induction on the subtyping relation of Univariate RAML

1. Unit:

unit <: unit

Given: (T, %v,v) € |unit|i
To prove: (T, %v,tv) € |unit)
Trivial

2. Base:

b<:b
Given: (T,%v,%'v) e |bJ#f
To prove: (T,%v,%v) € |b]
Trivial
3. Pair:
/ /
<7 Ty <: Ty

(7_17 7-2) < (7-{7 Té)

Given: (T, %v,') € [(11,72) |8
To prove: (T,%v,%v) € [(T{,Té)]{}[
From Definition 84 we know that v = £ s.t

H(ﬁ) = (s’l)l,s’l}g) A (T,svl,tvl) € [T1JV A (T,S'Ug,tvg) € [TQJV (S—PO)
IHL (T, vy, "v) € |7{|§

IH2 (T, %uy, tvy) € ||

Again from Definition 84 it suffices to prove that

H(0) = (Pv1,%w) A (T, 5v, ) € |1y A (T, 50, ) € | T5]v

We get this directly from (S-P0), IH1 and IH2
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4. List:

T <:To pP=q

LPr <: Limy

Given: (T,%v,'v) e [Lﬁﬁjg

To prove: (T,%v,'v) € |Lim)H

From Definition 84 we know that Sv =I5 and ‘v = (), ;) s.t (T,ls,1;) € |[L Ty
Similarly from Definition 84 it suffices to show that
(T, ls,lt) € [L TQJV

We induct on (T, ls,l;) € |L 71|y

e Base case:
In this case [; = NULL and [l; = nil:
It suffices to prove that (7', NULL, nil) € |L 12|y
This holds trivially from Definition 84
e Inductive case
In this case we have I = ¢ and l; = tup, =2
It suffices to prove that (T,¢, v, :: ly) € |L T2y
Again from Definition 84 it suffices to show that
Bopy, b1 H(L) = (Pop1, ls1) A (T, 50p1, top) € 2]y A (T, ls1, li) € | L T2y

Since we are given that (T, ¢, vy, :: ly) € | L 71|y therefore from Definition 84 we have
Hsvh,ﬁs.H(E) = (Svh,ﬁs) A (T,Svh,t’l}h) € [T1JV A (T, gs;ltt) € [L T1JV (S—Ll)
We choose v as vy, and g1 as £,
- H(E) = (Svhags):
Directly from (S-L1)

— (T, %vp,tvp) € |11y
From IH of outer induction

— (T, Esultt) € [L TQJVZ
From IH of inner induction

Lemma 94 (Expression subtyping lemma). V7,7, V, H, e, e;.
T < T/ A (TJ 687675) € [TJ}‘?H = (T7 esaet) € [T/J‘S/J{

Proof. From Definition 84 we are given that

VH' Sv,p,p',t <T .V, H l—g, es Ut v, H = Ftu,top, Jep | oy | top A (T —t,%0, ) €
[Tl Ap—p'<J  (SE0)

Also from Definition 84 it suffices to prove that

VH' Sv,p,p',t1 <T . V,H Fg, es by v, H' = 3o, tvp,Je | to | top A (T
—t1,%v, vp) € [T’ng Ap—p <J

This means given some H',%v,p,p’,t; <T s.t V, H l—g, es ¢, Sv, H' it suffices to prove that
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oy, top, Jep | Py (& fop A (T —t1,%v, vy) € [T’J{}V Ap—p <J

We instantiate (SEQ) with H',*v, p,p’, t; and we get
oy, top, Joeg || Py (& fop A (T —tq, %0, vy) € [TH}V Ap—p <J (SE1)

We get the desired from (SE1) and Lemma 93

2.5.3 Re-deriving Univariate RAML’s soundness

Definition 95 (Translation of Univariate RAML stack). (V : ')y = Vo € dom(I).(V (%)) g,r(2)

)

Definition 96 (Translation of Univariate RAML values).

S T = unit

159 T=b

o RN ErrE) r= L7
i nil T=L71 A®v=NULL
(H) W) aq = (HE) 12) L T=L71 Afv=1{

CHE) L) Hr s (H) L2)Hr) T=(11,72) A v ="

\

Lemma 97 (Irrelevance of T for translated value). Yv, 7, H.
HE%e[r]in RAML — VT (®y(°v:7),T,(*v)u-) € [(7)] in A-Amor

Proof. By induction on 7

1. 7 = unit:

To prove: VT .(®y(*v:7), T, (*v)u) € [(unit)]

This means given some 7' it suffices to prove that
(Pr(Pv :unit), T, (5v) Hunit) € [1]

We know that ®g(°v : unit) = 0 therefore it suffices to prove that
(0,7,%v) € [1]
Since we know that *v € [unit] therefore we know that *v = ()
Therefore we get the desired directly from Definition 66

2. T =bh:
To prove: VT (®y(*v:7),T,(*v)ur) € [(b)]

This means given some T it suffices to prove that

(Pr(®v :b), T, (*v)u,) € ['b]

We know that ®g(*v : b) = 0 therefore it suffices to prove that
(0,7,1%v) € ['b]

From Definition 66 it suffices to prove that

(0,T,%v) € [b]

Since we know that *v € [b]

Therefore we get the desired directly from Definition 66
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3. 7= Lir':

By induction on ®v

o v =NULL = []:
To prove: VT .(Py(v:7),T, (S”)H,Lq}') € [[(]L‘TT’I)]]
This means given some T' it suffices to prove that
(@n([]: LI7'), T,4(), nily) € [3s.([¢(7. 5)] 1 ® L3(7))]
We know that ®5([] : LI7') = 0 therefore it suffices to prove that

(0, 7,0, nil)) € [35.([6(7, 5)] 1 ® L ()]

From Definition 66 it suffices to prove that
35'.(0,T, (), nil) € [([¢(7, 5)] 1 @ L*(7))[s'/s]]
We choose s” as 0 and it suffices to prove that

(0, 7,40, nit) € [([¢(7,0)] 1 @ L[0](r))]

From Definition 66 it further suffices to prove that

Ipp2-p1 +p2 <0 A (p1,T,()) € [([9(7,0)] 1] A (p1, T, nil) € [L[0]())]
We choose p; and ps as 0 and we get the desired directly from Definition 66

o fu=1"0=[%,...,%u,):
To prove: ¥ T .(®g([*v1...%v,] : LIT'), T, (5v) ) € [B35.([6(7, )] 1 ® L*(7'))]
This means given some T it suffices to prove that
(@u(lPor-. vl : LI, T, (0)mr,r) € [3s.([6(7, 5)] 1 @ L3 ()]

We know that ®x([*v;...%v,] : LIT") = (®(n,q) + Yi<icn @E(Pv;i : 7')) therefore it
suffices to prove that

(21, @) + 2i<icn P (Cvi : 7)), T, (v) 7)€ [35.([6(7, 5)] 1 ® L*(7))]
From Definition 66 it suffices to prove that

35" ((2(n, @) + X1 <iyy P (C0i 1 7)), T, (v)m7) € [([9(T: 5)] 1 ® L*(7'))[s'/s]]
We choose s” as n and it suffices to prove that

(@(n, @) + Xi<icn Pu (i : 7)), T, Cv)us) € [([0(7; )] 1 @ L™(7))]

From Definition 96 we know that (Sv)p - = (), (H¥) l1)m» 2 (HE) l2)m0)
From Definition 66 it further suffices to prove that

Ip1,pap1 +p2 < (0, Q) + Xigic, PP 1 7)) A (01, T, () € [[@(q,n)] 1] A (p2, T
(HO) L) gz (H) L2)m,n) € [L™(7))] (LO)

IH

(s ([Pv2- - *vn] - LZ77), T, (H(0) b2) g povrr) € [35.([6(<, 5)] 1 ® L3(7'))]

We know that 5 ([*va...%v,] : L797') = (®(n — 1,<q) + Docjcn, Pr(Pvi : 7)) this
means we have

(2(n—1,29)+Xocicn P (i : 7)), T, (H(€) l2) g p=a) € [35-([¢(<q, 5)] 1 ® L*(7'))]
From Definition 66 this means we have

35" ((2(n—1,20)+ 2gcicpn Pu (vi - 7)), T, (H(€) L2) r 1=arr) € [([#(=q; $)] 1 @ L*(7))[s'/5]]

We know that s’ as n — 1 and we have
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(@(n—1, <D+ Xgcicn Pu(vi : 7)), T, (H(0) l2) g 1=ar) € [([$(<d;n — 1)]1 @ L*H('))]
From Definition 96 we know that (H(¢) l2)y <ar = (), 1)

This means from Definition 66 we have

E|p,17p/2'p,1 +p,2 < ((I)(n - 1’<]® + 22<i<n (I)H(Svi : T/)) A (pllvTv ()) € [[[¢(<](j; n)] 1]] A
Py, T, 1) e [L"H))] - (L1)

Inorder to prove (LO) we choose p; as p} + q1 and ps as ph + @y (5vy : 77)

— p1 +p2 < (®(n,q) + Zlgisn Py (v )
It suffices to prove that

prta+ph+ Pu (P 7) < (@0, 9) + Xigicn, Pu(Cvi i 7))

Since from (L1) we know that p}| < ®(n — 1,<q) therefore we also know that
nt+as<®ng (L2

Similarly since from (L1) we know that py < Yo ;c, P (vi : 7')

Therefore we also have

P+ @ (Pur 7)) < Xicicn PP ) (L3)

Combining (L2) and (L3) we get the desired

= (p1,T,0) € [[¢(g: )] 1]:
It suffices to prove that (p} + q1,7,()) € [[¢(q,n)] 1]

Since from (L1) we are given that

@1, T,0) € [[6(=7n)]1]

Therefore we also have
() + a1, T,0) € [[#(g,n)] 1]

= (2, T, (H(0) L) = (H() L2)m,n) € [L™ ()]
It suffices to prove that

(0o + (o1« ), T, (H(0) W) me 2 (H(0) d2)m,Le) € [L7(7)]
From Definition 66 it suffices to show that
It pepl + Py < Qo o ) +py A (PLT(H(G) 1)) € [7] A (05, T
,(H() l2)m,r) € [L" 7]
We choose pf as ®g(*v : 7') and pj as p and it suffices to prove that
« (P T, (H) 1) gs) € []:
This means we need to prove that
(@u (o), T, (H(0) 1)uq) € [7']
We get this from IH of outer induction

« (p5, T, (H(0) l2)m,1r) € [L"'7]:
This means we need to prove that
(P, T, (H(0) l2)m,1r) € [L"'7]

Since we know that (H (¢) |2)p - = l; therefore we get the desired from (L1)

4. 7 = (1, 72):
To prove: VT (P ((*v1,*w) : (11,72)),T, (svl,svg)H,(Tl’TQ)) € [((r1,72))]

This means given some T it suffices to prove that

((I)H((SUMSU?) : (7_1’7-2))>T7 (Svla SU2)H,(T1,7'2)) € [[(]7_1[) ® (]TQD]]
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We know that ®g((*v1,%w2) : (11,72)) = P (®v1 : 1) + Py (Sve : 72) therefore it suffices to

prove that

(@u(Pvr ) + @u(Coe: 1), T, (H) L) b7, (H(0) l2)B5)) € [(T1) ® (72)]
From Definition 66 it suffices to prove that

Ip1,pap1 +p2 < (Pu(Pvr i ) + Pu(Pv2 : 1)) A (p1, T, (H() l1)us) € [(mD] A (p2, T

(H) l2)H7) € [(2)]
Choosing py as @y (v : 71) and py as Py (*we : 72) and it suffices to prove that

(@p (v :m), T, (H) l1)mm) € [(m)] A (@u e 72), T, (H(C) |2)H7) € [(72)]
We get this directly from IH1 and TH2

Lemma 98 (Irrelevance of T for translated I'). Vv, 7, H.
HEV:TinRAML — VT (®y (D), T,(V:I)g) e [()] in A-Amor

Proof. To prove: YT .(®yu(I),T,(V :T)n) e [(T)]

This means given soem 7' it suffices to prove that
(@v,a(T), T, (V : T)x) € [(1)]

From Definition 67 it suffices to prove that

Af « Vars — Pots. (Vo € dom((I'). (f(2), T, (V : D)u(x)) € [(T)(@)]e) A Xredomiry) (@)

Oy.u(I))
We choose f(z) as @ (V(x) : I'(x)) for every x € dom(I") and it suffices to prove that

(VD) (2)) € [(T) (2)]e):

), T
(T)) it suffices to prove that

(@r(V(z) : T(2),T,(V : Tr)(2)) € [(T(2))]e

From Definition 95 it suffices to prove that
(@r(V(2) : T(2)), T, (V(2)mre) € [0 ()]e
From Lemma 97 we know that

(@r(V(z) : T(2)), T, (V(2)mre) € [0())]
And finally from Definition 66 we have
(@r(V(z) : T(2)), T, (V(@)mre) € U0 (@))]e

o (Xaedom(ry) f(@) < Qv a(l)):
Since we know that @y, (I') = >, gom(r) @ (V(2) : I'(z)) therefore we are done

o (Ve e dom((T)). (Pu(V(z): T'(z)

This means given some = € dom(

Lemma 99 (RAML’s stack and its translation are in the cross-lang relation). VH, V,T.
HEV:D = VT .(T,V,(V:D)g) e T
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Proof. Given some T, it suffices to prove that (7, V,(V : T)g) € [['|
From Definition 85 it suffices to prove that

Va : 7€ dom(T).(T,V(x),(V : D)(x)) € |7]H

This means given some z : 7 € dom(I') and we need to prove that

(T, V(z),(V : D)u(2)) € [7]]
Since we are given that H =V : T, it means we have Vz € dom(T').H =V (z) € [I'(z)]

Therefore we get the desired from Lemma 100

Lemma 100 (RAML’s value and its translation are in the cross-lang relation). VH, v, 7.
HE®ve[r] = VT .(T,%v,(v)p,) e |7

Proof. By induction on 7

1. 7 = unit:
To prove: YV T .(T,%v, (5v)u,r) € |unit)
This means given some T', from Definition 96 it suffices to prove that
(T,%v,%v) € |unit|i]
We get this directly from Definition 84

2. 7 =bh:
To prove: ¥V T .(T,%v, (5v)u,r) € |b)

This means given some T, from Definition 96 it suffices to prove that
(T,%v,!%v) € |bJ#f

We get this directly from Definition 84
3. 7= Lir'":

By induction on ®v

e vy = NULL:
To prove: VT .(I, NULL, (5v)p,,) € |b|H
Given some T', from Definition 96 it suffices to prove that
(T, NULL, (), nity) | L[
We get this directly from Definition 84

o Su=/0=[%...5%,:
To prove: YT .(T,¢,(5v)u,r) € |b)
Given some T', from Definition 96 it suffices to prove that
(T, 6,40, (H(O) L) iz (H(O) L2)g,L)) € |17
From Definition 84 it further suffices to prove that

(T, H () |1, (HE) 1)ms) el v A (T,HE) L2, (HE) |2)m,) € LTy

We get (T, H(¢) |1,(H(¢) |1)m~) € |7'|y from TH of outer induction
and (T, H({) l2,(H(?) l2)m,+) € |L 7’|y from IH of inner induction
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4. 7 = (11, T2):
To prove: VT .(T,E,M) € [(7’1,7'2)]5
Given some 7', from Definition 96 it suffices to prove that
(T, 6, KH (O L) i, (HE) L2) 1z )) € (1, 72)
From Definition 84 it suffices to prove that
(T, H(0) L1, (H(O) L) an) € lnly A (T H(E) Loy (HE) L2)ir) € 2]y

We get this directly from IH

Lemma 101. Vv, %0, 7, H,T.
(T,%v,tv) e [Tjg = ‘v =)y,

Proof. Proof by induction on the |.],, relation

1. |unit|i:
Given: (T, %v,*v) € |unit[f
To prove: *v = m
Directly from Definition 96
2. |b)i:
Given: (T,%v,!%v) € |b]
To prove: '*v = (Sv) g,

Directly from Definition 96

3. (71, m2) i
Given: (T,¢,tv,tm)) € [(7’1,7'2)]5
This means from Definition 84 we have
H(0) = (Pv1,%wm) A (T, 5v, ) € |11]y A (T, %0, tn) € | 2]y (RO)

To prove: {tvy,tw) = (K)H,(n,fz)
From Definition 96 we know that

(@H,(ﬁ,fz) = <<(H(€) ll)H,Tl7 (H(ﬂ) l2)H772>>
From (RO) we know that H(¢) |1= *v and H(¢) |2= v therefore we have

(On,(rim) = LHE) 1) 17, (HE 2)B7) = Co, ) (R1)

Since from (R0) we know that (T',%v,%v;) € |71]y therefore we have
by =Sy (IH1)

Similarly we also have
t’UQ = % (IHZ)

We get the desired from IH1, TH2 and (R1)
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4. |Lir'|H.
Given: (T, 0s,4(), 1)) € | LI )i where (T, ¢,,1;) € |L7' |

To prove: (),l) = (Us)u +

From Definition 96 we know that

Us) -7 = KOs Us) L)

Therefore it suffices to prove that l; = ({s) 1+
We induct on (T, 4, 1;) € |[L7'|§

(a) ¢s = NULL:
In this case we know that I; = nil
From Definition 96 we get the desired
(b) ¢s =4{+# NULL:
In this case we know that I, = tv, 2 [} s.t
H(l) = (v, 6) A (T,°0" o) € [Tv A (T4, 1) € |L ']y

We get the desired from Definition 96, IH of outer induction and IH of inner induction

O

Definition 102 (Top level RAML program translation). Given a top-level RAML program
P = F,emqin where F' = fl(x) = ef1,..., fn(xz) = epy s.t
Y,x:Th I—Z,i ef1 i Th

3,2 T I—ZZ fn t Thy

E,F |_Z/ €main - T

where ¥ = f1:7p w/ Thpseoos [N T T/ Thn
Translation of P denoted by P is defined as F, e; where
F = fixfr.  \u z.es, . .., fixfn . z.em, s.t

Y, x: Tf1 I—Z,i ef1: T]/cl ~ €41

. q .,
.7 Ty l—qz €fn Ty, ~ €tn
and
Z7F I_g/ €main + T ~ €

Theorem 103 (RAML univariate soundness). VH, H',V.T', %, e, 7,%v,p, 0, q,¢, t.

P = F,e and P be a RAML top-level program and its translation respectively (as defined in
Definition 102)

HEV:T A E,FI—Z,e:T A V,Hl—g,elltsv,H'

—_—

p—p < (@pv(l)+q) — (¢ +2Pu(v:7))

Proof. From Definition 102 we are given that
F = fi(x)=-ep,...,fn(x) =eyp, st
Y,x Ty I—Z,i ef :7'}1 ~ ey

. qn -
X,x:Ty, g €t TE, 7 Cty

229



Let Vie [1...n].05¢(fi) = (fi(z) = ey,) and Vi e [1...n].0:f(fi) = (fixfi-Au.Ax.ey,)

Claim: VT (T, 05y, 6:5) € | Z]E

Proof.

This means given some T, it suffices to prove that
(T, 051, 0¢1) € [S]5)

We induct on T'
Base case: Trivial

Inductive case:
IH: VT"<T (T",055,01¢) € [EJ{}’,

From Definition 86 it suffices to prove that

Vfi € dom(X).(T, fi(x) = ey, ds¢, fixfi.lu x.e;; d¢f) € |14 RIS T}ZJ}J,

k3

Given some f; € dom(X) it suffices to prove that

(T, fi(@) = €5, dop, fixfi Mudz.cr, 6p) € |7, "2 7 |2

From Definition 84 it suffices to prove that
Vel W T'<T (T, 50", 0') € |1, ] = (T, ey, 51 €1, S1p[()/u][P0' /2] [fix fi AuAz.er, 85/ fi]) €
x—Sv'} H
LN

This means given some *v’, "0/, T'<T s.t (T",%v','v’) € |14, it suffices to prove that
. S !’ ,H

(T, e5, Osp e, g [0 /ul[ 0’ 2] fix fidud.er, dp/f]) € [} JE 7

Since 0ip = 0 U {fi — fixfi. Au. Az e, 04p}, therefore it suffices to prove that
—S ’ ,H

(T',er, ugyer, Su[O/ull'v' /) € g M (Co)

Also since are given (77,%v,%0') € |74, | therefore we have

(T' Az = o'} {z = W) € o7y Y

Also from IH we have (7,65, 0.f) € [EJE/H

We can apply Theorem 92 to get
—S ’ ,H

(T efdogien, () o= 0'}ayp) € [ £

And this prove (CO0)

From Theorem 82 we know that Jde; s.t
¥, T I—Z, e: 7~ e and ;.5 (Z); (0) e : [¢]1 — MO[¢] (7)

From Lemma 99 we know that VT .(T,V,(V : T)g) € T}
Also from the Claim proved above we know that ¥V T' (T, d,f,6;) € |Z|E

Therefore from Theorem 92 we know that V T .(T',edsf,eq () (V : T)ués) € [TJZH

This means from Definition 84 we have
VT VH{, *vi,p,p),t <T .V,H |—z,1 edsr Vv Svi, H = v, tvp, Jer () (VDb |
1
by 7 tup A (T —t', %0, tup) € [Tjgl Apr—p) <J (RD-0.0)
We are given that V, H I—z, el Sv, H'
Therefore instantiating (RD-0.0) with ¢t + 1, H',*v,p, p’, t we get
g, top, Jey () (V :D)pbes |-ty (4 fop A (1,50, vp) € [TH}V Ap—p <J (RD-0)

From reduction rules we know that 3t1,t2 s.t e, () (V : D) s U, ‘o U,‘é oy
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Since from Lemma 98 we know that ¥V T' .(®y g(T), T, (V : T)x) € [(I)]

Therefore we also have (®y g (T), 61 +t2 + 1, (V : T)g) € [(T)]
Therefore from Theorem 80 we get
Ipo-(po, 1,'vp) € [(7)] A T < (¢ + @vu(D) — (¢ +ps)  (RD-1)

Since we have (1,%v,‘vf) € |7|{" therefore from Lemma 101 we know that ‘v = (Sv) g,

From Lemma 97 we know that VT .(®g (v : 7), T, (5v)n +) € [(7)]
Therefore we have (®g (v : 7),1, (*v)m +) € [(7)] (RD-2)
From (RD-1), (RD-2) and Lemma 69 we know that p, > ®y(*v : 1)

Since from (RD-1) we know that J < (¢ + ®v,z(T")) — (¢’ + py) therefore we also have
J<(q+Pvul)— (¢ +Pa(°v:T1)) (RD-3)

Finally from (RD-0) and (RD-3) we get the desired.

3 Examples

3.1 Strict functional queue

enqueuve : Ym,n.[3]1 — 7 —o L™([2] 7) — L™ — MO (L""1([2] 7) ® L™7)
enqueue = A\ p a Iy ly.release — = p in bind z = storea in bind — = 11 in retd(z :: [1),l2)

Typing derivation for enqueue enqueue
To = Ym,n.[3]1 —o 7 — L([2] T) —o L™7 — MO (L"T}([2] 7) ® L™7)
Ty = [3]1 — 7 — L™([2] 7) — L™1 — MO (L""!([2] 7) ® L™T)
Tio=1[3]1
Ty =7 — L"([2] 7) — L™ — MO (L""L([2] 7) ® L™T)
Ty = L"([2] 7) — L™1 — MO (L""([2] 7) ® L™7)
T51 = L"([2] T)
T3.2 = LMt
Ty =MO (L™ ([2] 7) ® L™T)
Ts =M1 (L""([2] 7) ® L™7)
Ts = M3 (L™ ([2] 7) ® L™7)

enqueue = A\ p a Iy ly.release — = p in bind z = storea in bind — = 1! in ret{(x :: 1), l2)
E1 = Apallsrelease — = pin bindz = storea in bind — = 1 in ret{(x :: I1),1o)

FE5 = release — = pin bind 2 = storea in bind — = 1! in retd(x :: I1), o)

FE3 = bindz = storea in bind — = 1! in retd(z :: [1),12)

Ey =bind — =tV inretd(z :: 1), 1)

Es =retd(x :: 11),1l2)

D2:

amyny a2l LY([2] 1), le : LT+ E5 2 Ty
D1:

amang . -1t M11
amyng g ax 2]l LY([2]) 1), le : LT = Ey T
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DO:

D1
sm,n; . .ac T storea s M2 ([2] 7)

amyng g aac Tl L([2] 1)l L™ = Es: T

Main derivation:

DO
smyn;sap:Tiop:Tig

smyn; g ap:Tio,a: 7l LU([2]7),le : LT+ Ey: Ty
am,n; .= BTy

5. Fenqueue Ty

Dg: Vm,n.(m+n > 0) = [1]1 — L™([2] 7) — L'7 —
MO G, (m! + ' + 1) = (m + n))&e(L™ [2] 7 ® L7'7)

Dq = AAAX p 1y la.match Iy with |nil — Ey |he 2 5 — Es

Ey = bindl, = M [][] {1 nil in match I, with |nil — — |h, 1 I — Ey 3
E11 = release — = p in bind — = 1! in ret A.{nil, I.)

Ey = release — = p in bind — = 1! in ret A.{(0y,15)

Typing derivation for dequeue Dgq
To =YVm,n.(m+n>0)=[1]1 — L™([2]T) — L"T —o

MO (3!, n'.(m/ +n' +1) = (m + n)&(L™[2] T @ L' 7))
Ti=(m+n>0)=[1]1— L™([2]7) — L"T —

MO (3!, n'.(m/ +n' +1) = (m +n)&(L™[2] T @ L™ 7))
Ty = [1]1 — L™([2] 7) —o L™ — MO (3m/, n’.(m/ + 1’ + 1) = (m + n)&(L™ [2] T @ L' 7))
Toq = L™([2] 7) , /
Ty =L"r —MO@m/,n'.(m' +n' +1) = (m+n)&(L™[2] T ® L™ 7))
T31=L"7
Ty =MO@m/ ,n/.(m' +n/ +1) = (m +n)&(L™[2] T ® L' 7))
Toq =M1 G/, n/.(m' +n' +1) = (m +n)&(L™[2] T ® L™ 7))
Ts = @m/,n/.(m/ +n/ +1) = (m + n)&(L™[2] T @ L™ 1))
Tsa = 3/, (m/ + 0’ +1) = (m+n)&(L™[2] 7 @ L' 7)) [m/m/][i/n]
Ts9 = (L™[2] T ® L"T)
Ts = (m' +n/ + 1) = (m + n)&(L™[2] 7 @ L™ 7)[0/m/][i/n]
Tr = (L°[2]r @ L™ 1)

Eo = A A AN ls.match I5 with |ml — F |h2 i l/2 — Fo

Ep1 = A pli ls.match Iy with |m'l — ’hg b ll2 — Fo

Eyo = match Iy with |’I7/Ll — F |h2 i ll2 — Fy

Ey =bindl, = M [][] {1 nil in match I, with |nil — — |k =2 Il — Eq 4
FE11 = release — = pin bindz = 1! in A. retdnil, I’

Ey = release — = pin bindz = 1! in A.ret{ly,15)

D1.3:

smyn;(n>0),(m+n)>0;.;he:715: L™l Ty K, 15 : Ts o

232



D1.2:
D1.3

smyn;(n>0),(m+n)>0F(m+i+1)=(m+n)
amyn;(n>0), (m+n)>0; hy: 7l L™l Ty = Ay, 15 : Tsa
amyn; (n>0), (m+mn)>0; . hy 7,0 L™ 0y Toy = ALy, 1LY Tk
amyn; (n>0), (m+mn)>0; . he 7,0 L™ 0y Tog - ret Ay, 15 Ty

D1.1:

D1.2
amyn;(n>0),(m+n)>0; hy:rlh: L v -1t M11

amyn;(n>0), (m+n)>0;.hy 7,0 L™ 110y : Toy = bind — = 11 inret AUy, 1) : Tyy

D1:

D1.1
smyn;(n>0),(m+n)>0;5p:[1]1Fp:[1]1
amyn;(n>0),(m+n)>0;. hy 7l LV il Thy -

release — = pin bind — = 1 in ret A0y, 15) : Ty
amyn;(n>0),(m+n)>0; hy:7 0l Ll Ty - Eo: Ty
DO0.05:
smyn;(n=0),(m>0),(m+n)>0;;h, 7,0 : L™ 1 = nil ) 1Ly : Ty
D0.04:
DO0.05
am,n; (n=0),(m>0),(m+n)>0;;h. 7,0 L™ 1 = Adnil, 1) : Tg
sm,n; (n=0),(m>0),(m+n)>0;;h. 7,0 L™ 1 = Anil, 1) : T
smyn; (n=0),(m>0),(m+n)>0;;h. 7,0 L™ ' = ret Anil ) 1LY Ty

D0.03:

T T D0.04
smyn;(n=0),(m>0),(m+n)>0;;h.:7, 0. : L™ 71" :M11

sm,n; (n=0),(m>0),(m+n)>0;;h: 7,0 : L™ ' |- bind — = 1! in ret A.{nil, 1) : Ty1

D0.02:
smyn;(n=0),(m>0),(m+n)>0;;p:[1]1+p:[1]1 Do.03
amyn;(n=0),(m>0),(m+n)>0;;h 7,0 : L™ rp: [1]1+ By : Ty
DO0.01:
smyn;(n=0),(m+n)>0;.;.+fixxr: Ty
DO0.0:

D0.01 D0.02
smyn;(n=0),(m+n)>0;;l: L™t 1, : L™

smyn;(n=0),(m+n)>0;.;l : L7, p:[1]1 match I, with |nil — — |h, = I — Eyq: Ty
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DO:
DO0.0

amyn; (n=0),(m+n)>0;.5l:To1 = MI[][] lx nil : MO (L™T)
amyn;(n=0),(m+n)>0;;l :To1,p: [1]1+ Ey: T}

Main derivation:

DO D1

smyn;(m+mn)>0;5ly: T3 - lo: T
amyn;(m+mn)>0;.50 :Toq,le: T51,p: [1]1 - Epa : To
smyn;(m+mn)>0;.;. - Egq:To
N R

Move : Ym,n.L™([2] ) —o L™t — MO (L™*"1)

Move = fix MA. A\ Iy lo.match 1y with |nil — Ey |hy 2 1] — Es
F| = I’et(lg)

Ey = release by = hy in bind — = 12in M [][] I} (h1 == I2)

Typing derivation for Move
To = Vm,n.L™([2] 7) — L™ — MO (L™*"7)
Ty = L™([2] T) — L™ — MO (L™*"T)
Tl.l = Lm([Q] ’7')
Ty = L™ — MO (L™*"T)
TQ.l = [L"r
T3 = MO (L™t™r)
Ts = M2 (L™t"r)

Ey = fix M.ALAX 1y lo.match [y with |nil — Ey |hy 1] — Es
Eyo = AA X l3.match [ with \m’l — By |h1 b lll — Fy
Ey1 = A 11 lg.match [; with |’/LZl — F ’hl i lll — Fo

FEy o = match {; with |’Ilil — |h1 i l/1 — Fy

Eq = ret(lo)

Ey = release — = hin bind — = 12 in M [][] I} (k1 :: I2)

Es1 =bind—=1%2in M [][] 1} (h1 :: o)

Eyo =M (][] 1y (h::12)

Da3:
amyn; (mo>0); M < Tosly : L™ 2] 7, lo : Toq, by s = M (][] 1 (B = 12) : T3
D2:
5 D3
amyn;(m>0); M :Ty;. 1 :M21
amyn; (m > 0); M : Ty 1y - L™ 2] 1,0y : Toq, by i 7 Eay = T
D1:

D2

smyn;(m>0); M :To;hy : [2] 7+ by 2 [2] 7
amyn; (m>0); M < Toshy : [2]) 7,05 : L™ H2] 7,00 : Tog - By : Ty
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DO:

sm,nym=0;M :To;lo: T+ Ep Ty
Main derivation:

DO D1

amyn; . Mo Tosly s Tig =1 2T
smyn; s Mo Tosly T, le i Toa B Eoo : Th
am,n; . M Ty . = Eos i Th
oM Ty .+ Epa:Too
G- Eo T
g Move Ty

3.2 Church numerals

Nat = Mn.Va : N — Type.VC : N — N.
'(Vjn-((a jn @ [C jn] 1) — MO (¢ (jn +1)))) — MO ((@ 0® [(X;<, € 7) + 1] 1) — MO (e 1))

el Tleg = bind — = Tl inei ey

U;0;A;Q4;T1 - er 0 11— M(n) 7 LHCHAN S SR
U:0; A0 ;1D e TlegiM(n+1)Tz

Type derivation for 0
0= AANf. ret \z. letlyr,y2) = x in rety; : Nat O

Ty =
Va.VCI(Vjn-((a jn @ [C jn] 1) — MO (@ (jn +1)))) — MO ((a 0® [0]1) — MO (a 0))
To.a = VO (Vijn-((@ jn ® [C jn] 1) — MO (v (jn +1)))) — MO ((e 0® [0]1) — MO (cx 0))
To.2 =!(Vjn-((a Jn @ [C' jn] 1) —o MO (v (jin +1)))) —o MO ((a 0 ® [0] 1) — MO (e 0))
Tos3 =1 (Vjn-((@ Jn @ [C jn] 1) — MO (v (jin + 1))))
Ty =MO((« 0® [0]1) — MO (« 0))
Tia = ((« 0®[0]1) — MO (a 0))
T, =(a 0®[0]1)

Tg'l =al
Tro =[0]1
T35 = MO (« 0)
TI =a:N—-Type;C: N — Sort
D1:
TI; 5 f :Tos,y1 - Toa,y2 - Too rety; : MOTh
DO:

TI; 5 f :Tos,x:To o :Th
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Main derivation:

DO D1
TI; . f :Tos,x : To - letlyi,y2)) = xinrety; : T3
TI; . f :Tos - Az.letly1,y2) = zinrety; : 111
TI; .. f:Tos b ret Ax. letlyr,yo» = x inrety; : Ty
TI; ... = Af.ret Az letly1,y2) = xinrety; : Too
a:N - Type; ;5. F A foret e letlyi, y2 ) = x inretyy : Toa
g B AN oret Az letlyr, y2)) = xinretyy) = To

Type derivation for 1
T=AANf.ret x.let! f,, = finletly1,y2) = = in release — = yo in By : Nat 1

where
E1 = binda = store() in fy, [] 11«y1,a)
To =Va: N - TypeVC : N — Sort.
H(Vin-((a jn @ [Cjn] 1) — MO (@ (jn + 1)))) — (@ 0@ [C 0+ 1]1) — MO (e 1))
Tox = VONVin-((@ jn ® [CJn]1) — MO(a (jn+1)))) — (¢ 0 ® [CO+1]1) —

MO (a 1))
Too =!(Vjn.-(( jn ® [C jn]1) o MO (a (jp + 1)) = (¢ 0®[C 0+ 1]1) o MO (a 1))
To.3 =!(Vin-((a Jn ® [C jn] 1) — MO (a (jn +1))))
Toa = (Vin-((a Jn ® [C jn] 1) — MO (a (jn +1))))
Tos = (@ 0®[C0]1) = MO (a (0 + 1))

7' =MO((¢0®[CO+1]1) MO (a 1))
Tll—((OéO@[CO—Fl] )—OMO(()( 1))
TQZ(OZO®[CO+1]1)

Tg.l = 0
Ts 9 = [CO+1]1
T; = MO(a 1)
TI =a:N - Type;C : N — Sort
DT:

TI; fu: Toasyr : To,a: [CO]1 = Lyr,a) : (Ton ® [C 0] 1)
D6:

TI; 5 fu:Toa;- = full - Tos
D5:
D6 D7

TI; . fu: Toasyr s Tz a: [COJ1E f [] 1 y1,a) : M1a 1

D4:

D4
TI; . fu:Toa;91 : Toa,y2 - Too = store() : M(C 0) [C' 0] 1
TI; . fu: Toasyr : Toa,y2 : Too b binda = store() in f, [] 1'¢y1,a) : M(C 0+ 1) v 1

D3:

D4
TI; s fu:Toasyr i Toa =B - M(C O+ 1) a1
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D2:

D3
TI; . fu:Toasy2 i Too b y2 i Too

TI; 5 fu: Toasy1 2 To1,y2 : Too - release — =y in Fy : T3

D1:
D2

T fy:Togx: T -o: T3
TI; . fu:Toa;x: To - letlyi,y2) = x inrelease — = yo in By : T3

DO:

TI; . f:Tos = f:Tos

Main derivation:

D0 D1
TI; . f :Tos,x: To = let! fi, = finlet{y1,y2) = x in release — = yy in By : T3
TI; 5. f:Tos = Az.let! f, = finletyy,y2) = x in release — = yo in Ey : 111
TI; ;. f:Tos b retAx.let! f, = finletly1,y2) = x inrelease — = yo in By : T
TI; ;.. Mf.ret\x.let! f, = finletly1,y2) = x in release — = yo in Eq : Tpo
sa:N - Type; ;. = AANf.ret Ax.let! fi, = finletly1,y2) = x in release — =y in By : Tpy
G- AANfret Az let! f, = finletly1,y2) = x in release — = yo in By : Tp

Type derivation for 2

2=AANf.ret\z.let! f,, = finlet{y1,y2) = x in release — = y in bindb = Ey in Ey : Nat 2
where

E1 = binda = store() in f, [] 1'«y1,a)

Es = bind ¢ = store() in f,, [] 11¢b,c)

Ty =
Vo : N — Type VO (Vjn.((@ jn ® [C jin] 1) = MO (a0 (jn +1)))) — (0@ [C 0+ C 1+2]1) —o
MO (@ 2))

Toa = VO (Vjn-((@ Jn @ [C jn]1) — MO (a (jn +1)))) = (¢ 0Q [CO0+C1+2]1) —
MO (« 2))

To2 ='(Vjn-((a jn ® [Cjn]l) — MO(a (jn+1)))) — (¢ 0 @ [CO+C1+2]1) —
MO (« 2))

To3 =1 (Vjn-((@ Jn @ [C jn] 1) — MO (v (jin + 1))))
To.a = (Vin-((a jn ® [C jn] 1) — MO (a (jn +1))))
Tos = (@ 0®[C0]1) —o MO (1)
Tos=(a1®[C1]1) MO ( 2)

71 =MO((ca0®[CO0+C1+2]1) MO (x2))

T11—((a0®[00+01+2]1)—0M0(a2))
Th=(0®[C0+C1+2]1)

T2.1=OZO
TQQZ[CO‘FCl'ﬁ‘Q]l
ngMl(QQ)

T3 =M(C0+C1+2)(a?2)
TI =a:N—-Type;C: N — Sort
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D5.22

TI; . fu:Toa;0:al,e: [(CD]1FEbey: (al®[(C1)]1)

D5.21
TI; . fu:Toa;-+ full s Tos
D5.2
D5.21 D5.22
TI; . fu: Toashale: [(C DL fiu [] 11 Kb,y : Ty
D5.1
TI;.; fu:Toa;.+ store() : M(C 1)[(C 1)]1
Db5:
D5.1 D5.2
TI;.; fu:Toa;b: a1l binde =store() in fy [] €Xb,c) : M(C' 1+ 1) (a 2)
TI;  fu:Toasb:al- Ey :M(C1+1)(a?2)
D4.12:
TIL; 5 fu: Toasyn : Toa,a: [(CO)] 1 E Ky, a) = (T2 @ [(C 0)] 1)
D4.11:
TI; . fu:Toas -+ full s Tos
DA4.1:
D411 D4.12
TI; . fu: Toasyr : Toq,a: [(C 01 fu [] 1 Cyr,a) M1 (al)
D4:

D41

TI; . fu:Toa;. store() : M(C 0)[(C 0)]1

TI; . fu:Toa;yr : Toq - binda = store() in f, [] 11¢y1,a) : M(C 0+ 1) (a 1)

TI; 5 fu:Toasyr: Toa = By : M(C 0+ 1) (1)

D3.2:
D4 D5
TI;.; fu:Toa;91 : Toq = bindb = Eqin B : T34
D3.1:
TI; 5 fu:Toasye s Tao = y2 i Too
D3:
D3.1 D3.2
TI; . fu:Toa;y1 : Toq,y2 : Too F release — = yo in bindb = Ey in By : Tj

D2:

TL; 5 fu:Toasz :To o Th
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D1:

D2 D3
TI; . fu: Tog;x: To - letlyr,y2) = x in release — = yo in bindb = Fy in By : T3

DO:

TI; 5. f :Tos = f:To3
DO0.0:

DO D1
TI; s fiTos,x:Ta -
let! fi, = finletly1,y2) = = in release — = yy in bindb = E; in By : T}
TL 55 f +Tos =
Azx.let! fi, = finlet{y1,y2) = x in release — = yo in bindb = Ey in By : Th 1
TI; . f Tos -
ret \x.let! f,, = fin let{y1,y2) = x in release — = y, in bindb = Ey in By : Ty
TI; ..
Af.ret Az let! f,, = finlety1,y2) = x in release — = yo in bindb = Ey in Ey : Ty

Main derivation:

DO0.0
sa:N - Type; ;.
ACMf.ret \x.let! f,, = finlet{y1,y2) = x in release — = yo in bindb = Ey in Ey : Ty
G- AAXNfret Az let! f, = finletdy1,y2)) = x in release — = yo in bindb = Ej in Ey : Ty

Type derivation for succ: ¥n.[2]1 — MO (Nat n — MO0 (Nat (n + 1)))

sucec = Ap.ret \AN.ret ALANf.ret \x. let! f,, = f inlet{y1,92) = x in release — = yo in Ey
where

Ey = release — = pin binda = E1 in Es

E1 = bindb = store() in bindby = (N [] [] t'!f.) in b1 111, b

Es = bind ¢ = store() in ret f,, [| 1'«a,c)

T, =[2]1

Ty = Vn.T, — MO (Nat[n] — M0 (Nat[n + 1]))

To.o = Tp — MO (Nat[n] — MO (Nat[n + 1]))

To.01 = MO (Nat[n] — MO (Nat[n + 1]))

To.1 = Nat[n] — MO0 (Nat[n + 1])

To.2 = MO (Nat[n + 1])

To11 = Nat[n]

T2 =
Va : N — Type VC! (V. ((a jn @ [C jn] 1) —o
MO (a (jn+ 1)) = MO((c« 0®[CO+...+4C (n—1)+n]1) — MO (xn))

To 13 = YOIV (0 jn ® [C Ju] 1) — MO (a (n + 1)))) —
MO((a0®[CO+...+C (n—1)4+n]1) -MO(an))

T 11 =/(Vjn-((@ jn @ [C ju] 1) —o MO (@ (jn + 1)) —
MO((¢a0®[CO+...+4C (n—1)+n]1) — MO (an)

Toas =MO((« 0®[CO+...4C (n—1)+n]1) MO (an))
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Toas1 =M1((¢0®[CO0+...+C (n—1)+n]1) o MO (an))
Toae = ((a0®@[CO+...+4C(n—1)+n|]1l) -MO(xn))
Too = Nat[n+1]
T =
Va : N — Type VC!(Vjn.((a jn ® [C jn] 1) — MO (e (jn
MO((a0®[(CO+...4C (n)+(n+1))]1) o MO (« (
Tiy = VO Yjn((@ jn @ [C ju] 1) — MO (a (ju +1)))
MO(¢0®[(CO+...+C (n)+ (n+1))]1) — MO (a (n+1)))
T1.2 =!(Yjn-((@ Jn ® [C jn] 1) — MO (a (jn +1))))
MO(¢0®[(CO+...4C (n)+ (n+1))]1) — MO (a (n+1)))
T1.3 =/(Vjn-((@ jn ® [C jn] 1) — MO ( (ju + 1))

—o

Tia0=MO((c0@[(CO+...+C (n)+ (n+1))]1) - MO (a (n+1)))
Tia=((@0®[(CO+...+C (n)+ (n+1)]1) —MO(a (n+1))
Tign=(@0®[(CO+...+C (n)+ (n+1))]1)

Tig11=a0

Tig2=[(CO+...4C(n)+(n+1))]1

Ti.42 = MO (a (n+1))

Tia3=M(CO+...+C (n)+ (n+1))(a (n+1))

Tiasn =M(CO+...+C(n)+ (n+1)+2)(a (n+1))
Tiaa=MCO+...+C (n—1)+n+2)(an)

Tias =M(Cn+1)(a(n+1))

TI = a;n,C

D3.1:

TI; 5 fu:Tisa:anc: [(Cn)]1+ fu[] 1'a,c):Mla (n+1)

D3:
D3.1
TI;.; fu: Tr31;. b store() : M(C n) [(C'n)]1
TI;.; fu:Tiz1;a: an - bindc = store() in f, [] 1'€a,c) : Tias
D2.3:
TI; . fu:Tisy1 : Thans b [nx C 1,0 - Toae - bz Toae
TI; I fu : T1_31;y1 : T1_411,b : [(C 0+...+C (n — 1) + (n))] 1,[)1 :Toi6 H
<<y1, b>> : (T1.411 &® [(C O+...+C (n — 1) + (n))] 1)
TI; . fu:Tigyr : Thans b [(CO+ ...+ C (n—1) 4 (n))] 1,01 : To.16 -
by T1<<y1,b>> Mlan
D2.2
TI; fu:Tis; N :Toan =N [0 1 Toam
D2.1:

D2.2 D2.3

TI; -;fu : T1.31;N : T0.1£y1 : T1.411,b : [(C O+...+C (7’L — 1) + (n))] 1+
bindby = (N [] [] tHf.) in by 11y, b) : M2an
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D2:

TI;.; fu:Tis1;. —store() :M(CO+...+4C(n—1)+0)[(CO+...+C (n—1)+ (n))]1
D21

TI; . fu : T1_31;N : T()_H,yl : T1,411 — bindb = store() in bind b1 = (W [] [] Tl'fu) in b1 T1<<y1,b>> : T1_44

D1.5:
D2 D3
TI; 5 fu:Tists N : Toan,y1 : Thann = Ev o Thaa TI; 5 fu:Tis;a:an b= By Tiys
TI; . fu:Ti31391 : Tian = binda = Eyin By : T 431

D1.4:

TI; ;5 fu: T30 Tp=p:Tp
D1.3
D14 D1.5
TI; . fu . T1.31;N . T0.117p . Tp7y1 : T1,411 I release — = P in binda = E1 in E2 . T1,43
TI; 5 fu:Tis; N Toar,p: Tpoyr : Thann = Eo : Thas

D1.2
D1.3

TI; . fu:Th31592 : Tra12 = y2 @ Thane
TI; 5 fu T35 N 2 Toa1,p : Tpoy1 2 Tra1,y2 : Tha12 - release — =y in Eg : T 42

D1.1

T s fu Tiase:Thar =T
D1:

D1.1 D1.2
TI; . fu : Tl.gl;ﬁ : TO.llap : Tp,x . T1,41 ~ |et<<y1,y2>> = x in release — = Y2 in E() : T1.42

DO:

TI; 5 f sk f:Tis
DO0.0:
DO D1

TI; . .;N : TO.ll;p : Tp,f : Tl.gl,l' : T1.41 = Iet!fu = f in Iet<<y1,y2>> = x in release — = Y2 in EO : T1.42

TI; ;5N :To11,p: Ty, f : Ths1 = Ax.let! fu, = finletdy1,y2)) = x in release — = yo in Ey : T4

TI; 55N :To11,p: Ty, f : Tis - ret Az let! fi, = finlet{yr,y2) = x in release — = yo in Ep : Th.40

TI; 3N :Toq1,p: Ty = Af.ret Az let! f, = finletdy1,y2)) = x in release — = yo in Ey : T2

i N Toa1,p: Ty = AANf. ret Az let! f, = finlet{y1, y2)) = @ in release — = yo in Ey : T}

ans s N Toa1,p: Ty - ret AANf.ret Az let! f, = fin letdy1, y2)) = z in release — = y2 in Eq : Tp2
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Main derivation:

DO0.0
n;.p: Ty = AN.ret AANSf. ret Ax.let! f,, = finletdy1,y2) = z in release — = ya in Ey : Ty 1

in; 5D Ty - ret AN.ret ALANf.ret Ax. let! f, = finletdy1,y2)) = z in release — = y2 in Ey : Ty

n; .. b Ap.ret AN ret ALANSf. ret Az let! f, = f in letdy1,y2) = x in release — = yo in Ey : T

G AXp ret AN ret AANSf. ret Az let! f, = fin let{y1,y2) = z in release — = yo in By : Tp

Type derivation for add
add : ¥Yny,n2. [(n1 *3+n1 +2)] 1 — MO (Nat ny — M O(Nat ng — MO (Nat (n1 + n2))))

add = A.A\p. ret A\N;. ret \No.E

where

Ey = release — = pinbinda = E7 in E»

E0.1 = release — = yy in bind by = (bind by = store () in succ [] b2) in by 11y
By =Ny ][] 1"1(AX letdyr, yo) = tin E0.1)

E5 = bindb = store() in a 11{ Nz, b)

Tp=[(n1*34+n+2)]1
Ty = an,ng.Tp —o MO (Nat n1 — MO (Nat ng —o MO0 (Nat (’I’Ll + ng))))
To.1 = VYno. T, — MO (Nat ny — MO (Nat no — MO (Nat (n1 + n2))))
Too = Tp —o MO0 (Nat n1 — MO (Nat ng —o MO0 (Nat (n1 + TLQ))))
To.20 = MO (Nat n; — MO0 (Nat ng — MO (Nat[ny + n2])))
Too1 = (Nat n1 —o MO (Nat no —o MO (Nat[m + ng])))
To.3 = MO (Nat ng — MO0 (Nat (n1 + n2)))
To.31 = Nat no — MO (Nat (m + 712))
Toa =M1 (Nat (n1 + n2))
To.40 = MO (Nat (n1 + n2))
Tos = M(n1 * 34+ ng + 1) (Nat (n1 + n2))
To.6 = M(n1 *3 +n1 +2) (Nat (ny + ng))
T =
Va : N — Type VCI(VE.((a k ® [C k]1) — MO (a (k+1)))) —o
MO((e0®[(CO+...+C (ng—1)+mn1)]1) MO (« (n1))
af = Ak.Nat (TLQ + k)
Ti1= VC'(Vk((af k® [C ,IC] 1) —o MO0 (af (kﬁ + 1)))) —o
MO((af 0Q[(CO+...+C (n1—1)+n1)]1) = MO (ay n1))
Ty 2 = VYCI(Vk.((Nat (ng + k:) ® [C k]1) — MO (Nat (ny + (k+1))))) —
MO ((Nat (ne +0)®[(CO+...+C (n1 —1)+mn1)]1) — MO (Nat (n2 + n1)))
T121 =!(Vk.((Nat (ne + k) ® [C k]1) — MO (Nat (ny + (k+1))))) —
O((Nat (ne +0)®[(CO+...+C (n1 —1)+n1)]1) — MO (Nat (n2 +n1)))[(As —.3)/C]
Ti99 = (Vk ((Nat (ng + k:) [3]1) — MO (Nat[n2 + (k + 1)])))
X

Ty 23 = (Vk.((Nat (ng + k) ® [3]1) — MO (Nat[ng + (kK + 1)])))
Ti24 = ((Nat (ng + k) ®[3]1) — MO (Nat (ng + (k + 1))))
Ti241 = (Nat (no + k) ®[3]1)

T o411 = (Nat (TLQ + k)

Ti2412 = [3] 1

Tio49 = MO (Nat (n2 + (k + 1)))

T13=MO((Nat (ne +0) ® [(n1 * 3+ n1)]1) — MO (Nat (ng + n1)))
T30 =M1 ((Nat (ng +0) ® [(n1 * 3+ n1)]1) — MO (Nat (n2 + n1)))
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Ti31 = ((Nat (n2 +0) ® [(n1 *3 +n1)] 1) — MO (Nat (n2 + ny)))
T5 = Nat ng
T3 = (Nat (ng + k) — MO (Nat (n2 + &k +1)))

D3:
sni,ng; s Ny Ty = Ny Ty
D2.10:
D3
sni,ne; .. (Adk.Nat[ng + k]) : N — T'ype
sni,ng; 5Ny Ty = Ny []: T
ani,ng; s Ny T = Ny []:The
D2:
D2.10
an,ng; g (As—.3): N> N
ani,ng; s N T Ny (][] T
D1.32:
ani,ne, kg abe i [2] 1 F suce [] ba : MO0T3
D1.31:
D1.32
smi,ng, k; ... b store() : M 2[2] 1
sni,ne, ks . (bind by = store() in suce [] b2 ) : M2 T3
D1.3:

D1.31 T
ni,na, k. SYL Tio411,01 : T35 b1 1 y1 M1 Nat[ng +k + 1]

ani,ne, ks gy s Thoain H bind by = (bind b = store () in succ [] ba ) in by oy M(3) Nat[ng + k + 1]
D1.2:
D1.3

snine, ks sy s Tioaie =yt Thioa1o

ani,nes ks gy Thoatn,y2 t Thoaie
release — = yo in bind by = (bind by = store () in succ [] ba) in by 1y MO Nat[ng + k + 1]

D1.1:
D1.2
any,ne, kgt Tioar =t Thoam sni,no, kg yr  Thieann, y2 t Tia12 = £0.10: T og0
any,no kgt Tioa b letlyr,yo ) = tin E0.1: T 240
any,ng, kg A letlyr,yo) = tin E0.1) @ Th o4
D1:
D1.1
D2 ani,ne; . (A letlyr, ya )y = tin E0.1) : T 93
ani,ne; . A letlyr, yo )y = tin E0.1) : Ty 99
ani,ne; s Ny T = Ny ][] (A letdyr, yo) = tin EO.1) : Ty39

DO0.1

D1
ana,ne; s Ny T, Ny 2 Th - By 2 Tyag
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D2.1:

ani,no; s Ny To,a:Tig,b:[(n1*3+n1)]1-a T1<<F2, by : Toa

D2.0:
D2.1
M1, .. - ostore() : M(ng *3 4+ ny) [(n1 %3+ n1)]1
a1, ng; Ny T, No Ty, a: Tysi - bindb = store() ina 11{No, b : To s
DO0.2:
D2.0
sn1,ng; Ny Ty, Ny i Toya: Tyg - By Tos
DO:
DO.1 DO0.2
M1, MN2;5 ., .;E : Tl,ﬁg 2Ty binda = F{in Ey:Tjg
DO0.0

DO

gni,ng s ap:i Ty =p: T,

R R (CHRINE B Tp,ﬁl : Ty, Ny : Ty - release — = pin binda = Ey in Es : Ty
Main derivation:

DO0.0

SN, M5 S P Tp,ﬁl Ty — ANs.Ey : Ty.a:
B R DR IR Tp,m : Ty ret \N2.Ey : Tp.3

smni,n2s s ap T, = AN . ret \N2.Ey : To o1
sni,ng; g ap Ty - ret AN ret A\N».Ey : Tp.20
SN, M9 = Ap.ret ANT. ret ANy . Eq : Ty o

ani; g = Ap ret ANy ret A\No.Ey : Tp.1

2. AN ret ANy ret A\No.Ey : Ty

Type derivation for mult
mult : Ynq,ng.
[(n1#(ne*3+mn2+4)+mn1+2)]1— MO (Nat ny — MO (Nat ng — MO (Nat (nq *nga))))

mult = A.A\p. ret \N7. ret(ANo.Ep)

where

FEy = release — = pinbinda = E7 in E»

FE0.1 = release — = y5 in bindb; = (bind by = store () in add [] [ b2 1! Na) in by 1o
E1= N1 [][] 1! WAt letdyy, g2 = tin E0.1)

Es = bind b = store() in a 1140,b)

Tp =[(n1* (n2*3+n2+4) +n1 +2)]1

Ty = an,ng.Tp —o MO0 (Nat n1 — MO (Nat n9 —o MO (Nat (n1 * ng))))
To.1 = Vng. T, — MO (Nat ny — MO (Nat ng — MO (Nat (n; * n2))))
Too = Tp —o MO0 (Nat n1 — MO (Nat no —o MO (Nat (n1 * ng))))

To.21 = MO (Nat ny — MO (Nat ny — MO (Nat[ng = n2])))
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To.o0 = (Nat ny — MO (Nat ng — MO (Nat (n1 * ng))))
To3 = MO (Nat ng — MO (Nat (ng *n2)))
Toz1 = (Nat ng —o MO (Nat (n1 % 712)))
To.4 =M1 (Nat (ng = ng))
Tos = M(n1 * (TLQ * 3+ ng + 4) +ny + 1) (Nat (77,1 % 712))
Toe = I\\/JI(nl * (ng *3 4+ no + 4) +n1 + 2) (Nat (n1 * n2))
T =
Yau - N = Type YOI Wjn-((@ ju ® [C ju] 1) —o MO (0 (ju + 1)) —
MO((¢0®[(CO+...+C (ng —1)+n1)]1) — MO (a nq))
ay = Ak.Nat[ng * k]
Tia = VOV ((af Jn ® [C jn] 1) MO (ay (jn +1)))) —
MO((af 0O [(CO+...+C (n1—1)+n1)]1) MO (ay n1))
Tyo = YO (Vjn.((Nat[ns % jn] & [C jn] 1) —o MO (Nat[ng + (ju + 1)]))) —o
MO ((Nat[ne * 0] @ [(C 0+ ...+ C (n1 —1) +n1)]1) —o MO (Nat (ng *ny)))
Tior =1V (Nat[s # ju] ® [C ju] 1) —o MO (Nat[ns * (jn + 1)]))) —o
MO ((Nat[nz * 0] ® [(C 0+ ...+ C (n1 —1) +n1)] 1) — MO (Nat (ng *n1)))[C/(X.(n2*3+n2+
)]
Ti 99 :‘(an((Nat[nz % ]n] X [(TLQ * 3+ ng + 4)] 1) —o MO0 (Nat[ng * (]n + 1)])))
Tho3 = (an.((Nat[W,Q * ]n] X [(ng *3 4+ no + 4)] 1) —o MO0 (Nat[ng * (jn + 1)])))
T124 = ((Nat[ng * k] ® [(n2*3 4+ na+4)]1) — MO (Nat[ng * (k + 1)]))
Tioa1 = (Nat[ng * ]{7] X [(ng * 3+ ng + 4)] 1)
T1.2411 = (Nat[ng * k]
T o419 = [(ng * 3+ ng + 4)] 1
Ti.242 = MO (Nat[ng = (k + 1)])
Tis=MO ((Nat[ng * 0] ) [(n1 % (ng * 3+ ng + 4) + nl)] 1) —o MO0 (Nat (ng % n1>))
T1.30 = M1 ((Nat[ng 0] ® [(n1 * (n2 *3 +n2+4) +n1)]1) — MO (Nat (ng *n1)))
Tis1 = ((Nat[nQ * 0] ® [(n1 % (ng * 3+ ng + 4) + nl)] 1) —o MO (Nat (TLQ * nl)))
T5 = Nat no
T3 = (Nat[n2 * k‘] —o MO (Nat[n2 % (k + 1)]))

D3:
sni,ng s N T E Ny T
D2.10:
D3
n1,ne; .. (AkNat[ng = k]) : N — T'ype
ani,ng; s Ny T = Ny [ Tha
sn1,n2;5 5 N Ty = Ny (]2 T
D2:
D2.10
ani,ne; . (As —.(ngx3+ng+4)) :S—S -
— — -lapp
gni,ng; s Ny T = Ny (][] T
D1.32
aning k. add [][] by 11Ny M1T3
D1.31
D1.32
ani,ne, k. store () : M(na *3+n2+2)[(ne*3+mn2+2)]1

any,no, kg y1: Ti241,b1 0 T  (bind by = store() in add [] [] be Tlﬁg) :M(ng *3+mng +3) T3
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D1.3
D1.31

.;nl,ng,k; Gyl T1.241,b1 : T3 — bl Tl Y1 - M1 Nat[ng * (k + 1)]
1, n9, ks ;51 i bind by = (bind by = store () in add [] [] b2 11 Ny)in by 11y :
M(ng * 3 + ng + 4) Nat[ng = (k + 1)]

D1.2:

D1.3
sn1,no, ks syt Troaie = y2 0 Thoa12

s, ne, ks sy Thoan, y2 - Tiaaie
release — = g5 in bind b; = (bind by = store () in add [] [] b2 11 N2) in by 11 y1 : MONat[ng = (k + 1)]

D1.1
D1.2
sny,ne, kgt Tiog =t Tion sny,ng, ks sy Thoain, yo @ Troai2 = EO.L 0 Thog0
any,no, kgt Tioa F letlyr,yo ) = tin E0.1) : T 240
any,ng, kg A letlyp,yo) = tin E0.1) : Tho4
D1:
D1.1
D2 ani,ne; . (A letlyr, yo )y = tin E0.1) : Ty 93
ani,ne; . A letlyr, yo )y = tin E0.1) : Ty 99
ani,ne; s Ny T = Ny [][] (AN letdyr, yo) = tin EO.1) : T30
DO0.1:
D1
sni,ng; 3 Ny T, Ny i To = By Thgo

D2.1:

ami,ns s No t Toya: Tisy, b [(nn = (nox3+mp+4) +n1)] 1 a 11€0,b0) : Tha

D2.0:
5 n1,n2; ... - store() : M(ng = (ng * 3+ na +4) +n1) [(n1# (ne*3+n2+4) +n1)]1
D2.1
ani,n; Ny T, Ny i Ty, a: Tysp - bindb = store() ina 1140,b) : Ty

DO0.2:

D2.0
sn1,ng; Ny T, Ny i Toya: Tyg - By Tos
DO:
DO0.1 DO0.2
M1, N2; ., .;ﬁl : Tl,ﬁg :To +binda = E1in Ey:Tyg
DO0.0

DO
sni,ne s ap: Ty =p:T,

N1, N5 Gp Tp,ﬁl : Ty, Ny : Ty - release — = pin binda = Ey in Ey : Ty
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Main derivation:

DO0.0

an1,ne; s p Ty N1t Ty - AN2.Eg : To a1

SN1,N2; G P Tp,ﬁl Ty ret ANo.Ey : Ty 3

GM1, N5 P Tp ~ Aﬁl ret)\E.Eo :Th.09

5n1,n; . gp s Ty - ret AN;.ret AN2.Ey : Tp.01

SN, M9 Ap.ret ANT. ret A\No. Eq : Ty o

ant; g = Ap ret ANy ret A\No. Ey : Tp.1

s = AAp. ret ANy . ret ANy Ey : Tp

Type derivation for exp
exp 1 Vni, n2. [Xieqo,n,—13 (Ak-(n1 (nk«3+nk+4)+n +4) (
MO (Nat n; — MO (Nat nyg — MO (Nat (n3?))))

exp = A.Ap. ret \N;.ret A\N».E)
where
Ey = release — = pinbinda = E1 in E»

FEo.1 = release — = g5 in bind by = (bind by = store () in mult [] [] b2 11 Ny)in by 1ty

B =, [ [ 1 (AN letdys,p = tin F0.1)
Es = bindb = store 1 ina 11{1,b)

P = Zze{om 1}()\k(n1*(n1*3—|—n1+4)+n1+4) i) +ng + 2
T, = P]1

TbZ[P—l]l

Ty = an,ng.Tp —o MO(Nat ny —o MO(Nat ng —o MO(Nat (

i))+n2+2]1—o

n1%))))

To.1 = VYna. T, — MO (Nat ny — MO (Nat ny — MO (Nat (n7?))))

To.2 =T, — MO (Nat n; — MO (Nat ng — MO (Nat (n7?))))
To.20 = MO (Nat ny — MO (Nat ny — MO (Nat[n7?])))

To.01 = Nat ny — MO (Nat N9y —o MO(Nat (n?)))

To.s = MO (Nat ng — MO (Nat (n]?)))

Ty.31 = (Nat ng — MO (Nat (n7?)))

Toa =M1 (Nat (n?))

Tos = M(P — 1) (Nat (n]?))

To.6 = MO (Nat (ny?))

T =

Vo : N — Type NC.N(Vjn.((a jn ® [C jn]1) — MO (a (jn +1)))) —o

O((a 0@[(C0++C (nz—l) +ng)]1) —OMO((LM 77,2))
ay = Mk.Nat[nk]
Ty, =
VCI(Vjn-((af jn ® [C jn] 1) — MO (af (jn +1)))) —o
MO ((af 0@ [(CO+...4+C (ng—1) +n2)]1) — MO (ay n2))
Tio =
VOt ((Nat[nj'] ® [C Jnl 1)~ MO (Natfr Fr)) —
MO ((Nat[n3] ® [(C' 0+ ...+ C (n2 —1) +n2)] 1) — MO (Nat (
Tio1=
1(Vjn.((Nat[nd"

|
MO ((Nat[n3] ® [P]1) — MO (Nat (n}?)))
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P=
(Me.(ny s (nF+34nh+4) +n1+4)0+...+Me.(ny* (nF *3+ 0l +4) + 0y +4)) (ng—1) +ng
Ty.99 =!(Vk.(Nat[nk] @ [(ny * (nk 3 + n'f +4) +ny +4)] 1) — MO (Nat[nST])))
Ti23 = (Vk.((Nat[n§] @ [(n1* (n} 3 + 0§ +4) + ng +4)] 1) — MO (Nat[n{"]))

Tioo = ((Nat[nb] @ [(n x (nf 3+ nf + 4) + 0 +4)] 1) —o b0 (Nat[ny" "))
Tion = (Nat[n§] @ [(ng # (nf =3+ nf +4) +ny +4)]1)

Ti.2411 = Nat[n}]

T1.2412 = ([(ng * (n1 * 3+ ”1 +4)+n; +4)]1)

Th.242 = MO (Nat[ngf“)])

T13 = MO ((Nat[n] ® [P] 1) — MO (Nat (n]?)))
T130 = M1 ((Nat[n3] ® [P]1) — MO (Nat (n}?)))
Tia1 = ((Nat[ng] @ [P] 1) — MO (Nat (n}?)))

T5 = Nat ng

Ty = (Nat[n}] — MO (Nat[n{** "))

Da3:
ani,no; . Ny Ty = Nyt Ty
D2.1:
D3 :
sni,ne; . (MkNat[ng]) : N — Type
ani,ng; s No Ty = No ] Tha
ani,ng; 3 Na Ty = No []:The
D2:
D2.1 . .
ani,ne; . (Ask(np s (nf «34+n7+4)+n;+2)): N> N
sny,ng s N i Ty No [][]: Thon
D1.32

any,ng, ks by [(ng# (0«3 +nf +4) + g +2)] 1 = mudt [[ [] b 1PNy : M1T3

D1.31

an1,na, ks . b store () s M((ng # (nf %3+ nF +4) + 11 +2)) [((n1 # (0¥ 3+ n¥ +4) +n1 +2))]1
D1.32

ani,na, ks gy Tioar, by T = (bind by = store () in mult [] [] ba 11 N7) :
M(ny * (¥ # 3+ n¥ +4) +ny +3) T

D1.3
D1.31

smunas ks syn s Troan, by o Ts by 1l yr s M1 Nat[nd Y]
n1,na, k351 - bind by = (bind by = store () in malt [] [] b2 11 Ny)in by 1y

M(ny * (nF # 3 +nF + 4) + ny + 4) Nat[nd+)]
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D1.2:

D1.3

ani,no, kg syt Tioaie = y2 0 Thoa12

release — = yo in bind by = (bind by = store () in mult ba ny (n’f) Tlﬁl) inb My : MO Nat[n

D11

ani,no, ks syt Tioarn, y2 t Thoa12

D1.2

(k+1)
2

ani,no, kst Tiog =t Toa

sni,no, kg yr  Throann, y2 t Tioa12 = E0.10: T 040

.My, N, k; Gt T1.241 = Iet<<y1, y2>> =tin EOl) : T1.242

D1:

DO0.1:

D2.1:

D2.0:

DO0.2:

DO:

DO0.0

an1,ne, k. AL Iet<<y1, y2>> =tin F0.1) : Ty .94

D1.1
SN, N25 . (A)\t |et<<y1,y2>> =tin EOl) : T3
SN, N5 I—'(A)\t Iet<<y1,y2>> =tin EOl) 1 T1.99

D2

N1, N2y . .;E : T1 [ E [] [] Tll(A)\t Iet<<y1,y2>> =tin EOl) : T1.30

D1
an1,ne; 5Ny T, No: To - Ey 2 Thgo

an1,ms 55 No t Toya Tisy, b Ty = a 1,0 : Tou

D2.1

5m1,n2; ... - store() : M(P — 2) Ty

ani, ;. Ny 2T, Ny i Ty, a: Tysp - bindb = store() ina 11{T,b) : Ty s

D2.0
an1,ne; Ny Ty, No: Toya:Tisi - B Tos

DO0.1 D0.2
M1, N2; g .;E : Tl,ﬁg 15+ binda = FE1in Ey:Tys

DO
sni,no s ap:i T =piT,

N1, N5 .G P Tp,m : Ty, Ny : Ty I release — = pin binda = Ey in Ey : Tog

Main derivation:

DO0.0

ani,ng; s Ty, Ny T = ANa By : Ty
SN, N5 5D Tp,ﬁl Ty ret AN2.Ep : Ty 3

s, ap Ty - AN . ret A\N2.Ey : Ty o1
5mn1,n2; . ap Ty - ret AN7.ret ANo.Ey : Tp.20
M, M9 = Ap.ret ANT. ret ANy . Eq : Ty o

ani; g Ap ret ANy ret AN».Ey : Tp1

gaaa = AN ret ANy . ret A\No. Eg : Ty
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3.3 Fold

U:0;A; T - n: Nat(n)
T-nat T-sub
U;0;A;.;. — 0: Nat(0) U;0;A; T —n—1:Nat(n—1)

foldr : Vo, B3,n,C : N — RT.

I(Vi. [Ci] 1 — Nat(i) — o —  — M0 3) —oINat(n) — f — L"a — [>,_, Ci]1 —MOS

<n

foldr = fixf' . A.AAANf ¢ s Is p.
let 1fy, =Ff in
let e, = ¢ in
match s with
|nil — rets
|h it — release_ = pin
bind p’ = store() in
bind p” = store() in
bindtr = " [1[1[[] 'fu Wew—1) s t p"in
(o 1 ¥ (ca—1) h tr)
Listing 1: fold function

EQ = ﬁXf/.El

Ei =AAAANE,

Ey=MAfcslsp.FEs

FEs3 = let 'fu = finEyg

Eig=letn, =ninky

E4 = match s with|nil — rets|h :: t — Ej5
Es = release _ = pin Eg

Eg = bindp’ = store() in E7

E; = bindp” = store() in Eg

Es =bindtr = f" [1[I[][] 'fu "(cu — 1) st p" in Ey
Eg=(f[lp" (cu —1) htr)

Ty =Va,B,n,C: N — RT.T}

Ty =Ty —olTy1 —o f— T3 —0 Ty — Tj

Ty = Vi.[C i]1 —o Nat(i) —o o — 8 — M 03
Too=[C (n—1)]1 —Nat(n—1) oa— 5 —oMOS
Too1 = Nat(n— 1) —oaq—of—-oMO0pS
Top2=a—o 3 —oMOS

Tr03 = —MOp

Ty = Nat(n)

Ty =L«

Ty = [3,.,Cil1

Tho = M(3 2y C 1) [(L C )] 8

Tiy = [(Cn— D)1

Tyo0 = M(Zi<n—1 C'i) [(Zi<n—1 ¢ Z)] 1
Ty — MO S

Ts = M(Zi<nfl C Z) B

To = M2, C 1)
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D6.5:

a,ﬂ,n,c;n;n > O,Cu : T2.17fu : T27f/ : T07 = fu : T2
D6.4:
D6.5

a,6,n,Cin;n>0Fn—1:N
Oé,,B,n,C;n;n>0;CuZT2.17fuIT2,f/ITo;h:Oé,p/:Tzl_l,tT':BI_fu [] :TQ.O

D6.3:
D6.4

o, B,n,Cinin > 05y : Tox, fu: To, f': Tosp' : Tux = p' - Tun
CV,B,TL,C;TL;TL > O,Cu : T2.17fu : TQ?f/:TO;h : aap/ : T4.1,t7° : B = fu [] p/:TQ.Ol

D6.2:
D6.3 o, B,n,Csmsn > 05¢y : Ton, fu: To, f' : Tos . ¢y i Toy
' a,B,n,Cinyn > 0;¢y : Tox, fu: T, f: To;. - (cy — 1) : Nat(n — 1)
a,B,n,Cinsn > 05¢y : Toa, fu: Doy f/ o To;0 : Tua = fu [0 (cu — 1) : Tooo
D6.1:

D6.2 7 7
a,B,n,Cinin > 03¢y : Toq, fu: To, f :Tosp : Taq = h i«

o, B,n,Cinsn > 0;¢y : Tox, fu: Do, f : Toshop’ : Tua b+ fu [J 0/ (cu—1) h:Thos

D6:
D6.1

o, B,n,Cinsn > 0;¢y : Ton, fu: To, f : Tostr : B=tr: 8
o, B,n,Cinsn > 0;¢y : Ton, fu: Do, f : Tosh o, p’ : Tyatr: B (fu [] ' (cw — 1) hotr) : Ts
a757n7c;n;n> O;CuﬁTg'l,fu:Tg,f/:T(];h:@,p/ZT4_1,t’f'Z,3|—Eg:T5

D5.5:

o, B,n,Csnsn > 05¢y : Tox, fu : To, f' : Tos. = [ o, B,n,Cinn>0Fn—-1:N
Vn,C :N - RYIT) —olThy —o f —o Lt —0 Ty —o Tk

o, B,n,Cinin > 05¢y : Tox, fu: To, f': Tos. = f [0 -
VC:N — R+.!T2 —O!Tg.l —o 6 —o Ln_la —Ty9 —o T5

D5.4:

D5.5
a,f,n,Cin;n>0FC:N—-R*

Oé,ﬁ,n, Can,n > Oa Cy - T2.17fu : T27f/ : TU7 . f, [][][][] :!TQ 4O!T2-1 —° /8 —° Ln_la —° T4.2 —° T5
D5.3:
D54

O[,/B,"I'L, C7n7n > 07 Cy * T2.17fu : T27f/ : T07 l_'fu :!TQ
a,ﬁ,n, C’,n,n > O,Cu : T2.17fu : T27f/ : T07 = f, [][][][] 'fu :!TQ.I —0 6 - Ln_la —0 T4.2 —0 T5
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D5.21:
D5.3

o, B,n,Cinsn > 0;¢y : Tox, fu: To, f1 i To;. H ey — 1) 1T
a,B,m,Cinin > 0ycy : Tox, fu: Tos ' Tos. = F QOO0 Yu lew —1) 1 B — L™ o —0 Typ —o T
D5.2:

D5.21 ,
o, B,n,Cinin > 05¢y 2 Toa, fu:To, [ i Toss: fls:

a,B,n,Cinyn > 05cy : T, fu: Tos f Toss: B+ F [N fu Yew—1) s: L" ta—Tyy —o Tk
D5.1:

D5.2 ; — —
a,B,n,Cin;n > 05¢y i Toq, fu:To, f Tt : L" rak-t: L o

o, B,n,Cinsn > 05ey : To, fu: Toy f 2 Toys: Byt L tace £/ (11000 M Hew — 1) st : Tyg —o T
D5:

D5.1 — — - = "
a?ﬂana07nan>0a0u-T2.l>fu'T27f -TOJ? -T4.2 ;_p 'T4.2

o, B,m,Cinyn > 0ycy  Ton, fu: Do, f  Toys: Byt e L e, p” « Tuo = f (1000 fu Wew—1) st p": Tt
D6

05767”70;”;” > O;Cu : T2.1>fu : T27f/ : TO;S : B7h : avt : Ln_laap/ : T4.1>p// : T4.2 =
bindtr = £ [1[1[1[] fu Y(cu — 1) st p" in By : T}
Oz,ﬁ,n,C;n;n > O;Cu : T2.17fu : T27f/ : TU;S : 67h : Oé,t : Lnilaap/ : T4.17p” : T4.2 = ES : T5

D4.1:
Es

a,B,n,Cinyn > 0;¢y : Tox, fu: T, f': Ty; .  store() : Ty.oo
o, B,n,Cin;n > 0;¢y : Toq, fu:To, f :To;s: Boh:a,t: L' ra,p' - Ty1 F bindp” = store() in Fg : Tg
a,B,n,Cinin > 0:cy : Tox, fu:To, f :To;s: B, h:a,t: L”fla,p/ 2Ty = Er T

D4:
D4.1

a,B,n,Cinyn > 0;cy : Tox, fu: To, f' 2 To; . 1= store() : Tiag
o, B,n,Cinin > 0;cy : Toq, fu:To, f :To;s: B, h:a,t: L ta - bindp' = store() in By : Ty
a,B,n,C;nin>0;cy:Tot, fu:To, ' To;s:B,h:ot: L ta Eg: Ty

D3:
D4

a767nac;n;n>0;cu:TQ.lvfu:T27f/:T0;p:T4 l_p:T4
o, B,n, Cinsn>0;¢y : Tox, fu:To, f :To;s: B h:a,t: L ta,p: Ty + release_ = pin Eg : Ty
a,B,n,Cinin>0scy: Toq, fu:To, f To;s:B,h:at: L Yap: Ty Es: T

D2:

a,ﬁ,n,c;n;n = O,Cu : T2.l’fu:T27f/ : TO;S : 57P3T4 Frets: T5
D1:
D2 D3

a767n70;n;‘;cu:TQ.17fu:T27f/:T0;8:/67l8:T37p:T4 H ZS:T?)
a,B,n,Csn; ey Tox, fu: To, f i To;s: B,1s: Ty, p : Ty — match s with|nil — rets|h :: t — E5 : Tk
O‘aﬁan>c;n;-;cu:T2.1afu:T27f/:T0;5167ZS:T37P:T4|_E4:T5
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DO0.0:
D1

a,ﬁ,n,C;n; . f/ : To; f :!TQ,C :!Tghl,s : B,ZS : Tg,p cTu = c:1Thq
a,B,n,Cin; . fu:To, f : Toic Moy, s: B, s : Ty, p: Ty let le, = cinFy :

DO:
DO0.0

a,ﬂ,n, C,TL, ';f/ : TO?f :!TQaC :!T2.1>3 : ,3,[8 : T37p 1Ty = f :!TQ
a, B,n,C;n; .;f’ cTo; f Mo, cVToq,s: B,0s Ty, p: Ty let I fy, = finEyg:Ts

Main derivation:

DO
a,B,n,Cin; . f i Tos f M, e\ Toq,5: B,ls: T3, p: Ty — E3: Ty
a,B,n,C;uf Ty = By i Ty
saaf T F BTy
G- Eo T

3.4 Append

append : Vsq, s9.L5[1] 7 —o L5217 —o M0 (L51F527)
append = fixf.A.ANl1ls. Ey

FEy = match {; with |7L’Ll — Fy1 |h wt— Eyo

Eoq1 =retnil :: [y

Epo =releaseh, = hin bindt. = f[][] t l2 in Ey3
Eys3 = bind— = 1tinreth, :: t,

Typing derivation
FEy = match [; with |ml — Foq |h wt— Eyo
Eogq1 =retnil :: Iy
Epo = release he = hin bindt. = f[]|[] t l2in Ep3
FEy3 = bind— = 1tinreth, :: t,

To = Vs1,82.L°[1] 7 —o L*27 — MO (L% F527)
Ty = L [1] 7 —o L%27 —o M0 (L% 527)

Ty, =L 1] 7

Tyo = L™21

Tis=MO (LSlJrSQT)

T2 = L5271 —o Msl (Ls1+527-)

D1.2:

81,82;81 > 0; f : Tos he : Ty te : L[Sz (he :: te) : Lo1T527
81,82;81 > 0; f : Tos he : Ty te : Loz ret(he 2 te) : MO (L% F527)

D1.1:

T D1.2
. 81,89;81 >0;. -1 :M11

581,82:81 > 0; f i Toshe s Tote : LSV 71920 1 bind — = t1inrethe : te : M 1 (L°+527)
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D1.0:
D1.1

5 81,82:81 > 0; f st : LV r Iy - L27 fII t 1o - M(0) (LSl_HSQT)
5 81,82:81 > 0; f : Toshe - 7t L Y1 Iy« L7 | bind t, = FIN t iz in ret(he : te) : M1 (L5 7527)

D1:
D1.0

5 81,89;81 > 0; f :To;h: [T+ h:[1]T
5 81,82;81 > 0; f : Tosh: [1] 7yt LS 0y i Tia - Ego : MO (L(81+s2)7')

DO:

581,82581 =05 f : Tojla: Tho b lp 0 L7
581,82;81 = 0; f : Tosla s Thg 1= retly : MO (L*1F%2)7

Main derivation:

DO D1

581,82 f Tosly T =12 Tha
g81, 825 f tTosly : Tiayle : Tio - Eg : MO (L*7°27)
581,89 f :To;. = Alils.Ey - Ty
gaaf T = AAXNG . Ey = Ty
gaaa b fixfAAN N Ey - Th

3.5 Map

map : Yn,c!(11 — Mecma) — L™([c] 1) — MO (L")
map =

fixf.A.A \gl.let! g, = g in Ey

Ey = match [ with \ml — Fyq ‘h te o

FEo1 = retnil

FEyo =releaseh, = hin Ey 3

E0_3 = bind hn = Ju he in E0_4

Ey.4 = bindt, = f[][] 'gu t in reth, :: t,

Typing derivation
E = fixf.A.AXgl.let! g, = g in Ey
Ey = match [ with ]ml — Fpq ’h mte FEyo
Ey1 = retnil
FEyo = releaseh, = hin Ey3
E0_3 = bind hn = GJu he in E0,4
Ep.4 = bindt, = f[][] 'gu t in rethy, :: t,
Ey = AAMXgllet!lg, =gin Ey
FEy = Agl.let!g, = gin Ey
Es=let!g, =gin Ey

To = Vn,cl(m1 —o MecTa) — L™([¢] 1) — MO (L"12)
Ty =l(11 —e McTe) — L"([c] 1) — MO (L"72)
Ti1=(n1 —Mcmg)

Tiz2 = L"([¢] 1)

T3 =MO (L")
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D1.2:

an,en>0;f:To,gu: Tiaihn : oty : L 2o = ret hy, 6y : MO L™

D1.1:
— D1.2
ansen>0;f:To, g0 Tiashn 12 = ] 1gu t : MOL" 1y
any,en >0 f Ty, gy : Thi1; he : T, t: L”_l([c] T1) F Eo4 : MOL" 1o
D1.0:
D1.1
anye;n > 05 f :To, gy Tiashe i 11 (gu he) : McTo
gn,en > 05 f T, gy : Thashe s 11, t L"il([c] T1) - Eos:McL"
D1:
D1.0
ansen>0; f Ty, gy : Tiash:[e]mi b= R[]
snyen > 05 f 2Ty, gy Trash s [c] iyt e LV H([c] 1) - Eo2 : MO L7
DO:

an,en=0;f:Ty,g,:T1.1;. - nil : L7,
an,e;n=0;f:To,94 : T11;. F retnil : MOL"m
anyen=0;f:To,gu:Ti1;. — Eo1: MOL"

Main derivation:

D0 D1
an, ¢ f T, gy Tl :Tio=1:Tho

snyc f Ty Ty =g T an, ¢ f i To,9u Tl : Tio = Eo : MO L™y

sn, e fiTosg ! Tia,l T = Es: MOL"

anye s f Ty = Eo: Ty

gaaf Ty, . - BTy

g E T
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3.6 Okasaki’s implicit queue
Typing rules for value constructors and case analysis
T-C0 U:0;A; Qe T
U, 0;A; T - CO: Queue T - U 0;A; T = CI e: Queue T

T-C1

U:0;A; T e [1]1 —-MO (T ® Queue (T® 7))
U:0;A; 0T - C2 e: Queue T

T-C2

U:0;A; T e [0]1 — MO (T ® Queue (TQ®T)) ®T)
U 0;A; T = C3 e: Queue T

T-C3

U 0;A; T He:[2]1 =oMO((7® 7) ® Queue (T ® 7))
U:0;A; 0T = Cf e: Queue T

T-C4

U:0;A; 4T e [1]11 = MO((7T®7) ® Queue (T®T)) ® T) -
U:0;A; 0T+ C5 e: Queue T _

U:0;A; QT + e: (Queue T) U:0;A; Ty eg: 7
U0 ATy, z:THep: T U 0;A; ;T2 : [1]1 — MO (T ® Queue (T® 7)) e : 7’
U;0;A; 0T, 2: [0]1 — MO ((1® Queue (T®7)) ®7T) - e3: 1
U;0;A;Q:Tg,2:[2]1 MO ((T®7) ® Queve (T® 7)) - eq: 1
U;0;A;0: T2 : [1]1 MO (((T®7) ® Queue (TQRT))®7T) He5:7
T-caselQ
Vo A @l -
case e of [CO ey |C1 x> ey |C2 x> ey |C8x — e3 |Chx— ey |C5x— e5: 7

snoc : [2] 1 —o Va.Queue o — o — MO Queue «
fix snoc.Ap.A.\ q a.
— = releasepin — = 11; ret
case ¢ of
|CO —ret C1 a

101 o ret Cf (. retdda,a), COY)

|C2 x—
bind p’ = store() in
bindz’ =z p’in
letd f,m) = ' in
ret(C3 (Ap".KLf,m), a))

|C3 x—
bind p’ = store() in
bindz' =z pinlet{fm,r) =2’ in
letd f,m) = fm in bind p, = store() in
ret C2 (\p”.
— = release p,, in — = release p” in bind p” = store() in
bindm’ = snoc p” m (r,a)) in retf,m")
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|C) ©—
bind p’ = store() in
ret C5 (Ap”.
— = releasep’ in — = releasep” in
bind p” = store() in letd f,m) =z p” in

ret{f,m, ay

|C5 ©—
bind p’ = store() in
bindz’ = x p'in
letd fm,r) =" inletd fym) = fmin
ret(C4 (\p".
bindm’ = snoc p” m in retd f,m"))

Listing 2: snoc function

FEpo=— =releasep inEy

Eo1=—="1Eo2

Eo_g = case ¢q Of|00 = E0|C] €T +— E1|02 €T — E2|03 €T — E3’04 €T +— E4|C5 €T — E5
Ey = ret(C1 a)

Ey =ret C4 (Np". retdx, ay, COY)

E5 = bindp’ = store() in Eo

Es1 =bindz’ =z p' in Eyo

Eyo = |et<<f, m>> =2 in FEsy3

By 3 = ret(C3 ("KL f,m),a)))

Es5 = bindp’ = store() in E3 4

E31 =bindx’ =z p' in E35

E3o = |et<<fm, T‘>> =2 in FEs3

B33 =let{f,m) = fmin E33

Es.31 = bindp, = store() in Es3 4

Esy=ret C2 ()\p”.E3,41)

E3 41 = — = release p, in — = release p” in bind p
Es5.49 = bindm’ = snoc p” m (r,a) in ret{f,m")

E4 = bindp’ = store() in Ey;

Es1=retChH ()\p”.E4_11)

Es11 = — = releasep’ in — = releasep” in Ej.19

E412 = bindp” = store() in letdf,m) = x p"” in Eq13
Eya3 = ret{{f,m), a)

Es5 = bindp’ = store() in E54

Es1=bindx’ =z p' in E59

E5o = |et<<fm, 7”>> =2 in FE5 3

B3 = let{f,m) = fmin E54

Es4 =ret(C4 (Ap”. bindm/ = snoc p” m in retl{ {,m"))))

" = store() in E3.42

Too = [2] 1 — Va.Queue o« — ov — M0 Queue
To = MO Queue
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Ti = M1 Queue o

Ty = M2 Queue o

T3 = MO (o ® Queue (@ ® «))

T31 = (@ ® Queve (@ ® «))

T32 = Queue (a ® «)

Ty =MO (o ® Queue (a ® o) ® «)

Ti1 = (@ ® Queue (a ® a) ® )
Tio=a® Queue (@ ® a)

Ty3 = Queue (o ® «)

T5 =[2]1 -MO (0 ® a) ® Queue (o ® «)
T51 =MO(a® a) ® Queue (a ® «)

Ts52 = (@ ® a) ® Queue (a ® )

Ts3 = (a® «)

T5.4 = Queve (o ® «)

T =[1]11 = MO ((a ® a) ® Queve (a ® a) ® a)
Ts1 =MO((a® a) ® Queue (¢ ® a) ® )
To2 = ((a ® a) ® Queue (¢ ® o) ® )

Tss = (@ ® a) ® Queue (a ® «)

Tos = (@ ® )

Ts5 = Queue (o ® «)

T = MO (a ® Queve (o ® «))

Tr1 =M1 (a® Queue (a® a))

Tro =M2(a® Queue (o ® ))

Ts =MO (((« ® a) ® Queue (a® o)) ® «)
Ts1 = (@ ® a) ® Queve (a® a)) ®

Ty =MO ((a ® @) ® Queue (@ ® a))

Toa = (0 ® @) ® Queve (o ® o))

D5.5:

;558  Toosa:a, f:Tea,m:Tes,p" : [2]1,m' : Queue (a ® o) = f,m") : Ty,
a;.;3S Toosa:a, f:Toa,m:Tes,p"  [2]1,m : Queue (a ® ) - retd f,m' ) : Ty
D5.4:

a;.; 38 Toosr:a,a:a,m:Tes,p" : [2]1 =S p” [ m &r,a) : MO (Queve (o ® «))
D5.5

;.58 Toosr:eyata, fiToa,m: Tosp" t[2]1 1 bindm' =S p" [ m {r,a) in retd f,m") : Ty

a;5 58 Toosr:asa:a, f:Tea,m:Tos = (Ap”.bindm' = S p” [| m {r,a) in retd f,m"))) : [2] 1 — Ty

;558  Toosrio,ac o, fiTea,m: Tes -
(C4 (Ap".bindm’ = S p" [| m &r,a) in retd f,m"))) : Queue «

a;.;5S Toosr:ia,a:a, f:Tea,m:Tos - ret(C4 (Ap".bindm' =8 p" [| m {r,a) inretd f,m"))) : Ty

;558 Toosr:aga:a,f:Tega,m:Tes b+ FEsq:Th

D5.3:
D5.4

a;. a8 T fm:Tgs = fm:Tgs
;58 Toosa:a, fm:Tes,r:ab letdfym)y = fmin Es54: Ty
a; .58 Tyosa:a, fm:Tgs,r:ab Esg: T
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D5.2:
D5.3

a8 Too 2 Teo ' : Too
a;.;.58 :Toosa: o,z : Teo - letd fm,r) = 2" in E53: Ty
;.38 Toosa:a,x’ : Tea - Eso: Ty

D5.1:
, , D5.2
;58 Tooyx:Te,p t [1]1 2 p : Tea
a;.;.8 :Toosa:a,m:Tg,p' 1 [1]1 = bindz’ =2 p' in E55: Tp
a;.;5.58 :Toosa:a,x:Te,p : [1]1+ Esq: T
D5:
D5.1
a;.;.;8 : Tpo;. - store() : M 1([1]1)
;.58 Thoa:a,x:Tg— By : T
D4.5:
;.58 Toosa:a,x: T, f:Ts3,m: Tsq b= LLf,m),a) Ty
a; 558 Toosa:a,x:Ts, f: Tsg,m: Tsy b retdfymy,ay : Ty
;558 Toosaa,w:Ts, f i Ts3,m: Tsa b= Egag: Ty
D4.4:
D4.5
a;.; S  Toosx: Ts,p”  [2]1 =2 p" : Ts,
a;.; S Toosa: o, Ts,p" : [2]1 F letd f,m) = x p” in Eg13: Ty
DA4.3:

D44

a;.5.58 :Toosa:a,x: Ty - store() : M2 ([2] 1)
a;.;; S : Too;a: o,z : Ty + bind p” = store() in letd f,m) = x p” in Ey13: Tgo
a8 Togsa:a,x:Ts - Egq9 : Tgo

D4.2:
a;.; S8 Too;p”  [1]1+p”: [1]1 D43
a8 Toosa:o,x:Ts,p" i — =releasep” in Ey10: Ty 1
D4.11:
D4.2

a;.; 58 Too;p :[1]1Hp :[1]1
a;.;58 :Toosa:a,x:Ts,p : [1]1,p" : [1]1 + — = releasep’ in — = release p” in Ey 12 : Ty

DA4.1:

D411
a;.;;S8 :Tooa: o,z [2]1 — MO (a0 ® a) ® Queue (e @ ), p’ : [1]1,p" : [1]1
Eyq1: T3

a; 558 Toosa:a,z:[2]1 —-MO(a® a)® Queue (a® a),p’ : [1]1 +
()\p”.E4.11) : [1] 1— Tg

a;558 :Thosa:a,z:[2]1 —MO(a® a) ® Queue (a @ a),p' : [1]1+ C5 (Ap".Es11) : Queue «

a;.;5 S8 Too;a:a,z:[2]1 MO (a® a) ® Queve (a ® a),p’ : [1] 1+ ret C5 (Ap".Ey11) : T

a;.;.58 :Tooa:a,x:[2]1 —oMO(a®a)® Queue (a ® a),p’ : [1]1 + Eqq : T
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D4:
D4.1

a; ;.58 : Tpo;. Fstore() : M1 ([1]1)
a; 558 Too;a:a,x:[2]1 MO (a® a)® Queue (0 ® o) - Ey : T

D3.43:

a; ;58 Too; f:a,m': Queue (a ® a) + retd f,m") : Ty
D3.42:

a;.;3S :Tooym:Tys,r:a,a:a,p”  [2]1 S p" [ m (r,a) : MO (Queue (o ® ))
D3.43
a;.;38 Too fra,m:Tys,r:a,a:a,p” : [2]1F
bindm’ = S p” [| m (r,a) in retdf,m") : Ty
;.58 Too fra,m:Tys,r:a,a:o,p”  [2]1F E3q0:Tr

D3.41:
D3.42
a;.; .58 : Tpo;. - store() : M2 ([2]1)
a; 558 Too; f:ay,m:Tys,r:a,a: ok bindp” = store() in B340 : Tro
D3.401:
D3.41
a;.; 8 Too;p” : [1]1+p”: [1]1
a;.5.58 Too fraym:Tys,r:a,a:a,p” : [1]1  — = releasep” in bind p” = store() in E340 : T
D3.40:
D3.401
a;.558 :Too;po: [1]1Hpo:[1]1
a;.; 58 Too fra,m:Tys,r:a,a:a,p,:[1]1,p": [1]1
— = releasep, in — = releasep” in bindp” = store() in B340 : T¥
;58 Too fram:Tys,r:a,a:a,p,: [1]1
Ap”.— = release p, in — = release p” in bind p” = store() in E3.42 : [1]1 — T%
;558  Toos fraym:Tys,r:a,a:a,p: [1]1H (A" Es41) : [1]1 — T4
D3.4:

D3.40
a;.;5S8 Toosa:a, fram:Tyg,r:a,a:a,p,: [1]1+ C2 (A" .Es41) : Queue
a;.;5 S Tooa:a, fram:Tyg,r:a,a:a,p,: [1]1-retC2 (\p”.Ez41): T}
a; 558 Toosa:a, fram:Tys,r:a,a:a,p,:[1]1+ Esg:Ty

D3.31:
D3.4

;58 Toosa:a, fram:Tys,r:ab store() : M1[1]1
a; ;58 Toosa:a, f:ra,m:Tys,r: ab bindp, = store() in Eg4: T}

a; .S Tyoa:a f raym:Tyg,r:ak FEys 1)
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D3.3:
D3.4

;a8 Ty fm:Tyo b fm:Tyo
;58 Toosa:a, fm:Tyo,r:ab letdfymy = fmin Ess; : T}
a; .S Ty a:a, fm:Tyo,m:ab E33: T}

D3.2:
; ; D3.3
;508 Ty x :Ty1 =2 :Tyq
a;.; S8 Too;. F letdfm,r) =2’ in E33: T}
;8 Toosa:o, 2’ Ty - Eg:Th
D3.1:

D3.2

a; 58 Too;x: [0]1 — MO (e ® Queve (a® a) @ a),p’ : [0]1+xp : Ty
;.58  Toosa:a,x:[0]1 —MO(a® Queue (a® o) ® ) - Es1: T

D3:
D3.1

a; ;.38 To.o; F store() : MO ([0] 1)
a; ;58 Too;a:a,x:[0]1 — MO (a® Queue (a® o) ® ) - Es: T

D2.3:

;558 Too;q: Queue a,a: o, f:a,m:Taa = (C3 (A" LLf,m),a))) - Queue a
o8 Tooq: Quene ma:af:am: Tog - ret(C3 (" KKf myap)) - To
;.8 To.0;q: Queve a,a:a, f:a,m: T30+ Eos: T

D2.2:
: : D2.3
;.S Ty x :T31 2 T34
a;.;3 8 Toosa: o, : Tsp F letdf,m) =2’ in Eag: Ty
;.58 Toosa:o,a’ Ty - Eag: Tp
D2.1:

D2.2

a;; 58 Tz : ([1]1 MO (o ® Queue (a® «))),p’ : [1]1+x p' : T;
a;.;3S8 :Too;a:a,z: ([1]1 — MO (o ® Queue (o ® «))),p’ : [1]1 + E21:Tp

D2:

a;.;.38 : Tpo; . store() : M 1([1]1)
;.58 Toosa:a,x: ([1]1 — MO (a® Queue (a ® o)) + Eg : Ty

D1:

a;; 58 :Toosa:a,z:ak C4 (A" retd{z,a), COY) : Queue o
a;558 :Tooa:a,x: ot ret C4 (Ap”. retdlz,a), COY) : Ty
a;.; 58 Tooa: o,z a b ret Cf (N retdlx,ay, COY) : T)

;58 Thoa:a,x:ab Fy T

261



DO:

a; ;8 :Too;a:ak Cl a: Queue o

;.58 Toosa:abkret(C1 a): M1 Queue o

a; .S Thoa:ab Ey: Ty

DO0.2:
DO D1 D2 D3 D4 D5

;.58 Th0;q: Queue a - q: Queue «

;.58 Th0;q: Queue a,a: b Eyo: 1Y
DO0.1:

T DO0.2
a8 Ty 1 :M11

;.58 :Th.0;q: Queve a,a:a b Eyq:Th

Main derivation:
D0.1
;558 Toosp:[2]1-p:[2]1
;58 Toosp:[2]1,q: Queue a,a:a - Epg: Tp

g EfixfAp A g a.Eog : Too

head : [3] 1 —o Va. Queue o — MO«
head = A\p.A. X\ q.
bind ht = headT'ail p []| ¢ in retfst(ht)
Listing 3: head function

Ey = bind ht = headTail p [| q in By
= ret(fst(ht))

s
|

To = [3]1 — Va. Queue o — MO«

DO:

a; ;.5 q: Queue a, ht : (o ® Queue a) - fst(ht) : «

a; .5 q s Queue ay bt (a0 ® Queue «) - ret(fst(ht)) : MO«

a; .5 q: Queue ay bt (a ® Queue ) = Ey : MO«

Main derivation:

DO

a;.; .5 q: Queue a - headTail p [] ¢: MO (o ® Queue «)

a; .5 q: Queue a - bind ht = headTail p [] ¢in E1 : MO«

;. ;ap:[3]1,q: Queue a = Ep: MO«

gaag.EAp AN Ey Ty
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tail : [3] 1 —o Y. Queue o — MO (Queue «)
tail = A\p.A.X q.
bind ht = headT'ail p [] ¢ in retsnd(ht)

Listing 4: tail function

Ey = bind ht = headTail p [] q in E;
Ey = ret(snd(ht))

To = [3]1 — Va. Queue o« — MO (Queue «)

DO:

a; ... q: Queue a,ht : (o ® Queue a) - snd(ht) : Queue «
a; .. q s Queue a, bt (a ® Queue «) - ret(snd(ht)) : MO (Queue )
a; .5 q: Queue ay bt (o ® Queue o) - Ep : MO (Queue )

Main derivation:

DO

a; ... q: Queue a - headTail p [] ¢ : MO (o ® Queue «)
a; .. q: Queue o bind ht = headTail p [] g in Ey : MO (Queue «)
;. ap[3]1,q: Queue a - Ey : MO (Queue «)
G B ApA AN Ey 2 Ty

headTail : [3]1 —o Va.Queue o — MO (o ® Queue «)
headT ail = fix HT A\p. A\ q.
— —releasepin — = 11; ret
case ¢ of
|CO — fixz.x

|C1 x— retlx, CO)

|C2 z—
bind p’ = store() in bind p, = store() in
bindz' =« p'inletdf,m) =2 in
retd f,(C4 (A\p".— = release p, in — = releasep” in bind p, = store() in HT p, [|] m)))

|C3 ©—
bind p’ = store() in bind p, = store() in
bindz' = x p'in letdfm,r) =2"in let{f,m) = fmin
ret{f,(C5 (A\p”.— = releasep, in — = release p” in
bind p” = store() in bindht = HT p"” [] min retlht,r))))

1G4 x—

bindp’ = store() in bindz’ = x p'in let{f,m) = 2" in letdf1, fa)) = f in
ret(f1, C2 (Ap”. retlfa,m)))
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|C5 ©—
bindp’ = store() in bindz' = x p'inlet{fm,r) = 2’ inletfym) = fminletdf1, fo) = fin
ret{/f1, (€3 (Ap". retlfa, m), 7)) )

Listing 5: head and tail function

E0.0 = fIXHT)\pA)\ q-EO.l

Eo1 = — = releasep in— = 11 Ey o
Ep.o = case q of|CO — Ey|C1 x — E1|C2 x — E3|C3 x — E3|C4 x+— E4C5 x — Ej
Ey = fixz.x

Ei = retlx, CO)

E5 = bindp’ = store() in Ea

Es = bind p, = store() in Fy1

Es1 =binda’ =z p' in Fyqq

Eoq11 = letd{f,m) =2’ in Ea»

Eas = ret(f, (C4 (\p".Ez3)))

Es3 = — = releasep, in Eo 4

FEy4 = — = releasep” in By 5

Es 5 = bindp, = store() in HT p, [| m
Es5 = bindp’ = store() in E3¢

Es5 = bind p, = store() in E31
Es1=bind2’ =z p in F511

E311 = let{ fm,r) =2’ in E312

E312 = let{f,m)) = fmin E3

Eso = ret{(f, F33)

E33=C5 (A\p".E331)

E34 = — = releasep, in E3.41

E5.41 = releasep” in E3 5

E35 = bind p” = store() in F3

Es¢ =bindht = HT p” [| m in retdht, )
E, = bindp’ = store() in Ey

Es1 =binda’ =z p'in Ey»

Eyo =letdfymy =2"in Ey3
Eyz=letdf1, fa)) = fin By

Eyq = retlf1, C2 (Ap". ret f2, m)))
Es5 = bindp’ = store() in E51
E51=binda’ =z p'in E59

Es9 = let{fm,r) = 2’ in E53

Es3 = let{f,m) = fmin Es 4

Es4 = letdf1, fa)) = fin Es5

E5_5 = ret<<f1, (03 ()\p”. ret<<<<f2, 7n>>7 r>>))>>

Too = [3]1 — Ya.Queue a — MO (o ® Queue «)
To2 =[1]1 — MO (o ® Queue (o ® «))

To21 = MO (a0 ® Queue (o ® «))

To22 = (@ ® Queuve (a ® a))
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To23 = Queuve (@ ® «)

To3 = [0]1 — MO ((a ® Queve (a ® a)) ® a)
To31 = MO ((a ® Queue (a® o)) ® )

To32 = ((a ® Queue (e ® a)) ® «)

Tossz = (@ ® Queue (@ ® a))

To.314 = Queve (o ® «)

Toa=12]1 oMO((a® a) ® Queve (o ® «))
Tos1 =MO ((a® o) ® Queue (o ® «))

To.a11 = M1 ((a ® o) ® Queue (a ® «))

To413 =M3 ((a ® o) ® Queue (o ® a))

Toa2 = (@ ® @) ® Queve (o ® a))

Touz = (@ ® )

To.44 = Queve (o ® «)

Tos =[1]11 < MO (((a« ® @) ® Queve (a ® a)) ® )

Tos1 = MO (((@a ® a) ® Queve (a® a)) ® «

Tos11 =M1 (((0® a) ® Queue (o ® ) ® «)
Tos12 =M2 (((a ® a) ® Queue (0 ® ) ® «)
Tos13 = M3 (((a ® a) ® Queve (o ® a)) ® )

Tos2 = (((a ® a) ® Queue (o ® a)) ® )
Toss = ((a® a) ® Queve (o ® a))

Tosa = (@ ® )

To.55 = Queue (o ® )

To = MO (o ® Queue «)

Ty =M1 (o ® Queue «)

To = M2 (o ® Queue «)

D5.51:

;. HT : Too; f2: aym: Togss,r:a,p” : [0]1 b= retd{f2, m), r)To.s
a; 5 HT : Too; f2 i aym : Toss,r o= (Ap" . retd{fa, mp,r)) : Tos
a; 53 HT : Too; fo: aym: Toss,m:a b (C3 (A" retd{f2,mM), 1)) : Queue «

D5.5:

D5.51
;. HT :Toos friak- fiia

;. HT 2 Too; f1:a, fora,m:Tyss,7: b
L1, (C3 (N retd { fa,m»), 7)) ) + @ ® Queue

o; 3 HT : Too; f1: o, f2 i aym: Toss,r:a b= retd(f1, (C8 (Ap". retd { fo, m»),m)))) : Th

;s HT 2 Toos frio, fora,m: Toss,m o= Es5 0 T
D5.4:
D5.5

a; .5 HT 2 Too; f : Tosa = f : Tosa
a; 55 HT 2 Too; f - Tosa,m : Toss,r - a = letdf1, fo))y = fin Es5: T
a; .3 HT 2 Ty f : Tosa,m : Toss,m o= Es g 0 Th
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D5.3:
D5.4

;s HT 2 Tho; fm:Toss = fm:Toss
;5 HT : Too; fm o Toss,m: - letdf,m) = fmin Es4 : T}
a; s HT :Tho; fm:Toss,m:a b Ess: 1Y

D5.2:
: , D5.3
;. .;HT : T().O;.’I} : TO,52 = T0.52
;. H HT T x Tos2 |et<<fm,r>> =2"in Es3:1T4
a; ;3 HT : Too; 2" : Tose b Eso: Ty
D5.1:
, , D5.2
;5 HT : Too;z - Tos,p : [1]1 =2 p' : Tos
a;.; 3 HT : Too;x - Tos,p i [1] 1+ binda’ =2 p'in E55: Ty
;. HT : Too; 2 : Tos,p i [1] 1+ Es1: Ty
D5:
D5.1
a; .55 HT - Ty ;. 1= store() : M1 ([1] 1)
a;. . HT : Too;x : Tos = B 1o
D4.41:
o5 HT : Too; fo : aym: Toaa, p” ¢ [1] 1 retd fa, m) : To.o1
a; .55 HT : Too; fo i a,m = Toag = (A" retd fa,m)) : Ty o
a; . HT : Too; fa: aym : Toga = C2 (Np”. retd f2, m)) : Queue o
D4.4:

D4.41

a; ;s HT :Tho fiiab fiia
o5 HT : Too; f1 2o, fa i aym: Toaa = L fr, C2 (A" et fo,m))) : @ ® Queue

a;. 3 HT : Too; f1: a, for aym : Toag b retd(f1, C2 (Ap”. retd fo,m»)) : Ty

;3 HT 2T frio, fora,m:Toas = Eyg: To

D4.3:
D44
a;.5 . HT - Too; f : Toasz = f : Toas
a; 55 HT < Too; f - Toaz, m : Toaa - letlf1, fo)) = fin Ega: Tp
o; 5 HT : To o5 f - To.az,m : Toaa = Eyu3: T
D4.2:
: : D43
;5 HT Ty o2 : Toao = 2 2 To a2
a; . HT : Too; 2 Toao - letdf,m) = 2" in Ey3: Ty
;. HT Ty 2" : Toas = Eao 2 Tp
D4.1:

, , D42
;53 HT : Tooyz - Toa,p 2] -2 p' : Tom

a; 55 HT : Too;x : Toa,p' 2 [2]1 F binda' =2 p' in Eyo: Tp
;. HT : Too; 2 : Toa,p' : [2] 1+ Eygq : To
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D4:
D4.1

a; .5 HT Ty ;. - store() : M 2[2]1
o HT :Toosx : Toa - Ey 2 Th

D3.61:

o5 HT Ty o;r o, ht = Ty ss - retlht,r) : Tos1
D3.6:
D3.61

a; .55 HT : Too;m : Tosa,r:a,p” : [3]1 = HT p” [] m: MOTos3

;. HT : Too;m : Tosa,r o, p” 2 [3] 1 = bindht = HT p" [] m in retdht,r) : Tos

o5 HT - Too;m : Tosa,m: o, p” : [3] 1+ Es6: Tos

D3.5:
D3.6
a;. . HT : Ty ;. - store() : [3][3] 1
a; . HT :Thosm : Thge,7 0 bindp”’ = store() in B3¢ :To511
a; .55 HT 2 Too;m 2 Tosa,r : at= Ess: Tos13
D3.41:
D3.5
a;. HT : Too;p" : [1]1 = p” < [1]1
a; .55 HT : Too;m : Tosa,r s a,p” i [1]1 = — = releasep” in E35: Tos12
D3.4:

D3.41

;3 HT :Tooipo: [2] 1+ po i [2]1
a;.; 3 HT : Too;m = Tosa,m:a,po: [2]1,p" : [1] 1+ — = releasep, in E3.41 : To51
a; .53 HT : Too;m : Tosa,r :a,p” i [1]1 + Esy : Tos

D3.3:
D34

Qg HT : T().o; m T0_34,7’ o (/\p”.E3.4) :To5
a; . HT : Too;m : Tosa, 7 :a b C5 (A\p”.E34) : Queue o
a; .o HT :Tooym :Tosqa, 7 a - E33: Queue

D3.2:
D3.3

;o HT :Too f tab f:a
;5 HT :Too; f raym: Tosa,m: o (f, E33): (@« ® Queue )
;. HT :Too; f aym: Tosa,r: a b retd(f, Ess) : T
;o HT 2 Too f ca,m :Tysq,7 b= E39 115

D3.12:
D3.2

a; . HT 2 Too; fr: Toss = fmo: Toss
;. HT :Too; fm:Toss,r:a b Iet<<f, m>> = fmin Esq:T5
;. .;HT 2 To.0; fm :To33,7: b FEs310: 15
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D3.11:
D3.12

;.5 HT : Too; 2"« Toga - 2’ To.so
a; .5 HT : Too; 0" : Ty - letd fm,r) = 2’ in Ez10: Ty
;. HT : Ty 2" : Toso - Esq1: Th

D3.1:
, , D3.11
a; 3 HT 2 Too;x : Tos,p 1 [0]1 2 p' : Ty
a; . HT : Too;2 : Tos,p' : [0] 1 = binda’ =z p in E311 : Th
a;.5 5 HT : Too;x : Tos, p' o [0]1,p0 : [2]1 + E31 : Th
D3.0:
D3.1
a;. . HT : Ty p;x : Tos + store() : M 2[2] 1
a; . HT : Too; 2 : To.s,p' : [0] 1 + bind p, = store() in E3q : Ty
a;.; 3 HT : Too;x : Tos,p' i [0] 1+ Esg: To
D3:
D3.0
o; . HT : Ty ;. + store() : MO 1
a; . HT »Thygsx - Tos = Es:Th
D2.51:
QgL .;HT : Tolo;m : To_gg,pr : [3] 1 — HT Pr [] m: T0_41
D2.5:
D2.51
a; . HT : Ty o;m : Tpog + store() : M3[3]1
;. HT 2 Tho;m : Thos - bindp, = store() in HT p, [] m : To.413
a;.; HT : Too;m : Toes = Eas : To.a13
D2.4:
7 7 D2.5
a; 3 HT :Too;p" : [2] 1 p" : [2]1
a; .55 HT : Too;m : Toos, p” : [2] 1 1 release p” in Eo 5 : Th.a11
o HT = Tog;m : Togs, p" < [2]1 + Egq : Toan
D2.3:
D24
a;.5 5 HT : Tooipo: [1] 1 po: [1]1
a; .55 HT : Too;m : Tooes,po : [1]1,p" 1 [2] 1 = — = releasep, in Ea4 : Ty
D2.21:
D2.3
a;.; 3 HT : Too;m = Toos, po: [1]1,0" 1 [2] 1 = Eas: Ty
;5 HT : Too;m : Toes,po = [1]1 1= Ap".Faz : Toa
a; ;3 HT : Too;m : Tooes,po : [1]1 = C4 (MW" .E23) @ Queue «
D2.2:

D2.21

;. HT :Toos f:ab f:a

a; 5 HT :Too; faym: Toas,po i [1]1 = &F, (C4 (A" E23))) : (@ ® Queue )

a; 55 HT : Too; f : aym : Toos,po & [1] 1+ retdf, (C4 (Mp".E23))» : To

;5 HT - Toos f - aym:Toos,po: [1] 1+ Eag: Th
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D2.11:
D2.2

;. HT : Too; 2’ : Tooo - 2’ To.ao
a; .55 HT - Too; 2" : Ty, 0o ¢ [1] 1+ letd fym) = 2’ in Eys : T
;5 HT : Too; 2" - Too2,p0 : [1] 1+ Eoq1 : T

D2.1:
: : D2.11
;55 HT - Too;x: Too,p : [1]1 2 p' : Too
a; . HT : Too; 2 : To2,po : [1]1,9" 1 [1]1 + bind2’ = 2 p’ in Eaq1 : Tp
a; . HT : Too; 2 : To2,po : [1]1,0" : [1]1 + By : Tp
D2.0:
D2.1
a; . HT : Ty ;. = store() : M 1[1] 1
a;.; . HT : Too; 2 : Too,p' : [1] 1 + bindp, = store() in Eaq : T}
a;.; 3 HT : Too;x : Too,p' i [1] 1+ Eap: Ty
D2:
a; . HT : Ty ;. store() : M 1[1] 1 D20
;. HT »Thgsx : Too = Eo i Th
D1:
;. HT : Too;x : a b ret Lz, COY : Ty
o HT Ty :a- Ey:Th
DO:
;. HT Ty - fixe.x - Th
a; s HT :Tyo;. = Eg 1o

DO0.2:

DO D1 D2 D3 D4

;.3 HT 2 Tho;q : Queue a b q: Queue «

D5

;.5 HT 2 Tho;q: Queue a b Ego 1o

DO0.1:
D0.2

;3 HT :Too;. -1 :M11
a; .o HT :Tho;q: Queue ao = — = TI;EO'Q : T3

Main derivation:

DO0.1

;. HT : Too;p: [3]1,q: Queve a-p: [3]1
;. HT : Too;p: [3]1,q: Queue a - Ep : Tp
G- Eoo i Too
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